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Pretace

For one who attempts to unravel the story, the
problems are as perplexing as a mass of hemp with
a thousand loose ends.

Dream of the Red Chamber, Tsao Hsueh-Chin.

This book represents my attempt to write a modern successor to the three standard works,
all titled “Linear Algebraic Groups”, by Borel, Humphreys, and Springer. More specifically,
it is an exposition of the theory of group schemes of finite type over a field, based on modern
algebraic geometry, but with minimal prerequisites.

It has been clear for fifty years that such a work has been needed.! When Borel,
Chevalley, and others introduced algebraic geometry into the theory of algebraic groups,
the foundations they used were those of the period (e.g., Weil 1946), and most subsequent
writers on algebraic groups have followed them. Specifically, nilpotents are not allowed,
and the terminology used conflicts with that of modern algebraic geometry. For example,
algebraic groups are usually identified with their points in some large algebraically closed
field K, and an algebraic group over a subfield k of K is an algebraic group over K equipped
with a k-structure. The kernel of a k-homomorphism of algebraic k-groups is an object over
K (not k) which need not be defined over k.

In the modern approach, nilpotents are allowed,” an algebraic k-group is intrinsically
defined over k, and the kernel of a homomorphism of algebraic groups over k is (of course)
defined over k. Instead of the points in some “universal” field, it is more natural to consider
the functor of k-algebras defined by the algebraic group.

The advantages of the modern approach are manifold. For example, the infinitesimal
theory is built into it from the start instead of entering only in an ad hoc fashion through the
Lie algebra. The Noether isomorphisms theorems hold for algebraic group schemes, and so
the intuition from abstract group theory applies. The kernels of infinitesimal homomorphisms
become visible as algebraic group schemes.

The first systematic exposition of the theory of group schemes was in SGA 3. As was
natural for its authors (Demazure, Grothendieck, . ..), they worked over an arbitrary base
scheme and they used the full theory of schemes (EGA and SGA).> Most subsequent authors
on group schemes have followed them. The only books I know of that give an elementary
treatment of group schemes are Waterhouse 1979 and Demazure and Gabriel 1970. In
writing this book, I have relied heavily on both, but neither goes very far. For example,
neither treats the structure theory of reductive groups, which is a central part of the theory.

As noted, the modern theory is more general than the old theory. The extra generality
gives a richer and more attractive theory, but it does not come for free: some proofs are more
difficult (because they prove stronger statements). In this work, I have avoided any appeal
to advanced scheme theory by passing to the algebraic closure where possible and by an
occasional use of Hopf algebras. Unpleasantly technical arguments that I have not (so far)
been able to avoid have been placed in separate sections where they can be ignored by all

l«Another remorse concerns the language adopted for the algebrogeometrical foundation of the theory ...
two such languages are briefly introduced ... the language of algebraic sets ... and the Grothendieck language of
schemes. Later on, the preference is given to the language of algebraic sets ... If things were to be done again, |
would probably rather choose the scheme viewpoint ... which is not only more general but also, in many respects,
more satisfactory.” J. Tits, Lectures on Algebraic Groups, Fall 1966.

2To anyone who asked why we need to allow nilpotents, Grothendieck would say that they are already
there in nature; neglecting them obscures our vision. And indeed they are there, for example, in the kernel of
SLp — PGL,.

3They also assumed the main classification results of the old theory.



but the most serious students. By considering only schemes algebraic over a field, we avoid
many of the technicalities that plague the general theory. Also, the theory over a field has
many special features that do not generalize to arbitrary bases.

The exposition incorporates simplifications to the general theory from Allcock 2009,
Dokovi¢ 1988, Iversen 1976, Luna 1999, and Steinberg 1998, 1999 and elsewhere.



’

The experienced reader is cautioned that, throughout the text, “algebraic group scheme’
is shortened to “algebraic group”, nonclosed points are ignored, and a “group variety” is a
smooth algebraic group.

Equivalently, a group variety is group in the category of algebraic varieties (geometrically
reduced separated schemes of finite type over a field). However, it is important to note that
varieties are always regarded as special algebraic schemes. For example, fibres of maps are
to be taken in the sense of schemes, and the kernel of a homomorphism of group varieties
is an algebraic group which is not necessarily a group variety (it need not be smooth). A
statement here may be stronger than a statement in Borel 1991 or Springer 1998 even when
the two are word for word the same.*

We use the terminology of modern (post 1960) algebraic geometry; for example, for
algebraic groups over a field k, a homomorphism is (automatically) defined over k, not over
some large algebraically closed field.

To repeat: all constructions are to be understood as being in the sense of schemes.

In writing this book, I have depended heavily on the expository efforts of earlier authors.
The following works have been especially useful to me.

Demazure, Michel; Gabriel, Pierre. Groupes algébriques. Tome I: Géométrie algébrique,
généralités, groupes commutatifs. Masson & Cie, Editeur, Paris; North-Holland Publishing
Co., Amsterdam, 1970. xxvi+700 pp.

Séminaire Heidelberg-Strasbourg 1965—66 (Groupes Algébriques), multigraphié par
I’Institut de Mathématique de Strasbourg (Gabriel, Demazure, et al.). 407 pp.

The expository writings of Springer, especially: Springer, T. A., Linear algebraic groups.
Second edition. Progress in Mathematics, 9. Birkhduser Boston, Inc., Boston, MA, 1998.
xiv+334 pp.

Waterhouse, William C., Introduction to affine group schemes. Graduate Texts in
Mathematics, 66. Springer-Verlag, New York-Berlin, 1979. xi+164 pp.

Notes of Ngo, Perrin, and Pink have also been useful.

Finally, I note that the new edition of SGA 3 is a magnificent resource.

4An example is Chevalley’s theorem on representations; see 4.21.
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Notations and conventions

Throughout, k is a field and R is a k-algebra. All algebras over a field or ring are required to
be commutative and finitely generated unless it is specified otherwise. Unadorned tensor
products are over k. An extension of k is a field containing k. When V' is a vector space
over k, we often write Vg or V(R) for R® V. The symbol k2! denotes an algebraic closure
of k, and kP denotes the separable closure of k in k2.

An algebraic scheme over k (or algebraic k-scheme) is a scheme of finite type over k
(EGA, 6.5.1). An algebraic variety is a geometrically-reduced separated algebraic scheme.
A “point” of an algebraic scheme or variety means “closed point”.> For an algebraic scheme
(X, Ox) over k, we often let X denote the scheme and | X | the underlying topological space
of closed points. When the base field k is understood, we write “algebraic scheme” for
“algebraic scheme over k”.

Let R be a finitely generated k-algebra. We let Algp denote the category of finitely
generated R-algebras.

All categories are locally small (i.e., the objects may form a proper class, but the
morphisms from one object to a second are required to form a set). When the objects form a
set, the category is said to be small.

A functor is said to be an equivalence of categories if it is fully faithful and essentially
surjective. A sufficiently strong version of the axiom of global choice then implies that there
exists a quasi-inverse to the functor. We loosely refer to a natural transformation of functors
as a map of functors.

An element g of a partially ordered set P is a greatest element if, for every element a in
P,a < g. Anelement m in P is maximal if, for a in P, m < a implies a = m. If a partially
ordered set has a greatest element, it must be the unique maximal element, but otherwise
there can be more than one maximal element (or none). Least and minimal elements are
defined similarly. When the partial order is inclusion, we often say smallest for least.

A diagram A — B = C is said to be exact if the first arrow is the equalizer of the pair
of arrows.

After p.161, all algebraic groups are affine. (The reader may wish to assume this
throughout, and skip Chapters 7 and 10.)

Foundations

We use the von Neumann-Bernays—Godel (NBG) set theory with the axiom of choice, which
is a conservative extension of Zermelo—Fraenkel set theory with the axiom of choice (ZFC).
This means that a sentence that doesn’t quantify over proper classes is a theorem of NBG if
and only if it is a theorem of ZFC. The advantage of NBG is that it allows us to speak of
classes.

It is not possible to define an “unlimited category theory” that includes the category of
all sets, the category of all groups, etc., and also the categories of functors from one of these
categories to another (Ernst 2015). Instead, one must consider only categories of functors
from categories that are small in some sense. To this end, we fix a family of symbols (7;);en
indexed by N, and let Algg denote the category of k-algebras of the form k[Ty,...,T,]/a

SLet X be an algebraic scheme over a field, and let Xg be the set of closed points in X with the induced
topology. Then the map U — U N Xy is a bijection from the set of open subsets of X onto the set of open
subsets of Xo. In particular, X is connected if and only if X¢ is connected. To recover X from X, add a point z
for each proper irreducible closed subset Z of Xg; the point z lies in an open subset U if and only it U N Z is
nonempty.

14



for some n € N and ideal a in k [Ty, ..., T,]. Thus the objects of Algg are indexed by the
ideals in some subring k[Ty, ..., T,] of k[Ty,...] — in particular, they form a set, and so
Algg is small. We call the objects of Algg small k-algebras. If R is a small k-algebra, then
the category Alg% of small R-algebras has as objects pairs consisting of a small k-algebra A
and a homomorphism R — A of k-algebras. Note that tensor products exist in Algg —in
fact, if we fix a bijection N <> N x N, then ® becomes a well-defined bi-functor.

The inclusion Algg < Algy is an equivalence of categories because every finitely gen-
erated k-algebra is isomorphic to a small k-algebra. Choosing a quasi-inverse amounts
to choosing an ordered set of generators for each finitely generated k-algebra. Once a
quasi-inverse has been chosen, every functor on Algg has a well-defined extension to Algy,.

Alternatively, readers willing to assume additional axioms in set theory, may use
Mac Lane’s “one universe” solution to defining functor categories (Mac Lane 1969) or
Grothendieck’s “multi universe” solution (DG, p.xxv), and take a small k-algebra to be one
that is small relative to the chosen universe.®

Prerequisites

A first course in algebraic geometry. Since these vary greatly, we review the definitions and
statements that we need from algebraic geometry in Appendix A. In a few places, which can
usually be skipped, we assume more algebraic geometry.
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Introduction
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%0r they may simply ignore the problem, which is what most of the literature does.
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16 CONTENTS

A. BASIC THEORY (CHAPTERS 1-10
)

The first ten chapters cover the general theory of algebraic groups (not necessarily affine).
After defining algebraic groups and giving some examples, we show that most of the basic
theory of abstract groups (subgroups, normal subgroups, normalizers, centralizers, Noether
isomorphism theorems, subnormal series, etc.) carries over with little change to algebraic
group schemes. We relate affine algebraic groups to Hopf algebras, and we prove that all
affine algebraic groups in characteristic zero are smooth. We study the linear representations
of algebraic groups and the actions of algebraic groups on algebraic schemes. We show
that every algebraic group is an extension of a finite étale algebraic group by a connected
algebraic group, and that every connected group variety over a perfect field is an extension
of an abelian variety by an affine group variety (Barsotti-Chevalley theorem).

B. PRELIMINARIES ON AFFINE ALGEBRAIC GROUPS (CHAPTERS 11-13)

The next three chapters are preliminary to the more detailed study of affine algebraic groups
in the later chapters. They cover Tannakian duality, in which the category of representations
of an algebraic group plays the role of the topological dual of a locally compact abelian
group; Jordan decompositions; the Lie algebra of an algebraic group; the structure of finite
algebraic groups.

C. SOLVABLE ALGEBRAIC GROUPS (CHAPTERS 14-17

The next four chapters study solvable algebraic groups. Among these are the diagonalizable
groups and the unipotent groups.

An algebraic group G is diagonalizable if every linear representation r: G — GLy of
G is a direct sum of one-dimensional representations. In other words if, relative to some
basis for V, r(G) lies in the algebraic subgroup D, of diagonal matrices in GL,. An
algebraic group that becomes diagonalizable over an extension of the base field is said to be
of multiplicative type.

An algebraic group G is unipotent if every nonzero representation V' of G contains
a nonzero fixed vector. This implies that, relative to some basis for V', r(G) lies in the
algebraic subgroup U,, of strictly upper triangular matrices in GL,,.

Every smooth connected solvable algebraic group over a perfect field is an extension of
a group of multiplicative type by a unipotent group.

D. REDUCTIVE GROUPS (CHAPTERS 18-25)
This is the heart of the book.

E. SURVEY CHAPTERS (CHAPTERS 26-27)

These describe the classification theorems of Satake-Selbach-Tits (the anistropic kernel etc.)
and the Galois cohomology of algebraic groups (classification of the forms of an algebraic
group; description of the classical algebraic groups in terms of algebras with involution;
etc.).

APPENDICES

In an appendix, we review the algebraic geometry needed.



CHAPTER 1

Basic definitions and properties

Recall that k is a field, and that an algebraic k-scheme is a scheme of finite type over k. We
often omit the k. Morphisms of k-schemes are required to be k-morphisms.

a. Definition

An algebraic group over k is a group object in the category of algebraic schemes over k. In
detail, this means the following.

DEFINITION 1.1. Let G be an algebraic scheme over k and let m: G x G — G be a regular
map. The pair (G,m) is an algebraic group over k if there exist regular maps

e:x—> G, inv:G—>G (D)
such that the following diagrams commute:

exid idxe

GxGxG M Gy ¥ x G -y G x G 4% G xx

GxG —"— G

G (inv,id! GxG :id,inv) G

|, |

e e
* > G < *

Q<3

Here * is the one-point variety Spm(k). When G is a variety, we call (G,m) a group
variety, and when G is an affine scheme, we call (G,m) an affine algebraic group.! A
homomorphism ¢:(G,m) — (G’,m’) of algebraic groups is a regular map ¢: G — G’ such
that g om = m’ o (¢ x @).

Similarly, an algebraic monoid over k is an algebraic scheme M over k together with reg-
ular maps m: M x M — M and e: * — M such that the diagrams (2) commute. An algebraic
group G is trivial if e: x — G is an isomorphism, and a homomorphism ¢: (G,m) — (G',m’)
is trivial if it factors through e’: % — G'.

' As we note elsewhere (p.3, p.5, 1.50, 5.40, p.515) in most of the current literature, an algebraic group over
a field k is defined to be a group variety over some algebraically closed field K containing k together with a
k-structure. In particular, nilpotents are not allowed.
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18 1. Basic definitions and properties

For example,

def

SL, = Spmk[T11,T12, ..., Tunl)/(det(T;;) —1)
becomes a group variety with the usual matrix multiplication,
(aij), (bij) = (cij), cij =D jairby;.
For many more examples, see Chapter 2.

DEFINITION 1.2. An algebraic subgroup of an algebraic group (G,mg) over k is an alge-
braic group (H,mp) over k such that H is a k-subscheme of G and the inclusion map is
a homomorphism of algebraic groups. An algebraic subgroup that is a variety is called a
subgroup variety.

HOMOGENEITY

1.3. For an algebraic scheme X over k, we write | X | for the underlying topological space
of X, and k(x) for the residue field at a point x of |X| (it is a finite extension of k). We
identify X (k) with the set of points x of | X | such that k (x) = k. Let (G,m) be an algebraic
group over k. The map m(k): G(k) x G(k) — G (k) makes G (k) into a group with neutral
element e (*) and inverse map inv(k).

When k is algebraically closed, G(k) = |G|, and so m:G x G — G makes |G| into
a group. The maps x — x~ ! and x — ax (a € G(k)) are automorphisms of |G| as a
topological space.

In general, when & is not algebraically closed, m does not make |G| into a group, and
even when k is algebraically closed, it does not make |G| into a topological group.”

1.4. Let (G, m) be an algebraic group over k. For each a € G(k), there is a translation map
lg:G ~{a}xG LG, X ax.
Fora,b € G(k),
laoly =lap

and /, = id. Therefore [, ol,—1 =id =1,-101, , and so /, is an isomorphism sending e to
a. Hence G is homogeneous® when k is algebraically closed (but not in general otherwise;
see 1.7).

ALGEBRAIC GROUPS AS FUNCTORS

Since we allow nilpotents in the structure sheaf, the points of an algebraic group with
coordinates in a field, even algebraically closed, do not convey much information about the
group. Thus, it is natural to consider its points in a k-algebra. Once we do that, the points
capture all information about the algebraic group.

2 Assume k is algebraically closed. The map |m|:|G x G| — |G| is continuous, and |G x G| = |G| x |G| as
a set, but not as a topological space. The multiplication map |G| x |G| — |G|, i.e., G(k) x G(k) — G(k), need
not be continuous for the product topology.

3 An algebraic scheme X over k is said to be homogeneous if the group of automorphisms of X (as a
k-scheme) acts transitively on | X|.
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1.5. An algebraic scheme X over k defines a functor
X:Alg) — Set, R~ X(R),

and the functor X »> X is fully faithful (Yoneda lemma, A.28); in particular, X determines
X uniquely up to a unique isomorphism. We say that a functor from k-algebras to sets is
representable if it is of the form X.

Let (G, m) be an algebraic group over k. Then R » (G(R),m(R)) is a functor from k-
algebras to groups whose underlying functor to sets is representable, and every such functor
arises from an essentially unique algebraic group. Thus, to give an algebraic group over k
amounts to giving a functor Algg — Grp whose underlying functor to sets is representable
by an algebraic scheme. We sometimes write G for G regarded as a functor.

We often describe a homomorphism of algebraic groups by describing its action on
R-points. For example, when we say that inv: G — G is the map x > x~!, we mean that,
for all k-algebras R and all x € G(R), inv(x) = x~ L.

From this perspective, SL,, is the algebraic group over k whose R-points are the n X n
matrices with entries in R and determinant 1.

1.6. An algebraic subscheme H of an algebraic group G is an algebraic subgroup of G if
and only if H(R) is a subgroup of G(R) for all k-algebras R. In more detail, assume that
H(R) is a subgroup of G(R) for all (small) R; then the Yoneda lemma (A.28) shows that
the maps

(h,h'y v+ hh': H(R) x H(R) — H(R)

arise from a morphism mpg: H x H — H, and (H,mp) is an algebraic subgroup of (G,mg).
1.7. Consider the functor of k-algebras
us:R~{aecR|a®=1}.

This is represented by Spm(k[T]/(T3 — 1)), and so it is an algebraic group. We consider
three cases.

(a) The field k is algebraically closed of characteristic # 3. Then
K[T)/(T? =1) = k[T1/(T =) < k[T1/(T = &) xk[T1/(T = &%)
where 1,¢,¢? are the cube roots of 1 in k. Thus, 3 is a disjoint union of three copies

of Spm(k) indexed by the cube roots of 1 in k.

(b) The field k is of characteristic # 3 but does not contain a primitive cube root of 1.
Then
k[T1/(T? = 1) ~ k[T]/(T = 1) xk[T]/(T> + T +1),

and so 3 is a disjoint union of Spm(k) and Spm(k[{]) where ¢ is a primitive cube
root of 1. In particular, | 3| is not homogeneous.

(¢) The field k is of characteristic 3. Then
T3-1=(T-1)3,

and so w3 is not reduced. Although p3(K) = 1 for all fields K containing k, the
algebraic group (3 is not trivial.
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DENSITY OF POINTS

In general, the k-points of an algebraic group tell us little about the group, but sometimes they
do. For example, a smooth algebraic group G over a separably closed field k is commutative
if G(k) is commutative (1.21).

1.8. Let X be an algebraic scheme over k, and let S be a subset of X(k) C | X|. We say
that S is schematically dense in X if the family of homomorphisms

f f(5):0x >k(s)=k, seS,

is injective. Let S C X (k) be schematically dense in X:
(a) if Z is a closed algebraic subscheme of X such that Z(k) contains S, then Z = X

(b) if u,v: X — Y are regular maps from X to a separated algebraic scheme Y such that
u(s) =v(s)foralls € S, thenu = v.

If S C X (k) is schematically dense in X, then S is dense in | X |, and the converse is true if
X is reduced. A schematically dense subset remains schematically dense under extension
of the base field. If an algebraic scheme X admits a schematically dense subset S C X (k),
then it is geometrically reduced. For a geometrically reduced scheme X, a subset of X (k) is
schematically dense in X if and only if it is dense in | X |. See (A.62) et seq.

1.9. Let G be an algebraic group over a field k, and let k” be a field containing k. We
say that G(k') is dense in G if the only closed algebraic subscheme Z of G such that
Z(k') = G(k') is G itself.

(a) If G(k') is dense in G, then G is reduced. Conversely, if G is geometrically reduced,
then G (k') is dense in G if and only if it is dense in the topological space |Gy-|. (A.59,
A.60).

(b) If G is smooth, then G (k') is dense in G whenever k’ contains the separable closure
of k (A.44).

(¢c) G(k)isdensein G if and only if G is reduced and G (k) is dense |G]|.

ALGEBRAIC GROUPS OVER RINGS

Although we are only interested in algebraic groups over fields, occasionally, we shall need
to consider them over more general base rings.

1.10. Let R be a (finitely generated) k-algebra. Formally, an algebraic scheme over R
is a scheme X equipped with a morphism X — Spm R of finite type. Less formally, we
can think of X as an algebraic scheme over k such that Oy is equipped with an R-algebra
structure compatible with its k-algebra structure. For example, affine algebraic schemes
over R are the spectra finitely generated R-algebras A. A morphism of algebraic R-schemes
¢: X — Y is a morphism of schemes compatible with the R-algebra structures, i.e., such
that Oy — ¢« Ox is a homomorphism of sheaves of R-algebras. Let G be an algebraic
scheme over R and let m: G x G — G be a morphism of R-schemes. The pair (G,m) is an
algebraic group over R if there exist R-morphisms e:Spm(R) — G and inv: G — G such
that the diagrams (2) and (3) commute. For example, an algebraic group (G,m) over k gives
rise to an algebraic group (Gr,mp) over R by extension of scalars.
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b. Basic properties of algebraic groups

PROPOSITION 1.11. The maps e and inv in (1.1) are uniquely determined by (G,m). If
¢:(G,mg) — (H,mpg) is a homomorphism of algebraic groups, then ¢ oceg = ey and
poinvg = invy og.

PROOF. It suffices to prove the second statement. For a k-algebra R, the map ¢(R) is a
homomorphism of abstract groups (G(R),mg(R)) — (H(R),mpg (R)), and so it maps the
neutral element of G(R) to that of H(R) and the inversion map on G(R) to that on H(R).
The Yoneda lemma (A.28) now shows that the same is true for ¢. O

PROPOSITION 1.12. Algebraic groups are separated (as algebraic schemes).

PROOF. Let (G,m) be an algebraic group. The diagonal in G x G is the inverse image of the
closed point e € G(k) under the map m o (id xinv): G x G — G sending (g1, g2) to glgz_l,
and so it is closed. o

Therefore “group variety” = “geometrically reduced algebraic group”.

COROLLARY 1.13. Let G be an algebraic group over k, and let k' be a field containing k.
If G(k') is dense in G, then a homomorphism G — H of algebraic groups is determined by
its action on G (k').

PROOF. Let ¢, ¢’ be homomorphisms G — H. Because H is separated, the subscheme
Z of G on which they agree is closed (see A.37). If ¢(x) = ¢’(x) for all x € G(k'), then
Z(k')y=G(k'),andso Z = G. o

Recall that an algebraic scheme over a field is a finite disjoint union of its (closed-open)
connected components (A.14). For an algebraic group G, we let G° denote the connected
component of G containing e, and we call it the identity (or neutral) component of G.

PROPOSITION 1.14. Let G be an algebraic group. The identity component G° of G is an
algebraic subgroup of G. Its formation commutes with extension of the base field: for every
field k" containing k,

(G°)k, ~ (Gp)°.

In particular, G is connected if and only if Gy, is connected; the algebraic group G° is
geometrically connected; every connected algebraic group is geometrically connected.

For the proof, we shall need the following elementary lemma. Recall (A.84) that the
set of connected components of an algebraic scheme X can be given the structure of a
zero-dimensional algebraic variety mo(X ). Moreover, X — mo(X) is a regular map whose
fibres are the connected components of X.

LEMMA 1.15. Let X be a connected algebraic scheme over k such that X(k) # @. Then X
is geometrically connected; moreover, for any algebraic scheme Y over k,

7T()(X X Y) ~ JT()(Y).

In particular, X x Y is connected if Y is connected.
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PROOF. Because mo(X) is a zero-dimensional algebraic variety, it equals Spm(A4) for some
étale k-algebra A (A.82). If A had more than one factor, O(X) would contain nontrivial
idempotents, and X would not be connected. Therefore, A is a field containing k, and,
because X (k) is nonempty, it equals k. Now

7o (Xza) "2 70(X) g = Spm(k™),

which shows that X a is connected, and

A.84
wo(X XY) >~ mo(X)xmo(Y) =~ mo(Y),
as required. o

PROOF (OF 1.14). The identity component G° of G has a k-point, namely, e, and so
G° x G° is a connected component of G X G (1.15). As m maps (e, e) to e, it maps G° X G°
into G°. Similarly, inv maps G° into G°. Therefore G° is an algebraic subgroup of G. For
any extension k' of k,

(G = m0(G))pr = Grr = 7o (Gyr)

(see A.84). As G° is the fibre over e, this implies that (G°)gs ~ (G/)°. In particular,
(G°)ga ~ (Gya)®, and so G° is geometrically connected. o

COROLLARY 1.16. A connected algebraic group is irreducible.

PROOF. It suffices to show that G is geometrically irreducible. Thus, we may suppose that k
is algebraically closed, and hence that G is homogeneous (1.4). By definition, no irreducible
component is contained in the union of the remainder. Therefore, there exists a point that
lies on exactly one irreducible component. By homogeneity, all points have this property,
and so the irreducible components are disjoint. As |G| is connected, there must be only one,
and so G is irreducible. O

SUMMARY 1.17. The following conditions on an algebraic group G over k are equivalent:
(a) G isirreducible;
(b) G is connected,;
(c) G is geometrically connected.

When G is affine, the conditions are equivalent to:

(d) the quotient of O(G) by its nilradical is an integral domain.

Algebraic groups are unusual. For example, the subscheme of A? defined by the equation
XY = 0 is connected but not irreducible (and hence is not the underlying scheme of an
algebraic group).

PROPOSITION 1.18. Let G be an algebraic group over k.

(a) If G is reduced and k is perfect, then G is geometrically reduced (hence a group
variety).

(b) If G is geometrically reduced, then it is smooth (and conversely).
PROOF. (a) This is true for every algebraic scheme (A.39).

(b) It suffices to show that G is smooth, but some point of Gja is smooth (A.52), and
so every point is smooth because Gja is homogeneous (1.4). O
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Therefore
“group variety” = “smooth algebraic group”.

In characteristic zero, all algebraic groups are smooth (see 3.38 below for a proof in the
affine case and 10.36 for the general case).

EXAMPLE 1.19. Let k be a nonperfect field of characteristic p, andleta € k ~k?. Let G
be the algebraic subgroup of A! defined by the equation

Y? —aX? =0.

The ring A = k[X,Y]/(YP — aXP) is reduced because Y Z —a X ? is irreducible in k[ X, Y],
but A acquires a nilpotent y —a » x when tensored with k2, and so G is not geometrically

reduced. (Over the algebraic closure of k, it becomes the line Y = a » X with multiplicity
r)

DEFINITION 1.20. An algebraic group (G,m) is commutative if m ot = m, where ¢ is the
transposition map (x,y) — (,x):G xG — G xG.

PROPOSITION 1.21. An algebraic group G is commutative if and only if G(R) is commu-
tative for all k-algebras R. A group variety G is commutative if G(k*°P) is commutative.

PROOF. According to the Yoneda lemma (A.28), m ot = m if and only if m(R)ot(R) =
m(R) for all k-algebras R, i.e., if and only if G(R) is commutative for all R. The proves the
first statement. Let G be a group variety. If G(k*°P) is commutative, then m ot and m agree
on (G x G)(k**P), which is dense in G x G (1.9). o

PROPOSITION 1.22. The following conditions on an algebraic group G are equivalent:
(a) G is smooth;
(b) G° is smooth;
(c) the local ring Og . is regular;
(d) the tangent space T,(G) to G at e has dimension dim G ;
(e) G is geometrically reduced;
(f) for all k-algebras R and all ideals I in R such that I*> =0, the map G(R) — G(R/I)

is surjective.

PROOF. (a) = (b) = (¢) = (d): These implications are obvious (see A.48, A.51).
(d) = (a). The condition implies that the point e is smooth on G (A.51), and hence on
Gra. By homogeneity (1.4), all points on Ga are smooth, which means that G is is smooth.
(a) <= (e). This was proved in (1.18).
(a) <= (f). This is a standard criterion for an algebraic scheme to be smooth (A.53).o

COROLLARY 1.23. For an algebraic group G,
dim7,(G) > dimG,
with equality if and only if G is smooth.

PROOF. In general, for a point e on an algebraic k-scheme G with k(e) =k, dim 7, (G) >
dim G with equality if and only if Og . is regular (A.48). But we know (1.22), that Og ¢ is
regular if and only if G is smooth. O
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c. Algebraic subgroups

For a closed subset S of an algebraic scheme X, we let S;q denote the reduced closed
subscheme of X with |Sieq| = S. A morphism ¢: Y — X factors through Siq if |¢| factors
through § and Y is reduced. See A.25.

PROPOSITION 1.24. Let (G,m) be an algebraic group over k. If Gyq is geometrically
reduced, then it is an algebraic subgroup of G.

PROOF. If G is geometrically reduced, then Gieq X Greq is reduced (A.39), and so the
restriction of m to Greq X Greq factors through Greg < G-

Myred
Gred X Gred —> Greda — G.

Similarly, e and inv induce maps * — Greq and Greqg — Gred, and these make the diagrams
(2, 3), p.17, commute for (Gred, Mred)- 0

COROLLARY 1.25. Let G be an algebraic group over k. If k is perfect, then Gyeq is a
smooth algebraic subgroup of G.

PROOF. Over a perfect field, reduced algebraic schemes are geometrically reduced (1.46),
and so Gieq is geometrically reduced, hence an algebraic subgroup of G, and hence smooth
(1.22). o

LEMMA 1.26. Let G be an algebraic group over k. The Zariski closure S of a(n abstract)
subgroup S of G(k) is a subgroup of G (k).

PROOF. For a € G(k), the map x — ax:G(k) — G(k) is a homeomorphism because its
inverse is of the same form. For a € S, we have ¢S C S C S, and so aS = (aS)~ C S.
Thus, for a € S, we have Sa C S, and so Sa = (Sa)” C S. Hence SS C S. The map
x — x"1:G(k) — G(k) is a homeomorphism, and so (§)™! = (S~1)~ = S. o

PROPOSITION 1.27. Every algebraic subgroup of an algebraic group is closed (in the
Zariski topology).

PROOF. Let H be an algebraic subgroup of an algebraic group G. If Hya is closed in Ga
then H is closed in G (see A.10) and so we may suppose that k is algebraically closed.
We may also suppose that H and G are reduced, because passing to the reduced algebraic
subgroup doesn’t change the underlying topological space. By definition, | H| is locally
closed, i.e., open in its closure S. Now S is a subgroup of |G| (1.26), and it is a finite disjoint
union of cosets of | H|. As each coset is open, it is also closed. Therefore H is closed in S,
and so equals it. O

COROLLARY 1.28. The algebraic subgroups of an algebraic group satisfy the descending
chain condition.

PROOF. In fact, the closed subschemes of an algebraic scheme satisfy the descending chain
condition (A.19). o

COROLLARY 1.29. Every algebraic subgroup of an affine algebraic group is affine.

PROOF. Closed subschemes of affine algebraic schemes are affine (A.19). o
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COROLLARY 1.30. Let H and H' be subgroup varieties of an algebraic group G overk.
Then H = H' if H(k") = H'(k’) for some field k' containing the separable closure of k.

PROOF. The condition implies that
H(k"y=(HNH') ()= H'(K'). “4)

But H N H' is closed in H (1.27). As H is a variety, H (k) is dense in H (A.61), and so
(4) implies that H N H' = H. Similarly, HNH' = H’'. o

PROPOSITION 1.31. Let G be an algebraic group over k, and let S be a closed subgroup of
G (k). There is a unique reduced algebraic subgroup H of G such that S = H (k) (and H is
geometrically reduced). The algebraic subgroups H of G that arise in this way are exactly
those for which H (k) is schematically dense in H (i.e., such that H is reduced and H (k) is
dense in |H |).

PROOF. Let H denote the reduced closed subscheme of G such that | H | is the closure of
S in |G|. Then S = G(k)N|H| = H(k). As H isreduced and H (k) is dense in |H |, it is
geometrically reduced (1.8). Therefore H x H is reduced, and so the map mg: H x H - G
factors through H. Similarly, invg restricts to a regular map H — H and * — G factors
through H. Thus H is an algebraic subgroup of G. Also H (k) is schematically dense in
H because it is dense and H is reduced. Conversely, if H is a reduced algebraic subgroup
of G such that H (k) is dense in | H |, then the above construction starting with S = H (k)
gives back H. o

COROLLARY 1.32. Let G be an algebraic group over k, and let S be a closed subgroup
of G(k). There is a unique subgroup variety H of G such that S = H (k). The subgroup
varieties H of G that arise in this way are exactly those for which H (k) is dense in |H |.

PROOF. This is a restatement of the proposition. O

COROLLARY 1.33. Let G be an algebraic group over a separably closed field k. The map
H — H(k) is a bijection trom the set of subgroup varieties of G onto the set of closed
(abstract) subgroups of G (k).

PROOF. As k is separably closed, H (k) is dense in | H | for every group subvariety of G.n

DEFINITION 1.34. Let G be an algebraic group over k, and let S be a subgroup of G (k).
The unique subgroup variety H of G such that H (k) is the Zariski closure of S is called the
Zariski closure of S in G.

ASIDE 1.35. Let k be an infinite perfect field. Then H (k) is dense in | H | for any connected group
variety H over k (cf. 3.26 below). Let G be an algebraic group over k; then the map H — H(k) is a
bijection from the set of connected subgroup varieties of G to the set of closed subgroups of G (k)
whose closures in |G| are connected.

def

PROPOSITION 1.36. Let (Hj);ey be a family of algebraic subgroups of G. Then H =
(\jes Hj is an algebraic subgroup of G. If G is affine, then H is affine, and its coordinate
ring is O(G)/1 where I is the ideal in O(G) generated by the ideals I(H;) of the H;.
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PROOF. Certainly, H is a closed subscheme (A.19). Moreover, for all k-algebras R,
H(R) = ﬂje] H;(R) (intersection inside G(R)),

which is a subgroup of G(R), and so H is an algebraic subgroup of G (1.6). Assume that G
is affine. For any k-algebra R,

Hj(R) ={g € G(R) | fr(g) =Oforall f € I(H;)}.

Therefore,

H(R) ={g € G(R) | fr(g) =0forall f €| JI(H))}
= Hom(O(G)/1,R). a)

In fact, because of (1.28), every infinite intersection is equal to a finite intersection.

EXAMPLE 1.37. (a) Let G = GL,, over a field of characteristic p. Then SL,, and the group
H of scalar matrices in G are smooth subgroups of G, but SL, NH = 1, is not reduced.

(b) Let G = G2. Then Hy = G, x {0} and H; = {(x,x? +ax*)} are smooth algebraic
subgroups of G, but their intersection is not reduced.

NORMAL AND CHARACTERISTIC SUBGROUPS

DEFINITION 1.38. Let G be an algebraic group.

(a) An algebraic subgroup H of G is normal if H(R) is normal in G(R) for all k-algebras
R.

(b) An algebraic subgroup H of G is characteristic if « (Hr) = Hp, for all k-algebras
R and all automorphisms o of Gg.

The conditions hold for all k-algebras R if they hold for all small k-algebras. In (b) Gg and
Hpg can be interpreted as functors from the category of (small) finitely generated R-algebras
to the category of groups, or as algebraic R-schemes (i.e., as algebraic k-schemes equipped
with a morphism to Spm(R) (1.10)). Because of the Yoneda lemma (loc. cit.), the two
interpretations give the same condition.

PROPOSITION 1.39. The identity component G° of an algebraic group G is a characteristic
subgroup of G (hence a normal subgroup).

PROOF. As G° is the unique connected open subgroup of G containing e, every automor-
phism of G fixing e maps G° into itself. Let k' be a field containing k. As (G°)gr = (Gy/)°,
every automorphism of G/ fixing e maps (G°)g- into itself.

Let R be a k-algebra and let o be an automorphism of Gg. We regard G and G as
algebraic R-schemes. It suffices to show that «(Gy) C G, and, because G is an open
subscheme of G, for this it suffices to show that a(|G3|) C |G|. Let x € |G/, and let s
be the image of x in Spm(R). Then x lies in the fibre G (5) of G over s:

Gp +—— GK(S)

| |

Spm(R) —— Spm(k(s)).

Infact, x € [G{ N Gy()| = |G,‘;(s) |. From the first paragraph of the proof, & (5)(x) € |G;(s) l,
and so a(x) € |G|, as required. o
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REMARK 1.40. Let H be an algebraic subgroup of G. If «(Hg) C Hp for all k-algebras R
and endomorphisms « of Gg, then H is characteristic. To see this, let & be an automorphism
of GR. Then e ' (HR) C Hg,andso Hgr C a(HR) C Hpg.

NOTES. The definition of characteristic subgroup agrees with DG 11, §1, 3.9, p.166. The proof that
G° is characteristic is from DG I, §5, 1.1, p.234.

DESCENT OF SUBGROUPS
1.41. Let G be an algebraic scheme over a field k, and let k' be a field containing k. Let
G’ = Gy, and let H' be an algebraic subgroup of Gy-.

(a) There exists at most one algebraic subgroup H of G such that Hy, = H' (as an
algebraic subgroup of Gy/). When such an H exists, we say that H' is defined over k
(as an algebraic subgroup of G').

(b) Let k' be a Galois extension of k (possibly infinite), and let I" = Gal(k’/ k). Then H’
is defined over k if and only if it is stable under the action of I" on G’, i.e., the sheaf
of ideals defining it is stable under the action of I" on Og-.

(c) Let k’ = k*P. A subgroup variety H’ is stable under the action of I" on G’ (hence
defined over k) if and only if H’(k’) is stable under the action of I" on G (k).

Apply (A.55, A.56).

d. Examples

We give some examples to illustrate what can go wrong.

1.42. Let k be a nonperfect field of characteristic p > 2, and lett € k ~kP?. Let G be the
algebraic subgroup of A? defined by

YP-Y =tX?.

This is a connected group variety over k that becomes isomorphic to A! over k%, but G(k)
is finite (and so not dense in G). If k = k¢(¢), then G(k) = {e} (Rosenlicht 1957, p.46).

1.43. Let k be nonperfect of characteristic p, and let r € k ~k?. Let G be the algebraic
subgroup of A! defined by the equation

XP° _(1XP =0.

Then Gq is not an algebraic group for any map m: Greq X Greq = Greq (Exercise 2-5; SGA
3, VI, 1.3.2a).

1.44. Let k be nonperfect of characteristic p > 3, and lett € k ~k?. Let G be the algebraic
subgroup of A* defined by the equations

UP —tVP =0=X?—1Y?.

Then G is a connected algebraic group of dimension 2, but G4 is singular at the origin, and
hence not an algebraic group for any map m (SGA 3, VI, 1.3.2b).

1.45. We saw in (1.25) that Gyeq is an algebraic subgroup of G when k is perfect. However,
it need not be normal even when G is connected. For examples, see (2.23) below.
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1.46. The formation of G;eq doesn’t commute with change of the base field. For example,
G may be reduced without Gra being reduced (1.19). The best one can say is that the
algebraic subgroup (Gpal)req of Ga is defined over a finite purely inseparable extension of
k.

To see this, let G be an algebraic group over a field k of characteristic p # 0, and let

k' =k~ déf{x € k™| 3m > 1 such that x?" € k}.

Then k’ is the smallest perfect subfield of k2 containing k, and (G )seq is a smooth algebraic
subgroup of G, (1.25). The algebraic variety (Gg/)req and its multiplication map are defined
over a finite subextension of k’.

e. Kernels
Let ¢: G — H be a homomorphism of algebraic groups, and let

Ker(p) =G xg * — *

|, Lk

G ——~H
Then Ker(p) is a closed subscheme of G such that

Ker(p)(R) = Ker(¢(R))

for all k-algebras R. Therefore Ker(¢) is an algebraic subgroup of G (see 1.6). It is called
the kernel of ¢. When G and H are affine, so also is N = Ker(¢), and

O(N) = O(G) ®ow) k ~ O(G)/ I O(G)

ffl) . L
where Iy = Ker(O(H) —— k) is the augmentation ideal of H .

EXAMPLE 1.47. Let G, be the algebraic group (A, +). The algebraic group G in (1.19)
is the kernel of the homomorphism

.Gy xGy —> Gy, (x,y) > y? —ax?.

It is not geometrically reduced, and so Ker(¢) is not a group variety even though ¢ is a
homomorphism of group varieties. In the old terminology, one defined the kernel of ¢ to be

the subgroup variety G": Y = a% X of (G4 x G4)ga, and observed that it is not defined over
k (cf. Springer 1998, 12.1.6).

DEFINITION 1.48. A sequence of algebraic groups

e—>N—i>Gl>Q—>e ®))

is exact if 7 is faithfully flat and i is an isomorphism of N onto the kernel of 7. When (5)
is exact, G is called an extension of Q by N.

We shall see (5.17) that, for group varieties (but not algebraic groups in general), a
homomorphism 7:G — Q is faithfully flat if it is surjective as a map of schemes, i.e.,
|7|: |G| — | Q] is surjective.
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PROPOSITION 1.49. A surjective homomorphism ¢: G — H of group varieties is smooth
if and only if Ker(¢) is smooth.

PROOF. We may suppose that k is algebraically closed. Recall (A.107), that a dominant map
¢:Y — X of smooth algebraic varieties is smooth if and only if the maps (d¢),: Ty (Y) —
T4 (y)(X) on the tangent spaces are surjective forall y € Y.

Let N = Ker(¢). The exact commutative diagram

0 —— N(k[e]) —— G(k[e]) —— H(k[e])

l | |

0 — N(k) s G(k) s H(k).

gives an exact sequence of kernels
0> Te(N) = Te(G) > To(H).
The fibres of ¢ are the cosets of N in G, which all have the same dimension, and so
dimN =dimG —dim H
(A.99). On the other hand (1.23),

dimG = dim7,(G)
dimH =dim7,(H)
dim T, (N) > dim N, with equality if and only if N is smooth.

Thus, we see that dim 7, (N) = dim N (and N is smooth) if and only if (d¢)e: Te(G) —
T.(H) is surjective. It remains to note that, by homogeneity (1.4), if (d¢), is surjective,
then (dg), is surjective forall g € G. o

NOTES. There is the more precise statement. Let ¢:G — H be a homomorphism of algebraic
groups over k. Suppose that G is smooth. The following conditions are equivalent:

(a) Lie(p):g — b is surjective;

(b) Ker(p) is smooth and ¢(G),eq is open in H;

(c) H is smooth and ¢ is smooth.

Proof to be added (DG 11, §5, 5.3, p.250).

ASIDE 1.50. Let ¢: G — H be a homomorphism of group varieties over k. Borel 1991 et al. define
the kernel of ¢ to be the subgroup variety Ker(¢ga )req of Gya, which “need not be defined over k”
(see 1.47). Springer 1998, 12.1.3 writes:

Let ¢: G — G’ be a k-homomorphism of group varieties over k. If k is perfect or the
tangent map (d¢), is surjective, then the “kernel” is defined over k.

In the first case, Ker(¢)eq is geometrically reduced (A.39), and so Ker(¢ga)rea = (Ker(d)red)ga; in
the second case, Ker(¢) is smooth, and so Ker(¢ya )req = Ker(¢)ga.

ASIDE 1.51. Inthe language of EGA/SGA, our algebraic groups over k are algebraic group schemes
over k, i.e., group schemes over k whose underlying scheme is of finite type over k (SGA 3, V4,
p-295). Some of the above results hold without finiteness conditions. For example, group schemes
over a field are always separated (ibid. 0.3, p.296). For a quasicompact morphism u:G — H of
group schemes locally of finite type over k, the following conditions are equivalent:
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(a) u is a closed immersion;
(b) u is a monomorphism;
(c) Ker(u) is trivial,

in particular, every subgroup scheme of H is closed (SGA 3, VI, 1.4.2, p.341). However, let
(Z)y denote the constant group scheme over a field k of characteristic zero (cf. 2.3 below). The
obvious homomorphism of (Z); — G, x of group schemes over k has trivial kernel but is not a closed
immersion (ibid. 1.4.3, p.341). As another example, over an algebraically closed field k there is a
zero-dimensional (nonaffine) reduced group scheme G with G (k) = k; the obvious homomorphism
k — G, of group schemes is both mono and epi, but it is not an isomorphism.

f.  Group actions

By a functor (resp. group functor) we mean a functor from small k-algebras to sets (resp.
groups). An action of a group functor G on a functor X is a natural transformation u: G x
X — X such that u(R) is an action of G(R) on X(R) for all k-algebras R.

An action of an algebraic group G on an algebraic scheme X is a regular map

wGxX —->X

such that the following diagrams commute:

GxGxXMGxX *xX —— GxX

l””id l" \) i“

GxX — "% 4 x

Because of the Yoneda lemma (A.28), to give an action of G on X is the same as giving an
action of G on X. We often write gx or g - x for u(g, x).

Let u: G x X — X be an action of an algebraic group G on an algebraic scheme X. The
following diagram commutes

Gx X (g,x)—>(g,8x) GxX

nl(g,x)—~>gx le(g,x)r—wc
X XX X,

and both horizontal maps are isomorphisms. It suffices to check this on the R-points (R a
k-algebra), where it is obvious (the inverse of the top map is (g, x) — (g, g~ 'x)). Therefore,
the map u: G x X — X is isomorphic to the projection map p,. It follows that p is faithfully
flat, and that it is smooth (resp. finite) if G is smooth (resp. finite).
Let u:G x X — X be an action of an algebraic group G on an algebraic scheme X . For
an x € X(k), the orbit map
Ux:G—> X, grgx,

is defined to be the restriction of u to G x {x} >~ G. We say that G acts transitively on X
if G(k¥) acts transitively on X(k%), in which case the orbit map p, is surjective for all
x € X(k) (because it is on k?-points).

PROPOSITION 1.52. Let G be an algebraic group. Let X and Y be nonempty algebraic
schemes on which G acts, and let f: X — Y be an equivariant map.
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(a) IfY isreduced and G acts transitively on Y, then f is faithfully flat.
(b) If G acts transitively on X, then the set f(X) is locally closed in Y .

(¢) If X is reduced and G acts transitively on X, then f factors into

faithfully immersion
X T’ f(X)red —Y;
a

moreover, f(X)req IS stable under the action of G.

Because the set f(X) is locally closed in Y, there exists a unique reduced subscheme
f(X)rea of Y having it as its underlying set.

PROOF. (a) As G acts transitively on Y and X is nonempty, the map f(k¥) is surjective,
which implies that f is surjective. In proving that f is flat, we may replace k with its
algebraic closure. By generic flatness (A.88), there exists a nonempty open subset U of Y
such that f defines a flat map from f~!'U onto U. As G(k) acts transitively on Y (k), the
translates gU of U by elements g of G(k) cover Y, which shows that f is flat. As it is also
surjective, it is faithfully flat.

(b) Because f(X) is the image of a regular map, it contains a dense open subset U of
its closure f(X) (A.59). We shall show that f(X) is open in f(X) (hence locally closed).
Regard f(X) as a reduced algebraic subscheme of Y, and let y € f(X). If y = gu for
some (g,u) € G(k) xU(k),then y € gU C f(X), and so y is an interior point of f(X). In
general, there exists a finite field extension K of k, a point y’ of f(X)(K) lying over y, and
a(g,u) € G(K)xU(K) such that gu = y’. Now y’ € gUg C f(Xg), and so y lies in the
image of gUk in f(X), which is open,* and so again y is an interior point of f(X).

(c) Because X is reduced, f factors through f(X)ieq, and so the first part of the statement
follows from (a) and (b). For the second part, let Z = f(X)req. As Z is reduced, it suffices
to show that Z(R) is stable under the action of G(R) when R is a field containing k, but
this is obvious. o

g. Closed subfunctors: definitions and statements

Before defining normalizers and centralizers, we discuss some more general constructions.
By a functor in this section, we mean a functor Algg — Set.

1.53. Let A be a k-algebra, and let 24 denote the functor R ~> Hom(4, R). Let a be an
ideal in A. The set of zeros of a in h4(R) is

Z(R)={¢:A— R|¢(a)=0forall ¢ €a}.

A homomorphism of k-algebras R — R’ defines a map Z(R) — Z(R’), and these maps
make R ~> Z(R) into a subfunctor of 4, called the functor of zeros of a. For example, if
A =k[Ty,...,Ty], then h4 = A", and the set of zeros of a = (f1,..., fm) in A4(R) is the
set of zeros in R" of the polynomials f; € k[T1,...,T,]

1.54. Let Z be a subfunctor of a functor X . From a map of functors f:h4 — X, we obtain

a subfunctor 1~1(Z) &z xx h4 of h4, namely,

R~ {a € h4(R) | f(R)(a) € Z(R)}.

We say that Z is a closed subfunctor of X if, for every map f:h4 — X, the subfunctor
f~1(Z) of h4 is the functor of zeros of some ideal a in A.

4The map Xg — X, being flat, is open (A.87).
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Later in this chapter (§1k), we shall prove the following statements.

1.55. Let X be an algebraic scheme over k. The closed subfunctors of hy are exactly those
of the form hz with Z a closed subscheme of X (1.77). Recall that hx denotes the functor
R » X(R).

1.56. Let Z be a closed subfunctor of a functor X . For every map Y — X of functors,
Z xx Y is a closed subfunctor of Y (1.78).

Let R be a small k-algebra. For a functor X, we let Xg denote the functor of small
R-algebras defined by composing X with the forgetful functor Alg% — Algg. For functors
Y and X, we let Mor(Y, X) denote the functor

R ~> Mor(Yr, XR).
If Z is a subfunctor of X, then Mor(Y, Z) is a subfunctor of Mor(Y, X).

1.57. Let Z be a subfunctor of a functor X, and let Y be an algebraic scheme. If Z is
closed in X, then Mor(Y, Z) is closed in Mor(Y, X) (1.82).
h. Transporters

Let G x X — X be an action of an algebraic group G on an algebraic scheme over k. Given
algebraic subschemes Y and Z of X, the transporter Tg(Y,Z) of Y into Z is the functor

R~ {geG(R)| gYr C ZR}.

Here Yr and Zg can be interpreted as algebraic R-schemes (A.32) or as functors on
the category of small R-algebras. Because of the Yoneda lemma (A.32), the different
interpretations give the same condition. Explicitly,

gYR C Zr <= gY(R') C Z(R’) for all (small) R-algebras R’.
Note that, because G(R) is a group,
To(Y.Y)(R)={g € G(R) | gYr = YR}

PROPOSITION 1.58. If Z is closed in X, then Tg(Y, Z) is represented by a closed sub-
scheme of G.

PROOF. Consider the diagram:

Te(Y.Z) ~ Mor(Y, Z) Xpor(v,x) G —— G

| |

Mor (Y, Z) ———— Mor(Y,X)

The map b is defined by the action of G on X, and c is defined by the inclusion of Z into
X . According to (1.57), Mor(Y, Z) is a closed subfunctor of Mor(Y, X), and so Tg (Y, Z)
is a closed subfunctor of X (1.56). Therefore it is represented by a closed subscheme of G
(1.55). o
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1. Normalizers

Let G be an algebraic group over k.

PROPOSITION 1.59. Let H be an algebraic subgroup of G. There is a unique algebraic
subgroup Ng(H) of G such that

NG(H)(R) = {g € G(R) | gHrg™' = HR}
for all k-algebras R.

In other words, Ng (H ) represents the functor

def

R~ N(R)={g €G(R)|gH(R)g~! = H(R’) for all R-algebras R'}.

PROOF. The uniqueness follows from the Yoneda lemma (A.28). Clearly N(R) is a sub-
group of G(R), and so it remains to show that N is represented by a closed subscheme of G
(1.6). But, when we let G act on itself by inner automorphisms,

N =Tg(H,H),
and so this follows from (1.58). o

The algebraic subgroup Ng (H) is called the normalizer of H in G. Directly from its
definition, one sees that the formation of Ng(H ) commutes with extension of the base field.
Clearly H is normal in G if and only of Ng(H) = G.

PROPOSITION 1.60. Let H be a subgroup variety of G, and let k" be a field containing
k. If H(k') is dense in H, then NG (H)(k) consists of the elements of G (k) normalizing
H(k") in G(k").

PROOF. Let g € G(k) normalize H(k’), and let & H denote the image of H under the
isomorphism x — gxg~1:G — G. Then & H N H is an algebraic subgroup of H such that

CHNH)K)=8HK)NHK) = HK).

As H(k') is dense in H, this implies that $ H N H = H, and so € H = H. In particular,
gH(R)g™! = H(R) for all k-algebras R, and so g € NG (H)(k). The converse is obvious.

COROLLARY 1.61. Let H be an algebraic subgroup of a smooth algebraic group G. If for
some separably closed field k' containing k, Hy. is stable under all inner automorphisms
inn(g) with g € G(k'), then H is normal in G.

PROOF. Let N = Ng(H). Then N is an algebraic subgroup of G, and the condition implies
that N(k’) = G(k’). As G is smooth, this implies that N = G (1.9b). o

COROLLARY 1.62. Let H be a subgroup variety of a group variety G. If H (k*®P) is normal
in G(k*P), then H is normal in G.

PROOF. Because H is a variety, H (k*°P) is dense in H , and so (1.60) shows that Ng (H ) (k*°P) =
G (k*P). Because G is a variety, this implies that Ng(H) = G. o

COROLLARY 1.63. Let H be a normal algebraic subgroup of a group variety G. If Hq is
a subgroup variety of G, then it is normal in G
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PROOF. As H is normal, H (k*¢P) is normal in G (k5P), but H (k*P) = H,.q(k*P) and so
we can apply (1.62). O

The examples in (1.45) show that it is necessary to take G to be a group variety in
(1.62) and (1.63). Specifically, when k is perfect, Greq is a subgroup variety of G and
Greq(k) = G(k), but Gyeq need not be normal.

DEFINITION 1.64. An algebraic subgroup H of an algebraic group G is weakly character-
istic if, for all fields k’ containing k, Hy- is stable under all automorphisms of Gy.

COROLLARY 1.65. Let N be a normal subgroup variety of a group variety G, and let H be
a subgroup variety of N. If H is weakly characteristic in N, then it is normal in G.

PROOF. By hypothesis, Hysep is stable under all automorphisms of Ny, in particular, by
those induced induced by an inner automorphism of Gsep. Therefore H (k°P) is normal in
G (k5°P), and so we can apply (1.62). o

EXAMPLE 1.66. A weakly characteristic algebraic subgroup need not be characteristic.
For example, every commutative algebraic group G over a perfect field contains a greatest
unipotent subgroup U (17.17 below). Clearly aU = U for all automorphisms « of G.
The formation of U commutes with extensions of the base field, and so U is even weakly
characteristic. However, it need not be characteristic (17.22 below).

J. Centralizers

Let G be an algebraic group over k.

PROPOSITION 1.67. Let H be an algebraic subgroup of G. There is a unique algebraic
subgroup Cg (H) of G such that, for all k-algebras R,

Ce(H)(R) = {g € G(R) | g centralizes H(R') in G(R') for all R-algebras R'}.
PROOF. Let G acton G x G by
g(g1.82) = (1.88287"),  £.81.82 € G(R).
Recall (1.12) that the diagonal Ag is closed in H x H, and hence in G x G. Now
C =Tg(H, An),
which is represented by a closed subscheme G (by 1.58). O

The algebraic subgroup Cg (H) is called the centralizer of H in G. Directly from its
definition, one sees that the formation of Cg (H') commutes with extension of the base field.
The centre Z(G) of G is defined to be Cg (G).

EXAMPLE 1.68. Let k be a field of characteristic 2 # 0, and let a € k ~k?. Let G = SL4,
and let

€ G(k).

- o O O

o = O O
N}
S |
—_

S O O R
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Then Cg (h) is the algebraic subgroup of G of matrices

x 0 0 ay
0 z ¢t O
0 at z O € G(R)
y 0 0 x

with (xz +ayt)? —a(xt + yz)? = 1. This is not reduced.

PROPOSITION 1.69. Let H be a subgroup variety of G, and let k' be a field containing
k. If H(k') is dense in H, then Cg (H )(k) consists of the elements of G (k') centralizing
H(k") in G(k').

PROOF. zLet n be an element of G (k) centralizing H(k"). Thenn € Ng (H)(k) (1.60), and
the homomorphism x — nxn~—!': H — H coincides with the identity map on an algebraic
subgroup H' of H such that H' (k") = H(k’). This implies that H’" = H, and so n centralizes
H. |

COROLLARY 1.70. Let H be a subgroup variety of a group variety G. If H(k*P) is
contained in the centre of G (k*P), then H is contained in the centre of G.

PROOF. We have to show that Cg(H) = G. For this, we may replace k with k%P (1.41a),
and so assume that k is separably closed. Because H is a variety, H (k) is dense in H, and
so (1.69) shows that Cg(H)(k) = G(k). Because G is a group variety, this implies that
Cg(H) =G (1.9d). o

COMPLEMENTS

1.71. The centre Z(G) of a smooth algebraic group need not be smooth — for example, in
characteristic p, the centre of SL,, is the nonreduced algebraic group jt,.5 Similarly, Cg (H)
and Ng (H) need not be smooth, even when H and G are. For some situations where they
are smooth, see 16.23 and 14.66 below.

1.72. Assume that & is perfect, and let H be a subgroup variety of a group variety G. Then

, als (1.69) ,
Cg(H)rea(k™) = Co(H) (k™) "= Cg gy (H(K™)),

and so Cg (H )req is the unique subgroup variety C of G such that C(k?) is the centralizer

of H(k¥) in G(k). Similarly, NG (H )req is the unique subgroup variety N of G such that

N (k) is the normalizer of H (k™) in G (k).

1.73. When k has characteristic zero, all algebraic groups over k are smooth (3.38, 10.36
below). It follows from (1.72) that, over a field of characteristic zero, Cg(H ) is the unique
algebraic subgroup C of G such that C (k%) is the centralizer of H (k) in G(k), and
Ng(H) is the unique algebraic subgroup N of G such that N (k) is the normalizer of
H(kY) in G(k).

1.74. Let H be a subgroup variety of a group variety G. In Borel 1991, p.52, the normalizer
N of H in G is defined to be the subgroup variety Ng,, (Hga)red Of Gga, which “need not
be defined over k. The centralizer is similarly defined to be a subgroup variety of G.a.

SFor another example, let G, ¢, and N be as in (8.43) below, and let H = G X G. Then Z(H) = N,
which is not reduced.
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k. Closed subfunctors: proofs

In this section, “functor” means “functor Algg — Set” unless indicated otherwise.

CLOSED SUBFUNCTORS

LEMMA 1.75. Let Z be a subfunctor of a functor X. Then Z is closed in X if and only if
it satisfies the following condition: for every k-algebra A and map of functors f:h4 — Y,
the subfunctor f~1(Z) of h* is represented by a quotient of A.

PRrROOF. This is a restatement of the definition. o

According to the Yoneda lemma, a map of functors f:h4 — X corresponds to an element
o € X(A). Explicitly, f(R):h4(R) — X(R) is the map sending ¢ € h4(R) = Hom(A4, R)
to X(¢)()e X(R), and so

FTHZ)R) = {914~ R X(p)(@) € Z(R)}.
Therefore, Z is closed in X if and only if, for every A and o € X(A), the functor
R~ {9:A— R| X(p)(x) € Z(R)}

is represented by a quotient of A; in down-to-earth terms, this means that there exists an
ideal a C A such that
X(p)(a) € Z(R) <= ¢(a) =0.

EXAMPLE 1.76. Let B be a k-algebra, and let Z be a subfunctor of X = h8. For the
identity map f:hB — X, f~1(Z) = Z. It follows that, if Z is closed in #B, then it is
represented by a quotient of B. Conversely, suppose that Z is represented by a quotient B/b
of B, so that

Z(R) ={¢:B — R | ¢(b) = 0}.

Let @ € X(A) = Hom(B, A), and let f be the corresponding map f:h4 — X. Then

fHZ)R)={p:A—> R|poa € Z(R)}
={¢p:A— R|¢(a(b)) =0},

and so f~1(Z) is represented by the quotient A/ (b) of A.
We conclude that the closed subfunctors of 48 are exactly those defined by closed
subschemes of Spm(B).

EXAMPLE 1.77. Consider the functor 4x: R ~> X(R) defined by an algebraic scheme X
over k. If Z is a closed subscheme of X, then certainly /7 is a closed subfunctor of hy.
Conversely, let Z be a closed subfunctor of X. For each open affine subscheme U of X,
there is a unique ideal Z(U) in O(U) such that Z Nhy = h®U/TW) (apply 1.76). Because
of the uniqueness, the sheaves on U and U’ defined by Z(U) and Z(U") coincide on U NU".
Therefore, there exists a (unique) coherent sheaf Z on X such that I'(U,Z) = Z(U) for all
open affines U in X. Now Z = hz where Z’ is the closed subscheme of X defined by Z
(A.19).

We conclude that the closed subfunctors of hy are exactly those defined by closed
subschemes of X.
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PROPOSITION 1.78. Let Z be a closed subfunctor of a functor X . For every map Y — X
of functors, Z xx Y is a closed subfunctor of Y .

PROOF. Let f:h4 — Y be a map of functors. Then
FUZxxY)E (Zxx Y)xy h = Z xx h4,

which is the functor of zeros of some a C A because Z is closed in X . o

RESTRICTION OF SCALARS

LEMMA 1.79. Let A and B be k-algebras, and let b be an ideal in B ® A. Among the ideals
a in A such that B ® a D b, there exists a smallest one.

PROOF. Choose a basis (¢;);c7 for B as k-vector space. Each element b of B ® A can be
expressed uniquely as a finite sum

b= Zei ®a;, a; €A,

and we let ag denote the ideal in A generated by the coordinates a; of the elements b € b.
Clearly B ® ag D b. Let a be a second ideal such that B ® a D b. Then the coordinates of
all elements of b lie in a, and so a D ag. o

Let B be a small k-algebra, and let X be a functor X: Algg — Set. We define X« to be
the functor
R ~> X(B ® R):Alg) — Set.

PROPOSITION 1.80. Let B be a small k-algebra, and let Z be a subfunctor of a functor X .
If Z is closed in X, then Z 4 is closed in X «.

PROOF. Let A be a k-algebra, and o € X (A). To prove that Z is closed in X « we have
to show that there exists an ideal a C A4 such that, for all homomorphisms ¢: 4 — R,

X+ (@) (@) € Z4(R) <= ¢(a) =0,

ie.,

XBRp)(a)e Z(B®R) <= ¢(a) =0.

We can regard « as an element of X(B ® A). Because Z is closed in X, there exists an
ideal b in B ® A such that, for all homomorphisms ¢": B® A — R/,

X(¢) (@) € Z(R) <= ¢'(b) =0.
In particular (taking ¢’ = B ® ¢), we have
X(BR®y)(a)e Z(BOR) < (B®¢)(b) =0. (6)

According to (1.79), there exists an ideal a in A such that an ideal a’ of A contains a if
and only if b C B ® a’. On taking a’ = Kerg, we find that

a C Ker(¢p) <= b C B®Ker(¢p) =Ker(B®¢). @)

Now
o) =0 < (BRg)(b) =0 <2 X(B®¢)(@) < Z(B® R),

as required. O
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APPLICATION TO Mor

LEMMA 1.81. An intersection of closed subfunctors of a functor is closed.

PROOF. Let Z;, i € I, be closed subfunctors of X, and let f:h4 — X be map of functors.
For each i € I, there is an ideal a; of A such that f~1(Z;) C h4(R) is the functor of zeros
of a;. Now f~Y((Nic; Zi) = Njes f 1 (Zi) is the functor of zeros of a = . c;a;. o

THEOREM 1.82. Let Z be a subfunctor of a functor X, and let Y be an algebraic scheme.
If Z is closed in X, then Mor (Y, Z) is closed in Mor(Y, X).

PROOF. Suppose first that ¥ = 18 for some k-algebra B (which we may assume to be
small). Then, for every k-algebra R,

Mor (Y, X)(R) = X(B® R).

and so Mor(Y, X) = X«. In this case, the theorem is proved in (1.80).
Let Y = |J; Y; be a finite covering of ¥ by open affines, and consider the diagram

Mor(Y,X) 25 Mor(Y;, X)
U U

Mor(Y.Z) — Mor(Y;,Z)

in which p; is the restriction map. We know that Mor(Y;, Z) is closed in Mor(Y;, X), hence
,oi_1 (Mor(Y;, Z)) is closed in Mor(Y, X) (1.78), and so (see 1.81) it remains to show that

Mor(Y.Z) = (), p ' (Mox(¥;. 2)).

Let H; = p; ! (Mor(Y;, Z)). Certainly, Mor(Y, Z) C ("; H;, and for the reverse inclu-
sion it suffices to show that the map of functors

(ﬂiHi)xY—>X

defined by the evaluation map
w:Mor(Y, X)xY — X

factors through Z. For each i, we know that H; X Y; — X factors through Z. By definition,
Z will become a closed subscheme of an (affine) scheme X after we have pulled back by a
map of functors 14 — X . Then u~!(Z) is a closed subscheme of Mor(Y, X) x Y containing
(ﬂi Hi) x Y; for all i, and hence containing (ﬂl Hl-) x Y. Since this holds for all maps
hA — X, it follows that u~1(Z) D (N Hi)xY. o

ASIDE 1.83. In this section, we used that & is a field only to deduce in the proof of (1.79) that B is
free as a k-module. Thus, the same arguments suffice to prove the following more general statement:
let k be a commutative ring, let X be a functor of k-algebras, and let Z be a closed subfunctor of X;
let Y be a locally free scheme over k, i.e., such that ¥ admits a covering by open affines Y; for which
O(Y;) is a free k-module; then Mor(Y, Z) is a closed subfunctor of Mor(Y, X). See DG, §2, 7.5,
p. 64; also Jantzen 1987, 1.15.



CHAPTER 2

Examples; some basic
constructions

Let G be an algebraic group over k. Then O(G) is a k-algebra. When G is affine, G =
Spec(O(G)), and we call O(G) the coordinate ring of G. When G is embedded as a closed
subvariety of some affine space A", O(G) is the ring of functions on G generated by the
coordinate functions on A", whence the name. For an affine algebraic group (G,m), the
homomorphism of k-algebras

A:O0(G) - O(G)RO(G)

corresponding to m: G x G — G is called the comultiplication map.

At the opposite extreme, when O(G) = k, the algebraic group G is said to be anti-affine.
For example, if G is complete as an algebraic scheme, then it is anti-affine.

Later (10.33), we shall show that every algebraic group is an extension of an affine
algebraic group by an anti-affine algebraic group in a unique way. In this chapter, we give
examples of affine algebraic groups and anti-affine algebraic groups, and we describe some
methods of constructing algebraic groups.

Recall (1.5) that to give an algebraic group over k amounts to giving a functor from
k-algebras to groups whose underlying functor F to sets is representable by an algebraic
scheme. In the affine case, this means that there is a k-algebra A and a “universal” element
a € F(A) such that, for every x € F(R), there is a unique homomorphism A — R such that
F(A) — F(R) sends a to x.

a. Affine algebraic groups

2.1. The additive group G, is the functor R »> (R, +). Itis represented by O(G,) = k[T],
and the universal element in G4 (k[T]) is T':

for every r € G,4(R), there is a unique homomorphism k[7] — R such that the
map Gg(k[T]) = G4(R) sends T to r.
The comultiplication map is the k-algebra homomorphism A:k[T] — k[T] ® k[T] such that

AT =T®1+1®T

2.2. The multiplicative group G,, is the functor R ~ (R*,-). Itis represented by O(G,) =
k[T, T~'] C k(T), and the comultiplication map is the k-algebra homomorphism A: k[T, T~!] —
k[T, T~ ® k[T, T~1] such that

AT)=TQT.

39
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2.3. Let F be a finite group. The constant algebraic group Fj has underlying scheme a
disjoint union of copies of Spm(k) indexed by the elements of F, i.e.,

Fp = |_|a€F Sa.  Sg = Spm(k).

Then

Fi x F, = |—|(a,b)eFxF S@,p):  Sa,p) = SaxSp =Spmk,

and the multiplication map m sends S p) to S,p. For a k-algebra R,
Fi(R) = Hom(mo(spm(R)), F) (maps of sets).

In particular, Fy (R) = F if R has no nontrivial idempotents. The coordinate ring of F is a
product of copies of k indexed by the elements of F,

OF) =[], ke ka=k

and the comultiplication map sends k, ® kp, to k,p.

If F is the trivial group e, then Fy is the trivial algebraic group *, which has coordinate
ring O(*) = k and comultiplication map the unique k-algebra homomorphism k — k ® k.
We often write e for the trivial algebraic group.

2.4. For an integer n > 1, u, is the functor R ~> {r € R | r" = 1}. It is represented by
O(un) =k[T]/(T™ —1), and the comultiplication map is induced by that of G,.

2.5. When k has characteristic p # 0, opm is the functor R ~> {r € R | rP" = 0}. To show
that this set is a subgroup of (R, +), use that (x + y)? = x? + y? in characteristic p. The
functor is represented by O(apm) = k[T]/ (T?™), and the comultiplication map is induced
by that of G,. Note that

KITY/(TP") = KITI/((T + D?" =) =k[U)/UP" ~1). U=T+1,
and so apm and ppm are isomorphic as schemes (but not as algebraic groups).

2.6. For a k-vector space V, V, denotes the functor R »> R® V.! Assume now that V is
finite dimensional, and let V'V be the dual vector space. Then®

R®V ~Hom(V"Y,R) (homomorphisms of k-vector spaces)
~ Hom(Sym(V"),R) (homomorphisms of k-algebras).
Therefore V is an algebraic group. The choice of a basis for IV determines an isomorphism
Vo — Ggimv.

2.7. For integers m,n > 1, My, p is the functor R »> My, ,(R) (additive group of m x n
matrices with entries in R). It is represented by k[T11, T12,..., Tmn]. For a vector space V/
over k, we define Endy to be the functor

R ~> End(VRg) (R-linear endomorphisms).

When V has finite dimension #, the choice of a basis for V' determines an isomorphism
Endy ~ M}, 5, and so Endy is an algebraic group in this case.

'Our notation Vj is that of DG, II, §1, 2.1, p.147. Many other notations are used, for example, W(V') (SGA
3,1,4.6.1, p. 24), or V,; (Jantzen 1987, 2.2.)

ZRecall that, for a finite-dimensional k-vector space V, the symmetric algebra Sym(V) on V has the
following universal property: every k-linear map V — A from V to a k-algebra A extends uniquely to a
k-algebra homomorphism Sym(V') — A.
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2.8. The general linear group GL,, is the functor R ~> GL, (R) (multiplicative group of
invertible n x n matrices with entries in R). It is represented by

(Th1,T12,.... Tyn, T

k
OO === e T — 1)

=k[T11,T12,...,Tyn, 1/ det],

and the universal element in GL, (k[T71,...]) is the matrix (7};)1<i,j<n:

forevery (a;;)1<i,j<n € GL,(R), there is a unique homomorphism k[771,...] = R
such that the map GL, (k[T11,...]) = GL,(R) sends (7};) to (a;;).
The comultiplication map is the k-algebra homomorphism

AZk[Tll,...] —)k[Tll,...]®k[T11,...]

such that
AT = Z T, ®Ty;. (8)

1<l<n

Symbolically,
(AT;j)i; = (Ti)ip @ (Ty)1,; -

More generally, for any vector space V over k, we define GLy to be the functor
R ~ Aut(VR) (R-linear automorphisms).

When V is has finite dimension n, the choice of a basis for IV determines an isomorphism
GLy =~ GL,, and so GLy is an algebraic group in this case.

2.9. The following are algebraic subgroups of GL;:

Tn:R ~> {(ajj) |a;j =0fori > j} (upper triangular matrices)
Un: R » {(a;j) |aij =0fori > j,a;; =1fori = j}
Dn: R~ {(ajj) |aijj =0fori # j} (diagonal matrices),

T, = . U ,

Il
=
N
Il

-
*

-
-]

—

For example, U, is represented by the quotient of k[T11, T12, ..., Tnn] by the ideal generated
by the polynomials
Tij (i > ), Tii—1(@lli).

2.10. An algebraic group G over k is a torus if it becomes isomorphic to a product of
copies of G, over a finite separable extension of k. See Chapter 14.

2.11. An algebraic group G over k is a vector group if is isomorphic to a product of copies
of G,. For example, the algebraic group V, attached to a finite-dimensional vector space V'
over k is a vector group. In characteristic zero, a vector group U is canonically isomorphic
to Lie(U )4; in particular, it has an action of k. See Chapter 15.
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2.12. A k-algebra A is finite if it is finitely generated as a k-vector space. An algebraic
k-scheme X is finite over k if Oy (U) is a finite k-algebra for every open affine U in X. An
algebraic group G over k is finite if it is finite as a scheme over k.

The following conditions on an algebraic scheme over k are equivalent: (a) X is finite
over k; (b) X is affine and Oy (X) is a finite k-algebra; (c) |X| is finite and discrete. In
particular, we see that every finite algebraic group is affine. The dimension of O(G) as a
k-vector space is called the order o(G) of G. See Chapter 13.

2.13. A k-algebra A is étale if it is a finite product of separable field extensions of k. A
finite algebraic scheme X over k is éfale it O(X) is an étale k-algebra. An algebraic group
G over k is étale if it is étale as a scheme over k.

The following conditions on a scheme X finite over k are equivalent: (a) X is étale over
k; (b) X is smooth over k; (c) X is geometrically reduced; (d) X is an algebraic variety.
Thus, the étale algebraic groups over k are exactly the finite group varieties over k.

Let I' = Gal(k*P/k). The functor X ~»> X (k*°P) is an equivalence from the category
of étale algebraic schemes over k to the category of finite sets endowed with a continuous
action of I" (discrete topology on X (k*P); Krull topology on I") (see my Field Theory notes,
Chapter 8). Correspondingly, the functor G » G (k*°P) is an equivalence from the category
of étale algebraic groups over k to the category of finite groups endowed with a continuous
action of I by group homomorphisms. See Chapter 13.

b. Anti-atfine algebraic groups

Later (10.34) we shall show that every anti-affine algebraic group is both connected and
smooth. In particular, we need only consider anti-affine group varieties.

Clearly, a complete connected group variety G has O(G) = k. Such a group variety is
called an abelian variety. Abelian varieties are commutative and projective. The abelian
varieties of dimension 1 are exactly the elliptic curves, i.e., curves of genus 1 equipped
k-point. When equipped with a polarization of fixed degree (roughly, a distinguished class
of projective embeddings), the abelian varieties of dimension d form a family of dimension
d(d 4 1)/2. Their study is an important part of mathematics, which we shall largely ignore
here. See, for example, Milne 1986 and Mumford 2008.

In the remainder of this section, we describe the classification of anti-affine algebraic
groups in terms of abelian varieties — it can be skipped.

Consider an extension

e—>T—>G—>A—e¢e )

of an abelian variety A by a torus 7. The group of characters X *(T) of T is defined to be
Hom(Tyser, Gyn). By definition, the torus 7 becomes isomorphic to G}, (r = dim7T') over
k5P and so

X*(T) ~ End(Gy,)" ~7Z".

From a character y of 7', we obtain by extension of scalars and pushout from (9), an extension
e—=> Gy —> Gy — Agso — €
over k%P and hence an element

c(A) € Ext! (Agser, Gor).



¢. Homomorphisms of algebraic groups 43

Let AY = PicVar(A) be the dual abelian variety to A. Then
Ext! (Agser, Gm) = AV (k5P)

(e.g., Milne 1986, 11.3), and so the extension (9) gives rise to a homomorphism ¢: X *(T") —
AY (k5°P).

PROPOSITION 2.14. The algebraic group G is anti-affine if and only if the homomorphism
¢ is injective.

PROOF. See Brion 2009, 2.1. o

In nonzero characteristic p, all anti-affine algebraic groups are of this form, but in
characteristic zero, extensions of an abelian variety by a vector group may also be anti-affine.

Let A be an abelian variety over a field k of characteristic zero. In this case, there is a
“universal vector extension” E(A) of A such that every extension G of 4 by a vector group
U fits into a unique diagram

e — HY(A,04)) — E(A) —— A —— ¢

[ |

e > U > G s> A > e

with y a k-linear map. The algebraic group E(A) is anti-affine, and G is anti-affine if
and only if y is surjective. Therefore, the anti-affine extensions of A by vector groups
are classified by the quotient spaces of H!(A,04)", or, equivalently, by the subspaces of
HY(A,0y).

More generally, we need to consider extensions

e—->UXT —->G—>A—e

of A by the product of a vector group U with a torus 7. Such a G is anti-affine if and only if
both G/U and G/ T are anti-affine, and every anti-affine group over A arises in this way.
Thus we arrive at the following statement.

THEOREM 2.15. Let A be an abelian variety over a field k.

(a) Ifk has nonzero characteristic, then the isomorphism classes of anti-affine groups over
A are in one-to-one correspondence with the free abelian subgroups A of AY (k%) of
finite rank stable under the action of Gal(k*P/ k).

(b) Ifk has characteristic zero, then the isomorphism classes of anti-affine groups over A
are in one-to-one correspondence with the pairs (A, V') where A is as in (a) and V is
a subspace of the k-vector space H'(A,0y,).

PROOF. See Brion 2009, 2.7; also Sancho de Salas 2001; Sancho de Salas and Sancho de
Salas 2009. o

c. Homomorphisms of algebraic groups

2.16. Let k be a field of characteristic p # 0. For a k-algebra R, we let fr denote the
homomorphism a — a?: R — R. When R = k, we omit the subscript on f. For a k-

algebra k SN R, we let ¢ R denote the ring R regarded as a k-algebra by means of the map
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k i> k — R. Let G be an algebraic group over k (not necessarily affine), and let G (7)

denote the functor R v G(rR). When G is affine, this is represented by O(G) ®¢, r k
(tensor product of O(G) with k relative to the map f:k — k),

- -

0(G) 5 O(G) @y s k

|,

k —— k

aeG(sR)
be Homk—algebra(O(G) ®k,f k, R)

and so it is again an affine algebraic group. In the general case, we can cover G with open
affines, and again deduce that G () is an algebraic group. The k-algebra homomorphism
JR: R — ¢ R defines a homomorphism G(R) — G (P)(R), which is natural in R, and so
arises from a homomorphism F: G — GP) of algebraic groups, called the Frobenius map.
When G is affine, it corresponds to the homomorphism of Hopf algebras

c®a > caP:0(GP) > OG).
Similarly we define F*:G — G ?") by replacing p with p. Then F™ is the composite
¢ Lo £ E gm,

The kernel of F” is a characteristic subgroup of G: if R is a k-algebra and « is an automor-
phism of G, then there is a commutative diagram

Ker(F™) y Gr —— (GP)g

: J/a la (™)
N2

Ker(F™) sy Gr —s (GP)p.

If F* =0, then the algebraic group G is said to have height < n.

2.17. A homomorphism «:G — H of connected group varieties is an isogeny if it is
surjective and its kernel is finite. An isogeny is separable if its kernel it is étale (equivalently,
(da)e:TeG — T, H is an isomorphism). An isogeny is central if its kernel is contained in
the centre of G.

d. Products

2.18. Let Gq,...,Gy be algebraic groups over k. Then G X --- X Gy, is an algebraic group,
called the product of the G;. It represents the functor

R~ G1(R)x-+xGyr(R).
When the G; are affine, G1 x --- X Gy, is affine, and

O(G1 x++-xGp) ~0(G1) ® - @ O(Gy).
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2.19. Let G; — H < G, be homomorphisms of algebraic groups. Then G| xg G, is an
algebraic group, called the fibred product of G and G, over H. It represents the functor

R~ G1(R) xg(R) G2(R).
When G1, G,, and H are affine, G1 Xz G is affine, and
O(G1 xH G2) = O(G1) ®o) O(G2).

Directly from the definition, one sees that the formation of fibred products of algebraic
groups commutes with extension of the base field:

(G1xH G2 = Gipr ¥m,, Gogr.

For example, if G; and G, are algebraic subgroups of an algebraic group H, then G1 xg G,
equals their intersection G; NG5 in H.

e. Semidirect products

DEFINITION 2.20. An algebraic group G is said to be a semidirect product of its algebraic
subgroups N and Q, denoted G = N x @, if N is normal in G and the map (n,q) —
ng:N(R)x Q(R) — G(R) is a bijection of sets for all k-algebras R.

In other words, G is a semidirect product of N and Q if G(R) is a semidirect product of
its subgroups N(R) and Q(R) for all k-algebras R.
For example, the algebraic group of upper triangular n x n matrices T}, is the semidirect
product,
T, =U, xDy,,

of its (normal) subgroup U, (defined by a;; = 1) and its subgroup D, (defined by a;; =0
fori < j) (see 2.9).

PROPOSITION 2.21. Let N and Q be algebraic subgroups of an algebraic group G. Then
G is the semidirect product of N and Q if and only if there exists a homomorphism G — Q’
whose restriction to Q is an isomorphism and whose kernel is N .

PROOF. =>: By assumption, the product map is a bijection of functors N x Q@ — G. The
composite of the inverse of this map with the projection N x Q — Q has the required
properties.

&: Let 9: G — Q' be the given homomorphism. Then N is certainly normal, and for
every k-algebra R, ¢(R) realizes G(R) as a semidirect product G(R) = N(R) x Q(R) of
its subgroups N(R) and Q(R). a)

Recall that an action of an algebraic group G on a functor X from k-algebras to sets
is a natural transformation 6:G x X — X such that each map G(R) x X(R) — X(R) is
an action of the group G(R) on the set X(R). Now let N and Q be algebraic groups, and
suppose that there is given an action of Q on N

(¢.n) = Or(q,n): Q(R) x N(R) - N(R)
such that, for every ¢, the map n — 0g(g,n) is a group homomorphism. Then the functor

R ~> N(R)xg, O(R):Alg} — Grp
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is an algebraic group because its underlying functor to sets is N x Q, which is represented
by O(N) ® O(G). We denote this algebraic group by N xy Q, and call it the semidirect
product of N and Q defined by 0. For n,n’ € N(R) and ¢q,q" € Q(R), we have

(n.q)-(n'.q") = (n-0(q)n’,qq").

EXAMPLE 2.22. In contrast to abstract groups, a finite algebraic group of order p may act
nontrivially on another such group, and so there are noncommutative finite algebraic groups
of order p?. For example, there is an action of 1, on ap,

(u,t) = ut:pup(R) xap(R) = ap(R),

and the corresponding semidirect product G = o X 1, is a noncommutative finite connected
algebraic group of order p2. We have O(G) = k[t, s] with

tP=1, =0, A()=t®t, AG)=(tRs+s®1;

the normal subgroup scheme «, corresponds to the quotient of O(G) obtained by putting
t = 1, and the subgroup scheme p, corresponds to the quotient with s = 0.

EXAMPLE 2.23. As promised (1.45), here are two examples of algebraic groups G over a
perfect field such that G4 is not normal.

(a) Let G = w3 x(Z/27); with the obvious action of (Z/27Z); on 3 and k perfect of
characteristic 3. Then Geq = (Z/27)} is not normal.

(b) Let G = ap x Gy, with the obvious action of G, on o, and k perfect of characteristic
p. Then Gq = Gy, is not normal. See Exercise 2-6 (or SGA 3, Vg, 0.2, p.296).

f. The algebraic subgroup generated by a map

Let f: X — G be a regular map from an algebraic scheme X over k to an algebraic group
G. We shall show that there exists a smallest algebraic subgroup H of G such that f factors
through H in the following two cases: X is geometrically reduced (2.25); X and G are
affine (2.27).

GEOMETRICALLY REDUCED CASE

Recall that inv: G — G is the map g — g~ L.

PROPOSITION 2.24. Let f: X — G be a regular map from a geometrically reduced alge-
braic scheme X over k to an algebraic group G. Assume thatinv( f(X)) C f(X), and let
f" denote the map

(X1,....xn) > f(x1) - f(xn): X" = G.

The reduced algebraic subscheme of G with underlying set the closure of | _J, Im(f") is a
smooth algebraic subgroup of G.

PROOF. Because X is geometrically reduced, so also is X” (A.39). The map f": X" — H
is schematically dominant for n large because it is dominant and H is reduced (A.70). It
follows that H is geometrically reduced and that its formation commutes with extension of
the base field. Therefore, in proving that H is an algebraic subgroup of G, we may suppose
that k is algebraically closed. Let Z be the closure of m(H x H) in G. The intersection of
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m~Y(Z ~ H) with H x H is an open subset of H x H, which is nonempty if m(H x H) is
not contained in H . In that case, there exist x1,...,Xu, ¥1,..., Vn € X(k) such that

(f (k1) f(n), (1) f(ym)) €em™N(Z~ H)

(because Im( f") x Im( ™) is constructible, and therefore contains an open subset of its
closure; A.68). But this is absurd, because

m(f (x1)-= f(xn), fy1) - f(yn)) = fx1) = f(xn) f(y1) - f(yn) € H(K).

The condition inv( (X)) C f(X) implies that inv maps H into H, and so H is an
algebraic subgroup of G. It is smooth because it is geometrically reduced. O

PROPOSITION 2.25. Let (fi: X; — G);ey be a finite family of regular maps from geomet-
rically reduced algebraic schemes X; over k to an algebraic group G. There exists a smallest
algebraic group H of G such that all f; factor through H. Moreover, H is smooth.

PROOF. Let X =| |;c; X; UX;,andlet f: X — G be the map whose restriction to X; U X;
is f; on the first component and inv o f; on the second component. Then inv( £ (X)) C f(X),
and the algebraic subgroup H attached to f in (2.24) has the required properties. O

We call H the algebraic subgroup of G generated by the f; (or X;). Its formation
commutes with extension of the base field (A.70).

PROPOSITION 2.26. Let f: X — G be a regular map from a geometrically reduced scheme
X over k to an algebraic group G. If X is geometrically connected and f(X) contains e,
then the algebraic subgroup of G generated by f is connected.

PROOF. Let f”/ be the map X’ EXUX>G acting as f on the first component and inv o f
on the second. The hypotheses imply that (_JIm( /") is connected, and so its closure H is
connected. O

AFFINE CASE

Let f: X — G be a regular map from an affine algebraic scheme X to an affine algebraic
group G. Assume that the image of f contains e, say f(0) = e. Let I, be the kernel of the
homomorphism O(G) — O(X™") of k-algebras defined by the regular map

(X1, nxn) > fi(xg)eeee- f(xn): X" > G.
From the regular maps

X>X’> > X">...>G,
(x) = (x,0) > -+
we get inclusions
[1:)]23...31’13...,
and we let I = (1) I,.
PROPOSITION 2.27. Assume thatinv( f(X(R)) C f(X(R)) for all R. Then the subscheme
H of G defined by I is an algebraic subgroup of G. It is the smallest algebraic subgroup

H of G such that H(R) contains f(X(R)) for all k-algebras R. In other words, it is the
smallest algebraic subgroup such that f: X — G factors through H .
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PROOF. From the diagram of algebraic schemes

X" x X" — X"

oLl

G x G— G,

we get a diagram of k-algebras

OX") ® O(X") «—— O(X?")

7, ]

OG) ® OG) «——— O(G).

The image of O(G) in O(X") is O(G)/I, and its image in O(X?") is O(G)/ Iy, and so
the diagram shows that

A:0(G) = 0OG)/ 1, 0(G) /I,
factors through O(G) — O(G)/ I2,. It follows that
A:0(G) - 0(G)/I®0(G)/1

factors through O(G) — O(G)/I, and defines a multiplication map mg: H x H — H.
The triple (H,mpg,e) is the smallest algebraic submonoid of G such that H(R) contains
f(X(R)) for all k-algebras R.

The hypothesis inv( f(X(R)) C f(X(R)) implies that inv(H ) has the same property,
and so equals H. Therefore (H,mp) is an algebraic subgroup of G. It clearly has the
required properties. O

We write (X, f') for the algebraic subgroup H in the proposition, and call it the algebraic
subgroup generated by f (or X). If f(X) is not stable under inv, we define (X, /) to be
the algebraic subgroup generated by f Uinvo f: X U X — G.

PROPOSITION 2.28. Let K be a field containing k. Then (X, f)x = (Xk, fk)-
PROOF. The definition of I commutes with extension of the base field. o

PROPOSITION 2.29. If X is geometrically connected (resp. geometrically reduced), then
(X, f) is connected (resp. geometrically reduced).

PROOF. We may suppose that k is algebraically closed. An affine scheme Y is connected if
and only if O(Y') has no nontrivial idempotent (CA 14.2). Assume that X is connected. If
O(G)/I had a nontrivial idempotent, then so would O(G)/ I, for some n, but (by definition)
the homomorphism of k-algebras O(G)/I,, — O(X"™) is injective. As X is connected and
k is algebraically closed, X" is connected, and so this is a contradiction. The proof of the
remaining statement is similar. O

NOTES. The first approach follows that in SGA 3, VIp, §7, p.384. The second approach is based on
the construction of the derived group in Waterhouse 1979.
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g. Forms of algebraic groups

Details to be added (see Chapter 25).

2.30. Let G be an algebraic group over k. A form of G over k is an algebraic group
G’ over k that becomes isomorphic to G over k%. When G is smooth, G’ then becomes
isomorphic to G over k5P,

2.31. Let G be a smooth quasi-projective algebraic group® over a field k, and let I" =
Gal(k**?/k). Let G’ be a form of G over k, and choose an isomorphism a: Gysr — Gy ;-
Then 7 — ¢; = a~ ! ota is a continuous 1-cocycle for I" with values in Aut(Gjsp) Whose
cohomology class does not depend on the choice of a. In this way, the isomorphism classes
of forms of G over k are classified by H!(I", Aut(G«)). When G is not smooth, the
k-foms are classified by the flat cohomology group H!(k, Aut(G)).

2.32. Let G be an algebraic group over a field k. There exists an exact sequence
e—>Z(G)—>G—->GY9—e

(see later). The algebraic group G is called the adjoint group of G. The action of G on
itself by inner automorphisms defines an action of G on G. An inner automorphism of G
is an automorphism defined by an element of G2 (k). Such an automorphism need not be of
the form inn(g) with g € G(k), but it becomes of this form over k?.

2.33. Let G be a smooth quasi-projective algebraic group over a field k. An inner form

of G is a pair (G, ) consisting of an algebraic group Gg over k and a G (k*°P)-conjugacy
class of isomorphisms a: Gsep — Gogsep such that a=1 o za is an inner automorphism of
Gpsep for all T € I'. An isomorphism (Gg,a) — (G{,,a’) of inner forms is an isomorphism
of algebraic groups ¢: Go — Gy, (over k) such that

ac€a = gpoacd.

Any two isomorphisms (Go,«) — (G, ') differ by an inner automorphism of Go (or Gy).

. . def __ .
If (Go,) is an inner form of G, and a € «, then T — ¢, =alotaisa 1-cocycle for I"

with values in G*(k*P) whose cohomology class does not depend on the choice of @ in a.
In this way, we obtain a one-to-one correspondence between the isomorphism classes of
inner forms of G and the elements of H ! (k, G*Y).

2.34. Let G be a smooth algebraic group over a field k. Corresponding to the exact
sequence
e— GY > Aut(G) > U —e

we obtain maps
H'(k.G*) > H' (k. Aw(G)) > H'(k.U).

Sometimes (e.g., Voskresenskii 1998, 3.10), a form of G is said to be inner or outer according
as its class in H!(k,Aut(G)) lies in the image of a or not. It is important to note that, with
this definition, the inner forms are classified by the image of a, not H!(k, G9).

3In fact, all algebraic groups over a field are quasi-projective.
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h. Restriction of scalars

Throughout this section, A is a finite k-algebra.

2.35. Let X be a quasi-projective scheme over A. The Weil restriction of X to k is an
algebraic scheme X4, over k such that

X4/k(R) = X(A®R)
for all k-algebras R. In other words, X4, represents the functor
(F)a/k:Algy — Set, R ~» X(A® R).

For a closed subscheme X of A" or IP", the existence of X4, follows from (1.80). See
A.125 and A.126 in general.

2.36. For a quasi-projective algebraic group G over A, the functor (G) 4/,
R v G(A® R):Alg;, — Set

takes values in the category of groups and is representable (2.35), and so it is an algebraic
group. The algebraic group (G )4/« is said to have been obtained from G by (Weil) restric-
tion of scalars (or by restriction of the base ring), and (G )4 is called the Weil restriction
of G. Thus

(G)a/k(R) ~ G(R)

all k-algebras R. The functor G ~ (G)4,x from quasi-projective algebraic A-groups to
algebraic k-groups is denoted by Resy/x or [Ty k.

From now on, all algebraic groups are quasi-projective.

2.37. Let G be an algebraic group over k. For a k-algebra R, the mapr —~ 1®r: R —
A ® R is a homomorphism of k-algebras, and so it induces a homomorphism

G(R) = G(A® R) = (41 Ga) (R).
This is natural in R, and so it arises from a homomorphism
iG:G—I4kGa

of algebraic k-groups. The homomorphism ig has the following universal property:

for every algebraic group H over A and ho- G % (Ga)ask Gy
momorphism a: G — (H )4/, there exists a ! !

unique homomorphism 8: G4 — H such that « J/HA/ Kb E”\Lﬂ
(Blajkoic =a. (H)a/k H

Indeed, for an A-algebra R, B(R) must be the map

B(R)

def

Ga(R) ™ G(Ro) 2L H(K @4 Ro) — 3 H(R)

where Ry denotes R regarded as a k-algebra, and y is induced by the homomorphism of
A-algebras c @ r = cr: A®; Ro — R.
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2.38. According to (2.37), for every algebraic k-group G and algebraic A-group H,
Hom(G, Ty, H) ~ Hom(G4, H).

In other words, I, is right adjoint to the functor “change of base ring k — A”. Being a
right adjoint, I14, preserves inverse limits (MacLane 1971, V, §5). In particular, it takes
products to products, fibred products to fibred products, equalizers to equalizers, and kernels
to kernels. This can also be checked directly from the definition of I14 .

2.39. For any sequence of finite homomorphisms k — k” — A with k' a field,
Hk’/k OHA/k’ >~ HA/k-
Indeed, for an algebraic group G over A and k-algebra R,

(Mrjx oM g/1) (G)) (R) = (M1 (IM 41 (G))) (R)
= (T4 G)) (k' ®% R)
=G(A®r k' ® R)
~ G(A®; R)
= (M4 G) (R)

because A @k k' ® R >~ A®y R. Alternatively, observe that Ty, o IT4 k- is right adjoint
to H > Hy.

2.40. For any field K containing k and algebraic group G over A4,

(IM4/kG) g ~ My, k/k (GK): (10)

in other words, Weil restriction commutes with extension of scalars. Indeed, for a K-algebra
R,

(M4/kG) g (R) = (M4/xG) (R)
=G(AQ®L R)
~ G(A Rk K Qg R)
=Iye,k/k(Gk)(R)
because A @ R ~ AR, K Qg R.

2.41. Let A be a product of finite k-algebras, A = k1 x--- X k. To give an algebraic group
G over A is the same as giving an algebraic group G; over each k;. In this case,

(Gajke = (GO ke %X (Gn)k, k- (11
Indeed, for any k-algebra R,
(G)a/k(R) =G(A®R)
=G1(ki®R)x---xGp(kn ®R)

= (GDk,/k (R) X=X (Gn)g, /k (R)
= ((GDy sk %% (G, k) (R).
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2.42. Let A be an étale k-algebra, and let K be a field containing all k-conjugates of A.

Then
(HA/kG)K = l_[oz:A—>K Ga

where G is the algebraic group over K obtained by extension of scalars with respect to
a: A — K. Indeed

(10) (11)
(HA/kG)K ~ HA®K/KGK ~ l_[a:A—>KGa
because A ® K ~ KHomk(4.K)

2.43. Let A = k[e] where 2 = 0, and let G be an algebraic group over k. For each
P € G(k), the fibre of G(k[e]) — G (k) over P is the tangent space to G at P (A.47). There
is an exact sequence

0—>Ve—=(Ga)axk —>G—0

where V is the tangent space to G at e. For a more general statement, see 12.29.

2.44. We saw in (2.42) that, when A is étale, (G)4,x becomes isomorphic to a product
of copies of G over some field containing A. This is far from being true when A/k is an
inseparable field extension. For example, let k be a nonperfect field of characteristic 2, and
let A = k[+/a] where a € k ~k?. Then

AQrA~Alg], e=a®1—1Qa, & =0.

For an algebraic group G over k,

2.40
(Ma/kGa) 4 = MagajaGaoa = a1 aGajs)-

which is an extension of G4 by a vector group (2.43). However, (G)4/ is smooth if G is
smooth — this follows from the criterion (A.53).

ASIDE 2.45. When F is represented by an algebraic scheme X, it is not always true that (F') 4/« is
represented by a scheme. Let X = (_J; U; be an open affine covering of X. Then X' = J; (Uj) 4/« is
a scheme, and X" is a subfunctor of (F)4,x, but it need not equal (F)4,x. If [A:k] = d and every

d-tuple of points of X lies in some U;, then X' = (F)a/k»and so (F)4, is representable. See the
proof of Theorem 4, p.194, of Bosch et al. 1990.

ASIDE 2.46. Let F be a functor from k-algebras (not necessarily finitely generated) to sets and let
A = Nat(F,A"). Then F(R) ~ Homy_yjgebra (A4, R) for all k-algebras R. It is tempting to conclude
that F is representable, but, in general, A will not be a set, and hence not a k-algebra.

Exercises

EXERCISE 2-1. For a homomorphism G — H of abstract groups with kernel N, show that
the map
(g.,n)—~>(g,gn):GxN —->GxgG (12)

is a bijection. Deduce that, for every homomorphism G — H of algebraic k-groups with
kernel N, there is a unique isomorphism of algebraic k-schemes

GxN—>GxgG (13)

that becomes the map (12) when we take points with coordinates in a k-algebra R.
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EXERCISE 2-2. Show that for any diagram of abstract groups

H
|2 (14)
N > G > G/,
with N the kernel of G — G’, the map
(n,h)y+— (n-B(h),h):NxH — G xg' H (15)

is an isomorphism. Deduce that, for every diagram (14) of algebraic groups, there is a unique
isomorphism
MxH>~Gxg H

that becomes (15) when we take points with coordinates in a k-algebra R.

EXERCISE 2-3. Let G be an algebraic over a field k, and let X’ = k[¢] where ¢” = 0. Show
that (G )/« has a filtration whose quotients are G or vector groups.

EXERCISE 2-4. Let G be a finite (hence affine) algebraic group. Show that the following
conditions are equivalent:

(a) the k-algebra O(Greq) is étale;
(b) O(Gred) ® O(Greq) is reduced;
(¢) Greq is an algebraic subgroup of G;

(d) G is isomorphic to the semidirect product of G° and 7 G.

EXERCISE 2-5. Let k be a nonperfect field of characteristic p, and let a € kK ~k?. Show
that the functor
def

RwG(R):{xeR|xp2=axp}

becomes a finite commutative algebraic group under addition. Show that G (k) has only one
element but 779(G) has p. Deduce that G is not isomorphic to the semidirect product of G°
and 7o (G). (Hence Exercise 2-4 shows that O(G)/91 is not a Hopf algebra.)

EXERCISE 2-6. Let k be a field of characteristic p. Show that the extensions
O0—>up—G—>27%Z/pZ—0

with G a finite commutative algebraic group are classified by the elements of k*/k*? (the
split extension G = u, X Z/ pZ corresponds to the trivial element in k> /k*?). Show that
Geq is not a subgroup of G unless the extension splits.

EXERCISE 2-7. Over a field k of characteristic 3, let G = 3 % (Z/27); for the (unique)
nontrivial action of (Z/2Z); on u3; then Grq = (Z/27);, which is not normal in G.*
Similarly, over a field of characteristic p, let G = a, x G, for the obvious nontrivial action
of G, on ap; then G is a connected algebraic group such that G = G, is an algebraic
subgroup of G which is not normal.

4Let R be a k-algebra with no nontrivial idempotents but containing a primitive cube root ¢ of 1. Let &
denote the nonneutral element of (Z/2Z)x (R) = Z/27Z. By definition 6¢c = {~! = ¢2. Therefore (o = {2,
and (o0 ~! = (0¢? = 0% = 0l ¢ (Z/2L)i (R).
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EXERCISE 2-8. Let o: G — H be an isogeny of affine group varieties over k, and let kX’ be
a finite field extension of k. Prove the following (Pink 2004, 1.6):

(a) if k'/k is separable, then (a)x//x: (G)x//k — (H )xs/k is an isogeny if and only if o
is an isogeny;

(b) if k’/k is inseparable, then (ct)x//k: (G)kr/k — (H )/ k is an isogeny if and only if
« is a separable isogeny.



CHAPTER 3

Affine algebraic groups and Hopf
algebras

We explain the relation between affine algebraic groups and Hopf algebras.

a. The comultiplication map

Let A be a k-algebra, and let A: A — A ® A be a homomorphism. Because
Spm(A ® A) >~ Spm(A) x Spm(A4)

(A.34), we can regard Spm(A) as a map Spm(A) x Spm(A) — Spm(A).
From a pair of homomorphisms of k-algebras f1, f2: A — R we get a homomorphism

(f1, 2):A®A— R, (a1,a2) fi(a1)f2(a2),

and we set
fi-f2=(f1,f2)0A. (16)
This defines a binary operation on 414 (R) = Hom(4, R).

PROPOSITION 3.1. The pair (Spm(A),Spm(A)) is an algebraic group over k if and only if
(16) makes Hom(A, R) into a group for all k-algebras R.

PROOF. Let (G,m) = (SpmA,Spm A). From (4, A) we get a functor h4: R ~> Hom(4, R)
from k-algebras to the category of sets equipped with a binary operation (i.e., to magmas).
If h4 takes values in the subcategory of groups, then there are natural transformations
e:x — h4, and inv:h4 — h4 making the diagrams (2, 3), p.17, commute. According to
the Yoneda lemma (A.27), these natural transformations arise from regular maps e: x — G,
inv: G — G making the same diagrams commute, and so (G,m) is an algebraic group.
Conversely, the existence of the regular maps e and inv implies that (h4,74) takes
values in the subcategory of groups. O

REMARK 3.2. Let G be an affine algebraic group, and let O(G) be its coordinate ring.
Then
G(R) = Homk—algebra(O(G), R)»

and so an f € O(G) defines an evaluation map
/R:G(R) >R, g g(f): (17)

55
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ie.,
JrR(@)=g(f). [f€0O(G)., geGR).
In this way, we get an isomorphism
O(G) ~ Nat(G,A") (18)
where A! is the functor sending a k-algebra R to its underlying set. Similarly,
O(G x G) ~ Nat(G x G,Al)

With this interpretation

(Af)r(g1.82) = fR(g1-82). [ €O(G), g1.82€ G(R). (19)

b. Hopf algebras

Let (G,m) be an affine algebraic group over k, and let A = O(G). We saw in the preceding
chapter that m corresponds to a homomorphism A: 4 — A ® A. The maps e and inv
correspond to homomorphisms of k-algebras e: A — k and S: A — A, and the diagrams (2)
and (3), p.17, correspond to diagrams

AQARA %24 494 koA <8 A4 99 Aok

TA ®id TA \ 4? / (20)
A

ARA 2 4

(S,id)

A id,S)

A —

€ €

A A
I r
k k

DEFINITION 3.3. A pair (A4, A) consisting of a k-algebra A and a k-algebra homomorphism
A:A— AQ® Ais a Hopf algebra' if there exist k-algebra homomorphisms

&
A
0
A

< AN
A) 4

eA—k, S:A— A
such that the diagrams (20), (21) commute:
({d®A)oA=(A®id)o A
(id,e)oA =id = (¢,id) o A
(id,S)o A =€ = (S,id) o A.
The maps A, €, S are called respectively the comultiplication map, the co-identity map, and

the inversion or antipode. A homomorphism of Hopf algebras f:(A,A4) — (B,Ap)is a
homomorphism f: A — B of k-algebras such that (f ® f)oAyqy = Apo f.

IRecall that we require k-algebras to be commutative and finitely generated. The general definition of a
Hopf algebra allows A to be an arbitrary ring. Thus, we are considering only a special class of Hopf algebras,
and not all statements for our Hopf algebras generalize.
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3.4. The pair (¢, S) in the definition of a Hopf algebra is uniquely determined by (4, A).
Moreover, for every homomorphism f: (A, A4) — (B, Ap) of Hopf algebras,

epof = ea
foS4 = Sgof. (22)

These statements can be proved in the same way as the similar statements for algebraic
groups using the Yoneda lemma (see 1.11), or deduced from them. We sometimes regard a
Hopf algebra as a quadruple (A4, A, S, €).

3.5. Let f € O(G), and regard it as a natural transformation G — A! (3.2). Then

(Af)r(g1.82) = fR(81-&2).
(€/)r(g) = f(e)
(SHRE) = f(g™)
for g,21,82 € G(R).
EXERCISE 3.6. For aset X, let R(X) denote the k-algebra of maps X — k. For a second

set Y, let R(X)® R(Y) acton X x Y according to the rule (f ® g)(x,y) = f(x)g(»).

(a) Show that the map R(X)® R(Y) — R(X xY) just defined is injective. (Hint: choose
abasis f; for R(X) as a k-vector space, and consider an element ) _ f; ® g;.)

(b) Let I' be a group and define maps

A:R(I') — R(I'xI), (Af)(g.8) = f(gg)
e:R(I') — k, ef = f()

S:R(I') — R(I'), (SN = flg™.

Show that if A maps R(I") into the subring R(I") ® R(I") of R(I" x I'), then A, e,
and S define on R(I") the structure of a Hopf algebra.

(¢) If I' is finite, show that A always maps R(I") into R(I") ® R(I").

c. Hopf algebras and algebraic groups

The next proposition shows that to give a structure A of a Hopf algebra on A is the same as
giving a structure m of an algebraic group on Spm A.

PROPOSITION 3.7. Let A be a k-algebra, and let A:A — A ® A be a homomorphism. The
pair (A, A) is a Hopf algebra if and only only if Spm(A, A) is an algebraic group.

PROOF. The diagrams (20, 21) are the same as the diagrams (2, 3) except that the arrows
have been reversed. As Spm is a contravariant equivalence from the category of finitely
generated k-algebras to that of affine algebraic schemes over k, it is clear that one pair of
diagrams commutes if and only if the other does. O

COROLLARY 3.8. The functor Spm is an equivalence from the category of Hopf algebras
overk to the category of affine algebraic groups, with quasi-inverse (G,m) ~> (O(G), O(m)).

ASIDE 3.9. For an algebraic scheme X, the k-algebra O(X) need not be finitely generated, even for
quasi-affine varieties. However, it is when X is an algebraic group (10.33 below). Therefore, we get
a functor G » (O(G), O(m)) from algebraic groups over k (not necessarily affine) to Hopf algebras
over k (in our sense). Let G*" = Spm(O(G), O(m)). The canonical homomorphism G — G* is
universal among the homomorphisms from G to an affine algebraic group (ibid.).
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d. Hopf subalgebras

DEFINITION 3.10. A k-subalgebra B of a Hopf algebra (A, A, S, €) is a Hopf subalgebra
if A(B) C B® B and S(B) C B.

Then (B, A4|B) is itself a Hopf algebra with eg = €4|B and Sp = S4|B.

PROPOSITION 3.11. The image of a homomorphism f:A — B of Hopf algebras is a Hopf
subalgebra of B.

PROOF. Immediate from (3.4). o

DEFINITION 3.12. A Hopfideal in a Hopf algebra (A4, A) is an ideal a in A such that
Al) CAQa+a® A, €(a)=0, S(a)Ca.

PROPOSITION 3.13. The kernel of a homomorphism of Hopf k-algebras is a Hopf ideal.

PROOF. The proof uses the following elementary fact: for a linear map f:V — V' of
k-vector spaces, the kernel of f ® f is V @ Ker(f) + Ker(f)® V. To see this, write
V = Ker(f)® W, and note that the restriction of f ® f to W ® W is injective.

Let a be the kernel of a homomorphism f: A — B of Hopf algebras. Then

Ag(@) CKer(f® fl)=AQa+a® A
€4(a) =0 by (22)
S4(a) Ca by (22)

and so a is a Hopf ideal. O

The next result shows that the Hopf ideals are exactly the kernels of homomorphisms of
Hopf algebras.

PROPOSITION 3.14. Let a be a Hopf ideal in a Hopf k-algebra A. The quotient vector
space A/a has a unique Hopf k -algebra structure for which A — A/a is a homomorphism.

Every homomorphism of Hopf k -algebras A — B whose kernel contains a factors uniquely
through A — A/a.

PROOF. Routine verification. O

PROPOSITION 3.15. A homomorphism f: A — B of Hopf k -algebras induces an isomor-
phism of Hopf k-algebras

A/Ker(f) — Im(f).

PROOF. Routine verification. o
PROPOSITION 3.16. Every homomorphism f: A — B factors as
4L c5HB

with g (resp. i) a surjective (resp. injective) homomorphism of Hopf algebras. The factoriza-
tion is unique up to a unique isomorphism.

PROOF. Immediate from (3.15). o



e. Hopf subalgebras of O(G) versus algebraic subgroups of G 59

e. Hopf subalgebras of O(G) versus algebraic subgroups of G

PROPOSITION 3.17. Let G be an affine algebraic group. In the one-to-one correspondence
between closed subschemes of G and ideals in O(G), algebraic subgroups correspond to
Hopf ideals.

PROOF. Let H be the closed subscheme of G defined by an ideal a C O(G). If H is
an algebraic subgroup of G, then a is the kernel of a homomorphism of Hopf algebras
O(G) - O(H), and so is a Hopf ideal (3.13). Conversely, if a is a Hopf ideal, then
O(H) = O(G)/a has a unique Hopf algebra structure for which O(G) — O(H) is a
homomorphism of Hopf algebras (3.14). This means that there is a unique algebraic group
structure on H for which the inclusion H < G is a homomorphism of algebraic groups
(3.8). o

f. Subgroups of G(k) versus algebraic subgroups of G

In this section, we reprove (1.31) for affine algebraic groups.

Recall that we identify G (k) with the set of points x in |G| such that k (x) = k. Let S be a
subgroup of G (k). If S = H (k) for some algebraic subgroup H of G, then S = |H|N G(k),
and so it is closed in G (k) for the induced topology (1.27). We prove a converse.

PROPOSITION 3.18. Let G be an affine algebraic group. Let S be a closed subgroup of
G(k). Then S = H (k) for a unique reduced algebraic subgroup H of G. The algebraic
subgroups H of G that arise in this way are exactly those for which H (k) is dense in H
(i.e., H is reduced and H (k) is dense in |H |; 1.9¢).

PROOF. Each f € O(G) defines a function i( f): S — k, and, forx,y € S, (Ag f)(x.,y) =
f(x-y) (see (19), p. 56). Therefore, when we let R(S) denote the k-algebra of maps S — k
and define Ag: R(S) — R(S x S) as in Exercise 3.6, we obtain a commutative diagram

OG) 2% O(G x G)

s |

R(S) —255 R(Sx S).

The vertical map at right factors into

O(G xG) ~ O(G)® O(G) "2 R(S)® R(S) — R(S x 5).

Therefore the kernel a of 4 satisfies
Ag(a) CKer(h®@h) =0(G)®a+a® O(G)

(cf. the proof of 3.13). Similarly €g(a) = 0 and Sg (a) C a, and so a is a Hopf ideal. Because
S is closed in G(k), the algebraic subgroup H of G with O(H) = O(G)/ahas H(k) = S.
Clearly, H is the unique reduced algebraic subgroup of G with this property.

Obviously, the algebraic subgroups H arising in this way have the property that H (k) is
dense in H. Conversely, if H(k) is dense in H, then the group attached to S = H (k) is H
itself. O
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ASIDE 3.19. When £ is finite, only the finite subgroup varieties of G arise as the Zariski closure of
a subgroup of G (k). Nori (1987) has found a more useful way of defining the “closure” of a subgroup
S of GL,(F,). Let X = {x € S | x? =1}, and let S be the subgroup of S generated by X (it is
normal). For each x € X, we get a one-parameter subgroup variety

t > x' =exp(tlogx):A! — GL,,
where

p—1 _;

z p=t (1 —z)i
exp(z) = Z T and log(z) = — Z .
: i=1

A i
i=0

Let G be the smallest subgroup variety of GL,, containing these subgroups for x € X. Nori shows
that if p is greater than some constant depending only on n, then ST = G(F,)™. If G is semisimple
and simply connected, then G(F,)™ = G(F,), and so S7 is realized as the group of F,-points of
the connected algebraic group G. The map S + G sets up a one-to-one correspondence between
the subgroups S of GL, (F,) such that § = ST and the subgroup varieties of GL,r, generated by
one-parameter subgroups ¢ — exp(¢y) defined by elements y € M, (F,) with y” = 0.

ASIDE 3.20. We have seen that the study of affine algebraic groups is equivalent to the study of
Hopf algebras. Of course, the “affine” is essential. However, for a general algebraic group G, the
local ring O, at e equipped with the structure provided by m captures some of the structure of G. For
example, the connected algebraic subgroups of G are in one-to-one correspondence with the ideals a
in O, such that A(a) CA® a+a® A and S(a) = a. [Add discussion of hyperalgebras; references.]

g. Affine algebraic groups G such that G(k) is dense in G: a
survey

Clearly, the algebraic groups G over k such that G(k) is dense in G are of particular interest.
In this subsection, we list the known results concerning them. Many of these results will be
proved later in the book. [Citations, both internal and external, will be added.]

Recall the equivalent conditions:

(a) G(k)isdensein G (see 1.9);
(b) G(k) is schematically dense in G (see 1.8);
(¢) G isreduced and G (k) is dense in |G|.
For a group variety, the conditions are equivalent to:
(d) G(k) is dense in G(k¥) (for the Zariski topology).
As G(k) can only be dense in G if G is a group variety, from now on G is an group
variety over k.

3.21. G(k) is dense in G if k is separably closed.

3.22. If G is finite, then G(k) is dense in G if and only if G is constant. For example,
Un (k) is dense in u, if and only if k contains 7 distinct nth roots of 1.

3.23. In general, there is an exact sequence
e—>G°—>G—my(G) > e

with 7 (G) a finite group variety (5.48). The group G (k) is dense in G if and only if 7o (G)
is constant and G°(k) is dense in G°.

3.24. Let k be finite. Then G (k) is dense in G if and only if G is a finite constant group.
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From now on, G is a connected affine group variety over k.

3.25. Let k be infinite. Then G (k) is dense in G when G = G4, G,,, GL,, or SL;,. For a
direct proof, see Waterhouse 1979, 4.5.

3.26. Let k be infinite. If k is perfect, then G is unirational over k and so G (k) is dense in
G. See Borel 1991, 18.2, or Springer 1998, 13.3.9.

3.27. There exist forms G of G, over infinite fields such that G (k) is finite, and hence not
dense in G (1.42).

3.28. A group variety G is said to be unipotent if is isomorphic to a subgroup variety of
U,, for some n (see Chapter 15). A unipotent group variety G is said to be split if it admits
a subnormal series whose quotients are all isomorphic to G, (8.17). Let G be a unipotent
group variety. If G is split, then it is isomorphic as a variety to A", and so G (k) is dense in
G when £ is infinite. Otherwise, the examples of Rosenlicht (1.42, 3.27) show that G (k)
need not be dense in G.

3.29. A connected group variety G is said to be reductive if Gja contains no connected
normal unipotent subgroup variety except e. For example, tori are reductive. A reductive
group variety G is unirational, and so G (k) is dense in G if k is infinite. See (19.21); also
Borel 1991, 18.2, or Springer 1998, 13.3.10.

3.30. If G contains a connected normal split-unipotent subgroup U such that G/ U is
reductive, then G &~ U x G/ U as an algebraic variety (Rosenlicht), and so G (k) is dense in
G when k is infinite.

3.31. Suppose that G is the Weil restriction (G )/ of a group variety G’ over a finite
extension k’ of k. If G’ is reductive and k is infinite, then G (k) dense in G (Pink 2004, 1.7).

3.32. If a connected group variety G is unirational, then G (k) is dense in G when k is
infinite. So which group varieties are unirational? A connected group variety G over a field
k is unirational if k is perfect or G is reductive (3.26, 3.29). On the other hand, Rosenlicht’s
forms of G, (3.27) are not unirational, and many tori, even in characteristic zero, are not
rational. Every connected group variety over an algebraically closed field is unirational
(3.30).

3.33. One can ask when G (k) is dense in G also for nonaffine algebraic groups, but there
doesn’t seem to be much that one can say. They are never unirational and for an elliptic
curve E over Q, the group E(Q) may be infinite (hence dense in E) or finite (hence not
dense).

3.34. A matrix group is an affine algebraic group G such that G (k) is schematically dense
in G. Every matrix is group is isomorphic to a subgroup of GL,, for some n (see Section
6.d), and the matrix subgroups H of GL, are exactly the subgroup varieties such that H (k)
is dense in | H |. Every affine algebraic group G has an associated matrix group G’ such that
G'(k) = G(k). In good cases, G’ = Gyeq. In bad cases, dimG’ < dimG.
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h. Affine algebraic groups in characteristic zero are smooth

In this section we prove a theorem of Cartier stating that all affine algebraic groups over a
field of characteristic zero are smooth.

LEMMA 3.35. An algebraic group G over an algebraically closed field k is smooth if every
nilpotent element of O(G) is contained in m2, where m, is the maximal ideal in O(G) at e.

PROOF. Let T.(G) denote the tangent space at the neutral element of G. Recall (1.23) that
dim G < dim7,(G), with equality if and only if G is smooth. As T,(G) ~ Hom(m,/m2,k),
(A.47), the hypothesis implies that T, (G) =~ T, (Greq). Hence

dimG < dimT,(G) = dim Ty (Gred) = dim Greg.
As dim G = dim G4, this shows that dimG = dim7,(G) and G is smooth. o

LEMMA 3.36. Let V and V' be vector spaces over a field. Let W be a subspace of V, and
let y be a nonzero element of V'. Then an element x of V lies in W if and only if x ® y lies
inWweV'.

PROOF. Write V=W @ W' andnote that VR V' >~ (W V') (W' @ V'). o
LEMMA 3.37. Let (A, A) be a Hopf algebra over k, and let I denote the kernel of the
co-identity map €.

(a) Asak-vector space, A=k 1.

(b) Foralla €1,
Ala)=a®14+1®a modl QI.

PROOF. (a) The maps k — A 5 k are k-linear, and compose to the identity.
(b) Let a € I. Using the second diagram in (20), p.56, we find that

(d®e)(A@)—a®1—-1®a)=a®1—a®1—-10=0
(e®id)(A(a)—a®1—-1Qa)=19a—0®1—1®a =0.
Hence

Al@)—a®1—1®a € Ker(id®e¢) NKer(e ® id)
=AHNU®A).
That
ARINNURA)=IQI]

follows from comparing

ARA=(kk)®*k DU RK) DU RI)
ARI =k B RI)
IQA=(IRke(IRI). O

THEOREM 3.38 (CARTIER 1962). Every affine algebraic group over a field of characteris-
tic zero is smooth.
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PROOF. We may replace k with its algebraic closure. Thus, let G be an algebraic group
over an algebraically closed field k of characteristic zero, and let A = O(G). Letm = m, =

Ker(¢). Let a be a nilpotent element of A; according to (3.35), it suffices to show that a lies

in m2.

If @ maps to zero in Ay, then it maps to zero in Ay /(mAy)?, and therefore in A/m? by
(CA 5.8), and so a € m?. Thus, we may suppose that there exists an n > 2 such that a” = 0
in Ay but a1 # 0in Ay. Now sa™ = 0in A for some s ¢ m. On replacing a with sa, we
find that a” = 0in A but a”~! # 0 in Ay,

Now a € m (because A/m = k has no nilpotents), and so (see 3.37)

Ala)=a®1+1®@a+y with yem®@m.
Because A is a homomorphism of k-algebras,
0=A@d") =)' =@R1+1Q®a+y)". (23)
When expanded, the right hand side becomes a sum of terms
@1, n@ o) -(1®a+y), @ID"1®a)y/ (h+i+j=n,i+j>2).
As a”™ = 0 and the terms with i + j > 2 lie in A ® m?, equation (23) shows that
na" '@a+n@ '®1)y e AQm?,

and so
na" 'Qaca" 'mA+A®@m? (inside A ® A).

In the quotient 4 ® (A / m2) this becomes
nad"'@aea" 'm®@A/m* (inside A® (4/m?)). (24)

Note that "1 ¢ a”~'m, because if a"~! = a" !'m with m € m, then (1—m)a""! =0
and, as 1 —m is a unit in Ay, this would imply a”~! = 0 in A, which is a contradiction.
Moreover 7 is a unit in A because it is a nonzero element of k£ (here we use that k has
characteristic 0). We conclude that na”~! ¢ a”~'m, and so (see 3.36) @ = 0. In other words,
a € m?, as required. O

COROLLARY 3.39. In characteristic zero, all finite algebraic groups are étale.
PROOF. They are finite and smooth, and hence étale. o

COROLLARY 3.40. All surjective homomorphisms of affine algebraic groups in character-
istic zero are smooth.

PROOF. Apply (1.49). =

COROLLARY 3.41. Let H and H' be affine algebraic subgroups of an algebraic group G
over a field k of characteristic zero. If H(k™) = H'(k™), then H = H'.

PROOF. The condition implies that H(k*) = (H N H') (k¥) = H'(k¥),and so H = H N
H' =H'(1.9). O

COROLLARY 3.42. Let G be an affine algebraic group over an algebraically closed field k
of characteristic zero. Every closed subgroup S of G (k) is of the form H (k) for a unique
algebraic subgroup H of G.
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PROOF. This follows from (3.18) and the theorem. o

ASIDE 3.43. Theorem 3.38 fails for algebraic monoids. The algebraic scheme M = Spm(k[T']/(T"))
admits a trivial monoid structure (e is the unique map * — M and m factors through x*), but it is not
reduced if n > 1.

ASIDE 3.44. We sketch a second proof of the theorem. Let m be the maximal ideal at e in A = O(G).
It suffices to show that the graded ring B = €, m" /m"*! has no nonzero nilpotents.” This ring
inherits a Hopf algebra structure from A4, and A(a) =a® 1+ 1®a for a € m (by 3.37). Let
X1,...,Xm be abasis for m/m?. We shall show that the x; are algebraically independent in B (and so
B is a polynomial ring over k). Suppose not, and let f be a nonzero homogeneous polynomial of
least degree & such that f(x1,...,X;,;) =0 (in B) . Then

0=A(f(x1,..,xm)) = f(Ax1,....,8Xm) = f(x1 Q1+ 1®X1,....,. X @1+ 1R xp).

On expanding the last expression as an element of Z?:o Bj,_; ® B;, we find that the term of bidegree
(h—1,1)is

m d
Th—1,1=Z —f(xl,...,xm)®xj.

j=10X j
As the x; are linearly independent, the condition 7;_; ; = 0 implies that %(xl, .y, Xm) = 0 for
J
j =1,...,m. Because we are in characteristic zero, at least one of these equations gives a nontrivial

dependence relation (of degree & — 1) between x;, which contradicts the minimality of f.
For more details, see Procesi 2007, Chapter 8, 7.3, p.235 or Waterhouse 1979, 11.4.

ASIDE 3.45. Cartier announced his theorem in footnote 14 of Cartier 1962:

Un raisonnment tout semblable prouve qu’un schéma en groupes de type fini sur un
corps de caractéristique nulle est réduit.

The proof hinted at by Cartier is sketched in (3.44). The above proof follows Oort 1966. Theorem
3.38 is true for all algebraic groups, not necessarily affine (see 10.36 below). See also DG 11, §6, 1.1,
p-255; Mumford 2008, §11; SGA 3, Vly, 6.9, p.332, and VIp,1.6.1, p.342.

i. Smoothness in characteristic p # 0

Let G be an affine algebraic group over a field k of characteristic p # 0.

PROPOSITION 3.46. Assume that k is perfect. For all r > 1, the image of the homomor-

phism of k-algebras
ara? :0(G) = O(G)

is a Hopf subalgebra of O(G). For all sufficiently large r, it is geometrically reduced.

PROOF. Recall (2.16) that there is a homomorphism F":G — G (P which corresponds to
the homomorphism of Hopf k-algebras

c®ar>ca? k®pr i OG) — O(G).

When k is perfect, this has image O(G)?", which is therefore a Hopf subalgebra of O(G)
(3.11).

In proving the second part, we may assume that k is algebraically closed. As the
nilradical 9t of O(G) is finitely generated, there exists an exponent n such that a” = 0 for
all @ € M. Let r be such that p” > n; then a?’ = 0 for all a € M. With this r, O(G)?" is
reduced. O

2In fact, Spm(B) is the tangent cone at e.
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J. Faithtul flatness for Hopf algebras

In this section, we prove an important technical result.

THEOREM 3.47. Let A C B be finitely generated Hopf algebras over a field k. Then B is
faithfully flat over A.

STEP 0. Assume that A is reduced.

The homomorphism A — B of Hopf algebras corresponds to a homomorphism of
affine algebraic groups H — G. Because A — B is injective, the map H (k%) — G (k) is
surjective. Therefore (1.52a) implies that the map H — G is faithfully flat if G is reduced.
This proves the theorem when 4 is reduced.

STEP 1. Assume that the augmentation ideal of A is nilpotent

Recall (Exercise 2-1) that, for any homomorphism H — G of algebraic groups with
kernel NV, there is a canonical isomorphism (4,n) — (hn,h): H x N - H xg H. Because
of the correspondence between algebraic groups and Hopf algebras, this implies that, for
every homomorphism A — B of Hopf algebras, the map

b1 ®by+> b1 @by: B4 B — By (B/I4B) (25)

is an isomorphism of left B-modules. Here 14 is the augmentation ideal Ker(A N k) of A.
Let I = I4, and assume that / is nilpotent, say /" = 0. Choose a family (e;);es of
elements in B whose image in B/IB is a k-basis and consider the map

(aj)je‘]f—)zjajej:A(J)—)B (26)

where A) is a direct sum of copies of A indexed by J. We shall show that (26) is an
isomorphism (hence B is even free as an A-module).
Let C be the cokernel of (26). A diagram chase in

AY) s B s C

! |

A/ 2205 B/IB

~
[e)

shows that every element of C is the image of an element of B mapping to zeroin B/IB,i.e.,
lying in /B. Hence C = IC,andso C = IC = [>C =---=I"C =0. Hence AY) — B
is surjective.

For the injectivity, consider the diagrams

AW oo o p k) — = B/IB
M —— BY) 2 Be,B (B/1B)) —— (B/IB)® (B/IB)

in which the lower arrows are obtained from the upper arrows by tensoring on the left
with B and B/IB respectively, and M is the kernel. If 5 € B“) maps to zero in B ®4 B,
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then it maps to zero in B/IB ®; B/IB, which implies that it maps to zero in (B/IB)/).
Therefore M is contained in (IB)Y) = 1. BW).
Recall (25) that
B®4B~B®,B/IB

as left B-modules. As B/IB is free as a k-module (k is a field), B ®; B/IB is free as a
left B-module, and so B ®4 B is free (hence projective) as a left B-module. Therefore B
is a direct sum of B-submodules,

B =MaoN.

‘We know that
McI-BY=IMg@IN,

andso M C IM.Hence M C IM C I>M = --- = (. We have shown that B) — B®yB
is injective, and this implies that AY/) — B is injective because A) ¢ BW).

STEP 2. General case

Recall (Exercise 2-2) that for any diagram of algebraic groups
H
|2

> G

with M the kernel of G — G, there is a canonical isomorphism

M > G/,

(m,h)— (mh,h):M xH ~ G xg H. 27

After Theorem 3.38, we may suppose that k has characteristic p # 0. According to
(3.46), there exists an n such that O(G)?" is a reduced Hopf subalgebra of O(G). Let G’ be
the algebraic group such that O(G’) = O(G)?", and consider the diagrams

faithfully

N y H e O(N) +—— O(H) <=— O(G")
| I e |
M > G > G’ O(M) «+—— O(G) +— O(G))

where N and M are the kernels of the homomorphisms H — G’ and G — G’ respectively.
Because O(G’) is reduced, the homomorphism O(G’) — O(H) is faithfully flat, and so
O(G) — O(H) remains injective after it has been tensored with O(H):

injective

0(G)®oGH OH) — O(H) ®06H O(H)
@n | ~ 35 | ~
OM)QOH) > > O(N)® O(H).

Because k — O(H) is faithfully flat (k is a field), the injectivity of the dashed arrow implies
that O(M) — O(N) is injective, and hence it is faithfully flat (because the augmentation
ideal of O(M) is nilpotent). Now the dashed arrow’s being faithfully flat, implies that the
top arrow is faithfully flat, which, because O(G’) — O(H) is faithfully flat, implies that
O(G) — O(H) is faithfully flat (CA 11.7).
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CONSEQUENCES

3.48. Theorem 3.47 holds for all Hopf algebras (not necessarily finitely generated).

3.49. Let A C B be Hopf algebras. If A and B are integral domains with fields of fractions
K and L, then BN K = A.

3.50. Let A C B be Hopf algebras. If A and B are integral domains with the same field of
fractions, then A = B.

3.51. A Hopf algebra A is finitely generated if it is an integral domain and its field of
fractions is a finitely generated field extension.

3.52. Let G be a smooth affine algebraic group. Every Hopf subalgebra of O(G) is finitely
generated (and so corresponds to a quotient of G ).

ASIDE 3.53. See Waterhouse 1979, Chapter 14, and Takeuchi, Mitsuhiro. A correspondence
between Hopf ideals and sub-Hopf algebras. Manuscripta Math. 7 (1972), 251-270.

Exercises

EXERCISE 3-1. We use the notations of Exercise 3.6, p.57. Let I" be an arbitrary group.
From a homomorphism p:I" — GL,(k), we obtain a family of functions g — p(g);,;,
1 <i,j <n,onG. Let R'(I") be the k-subspace of R(I") spanned by the functions arising
in this way for varying n. (The elements of R’(I") are called the representative functions
onl")

(a) Show that R'(I") is a k-subalgebra of R(I").

(b) Show that A maps R’'(I") into R'(I") ® R'(I').

(c) Deduce that A, €, and S define on R’(I") the structure of a Hopf algebra.

EXERCISE 3-2. Let A be a Hopf algebra. Prove the following statements by interpreting
them as statements about algebraic groups.

(a) SoS =idy.
(b) AoS=to0(S®S)oAwheret(a®b) =>bQa.
(c) €oS =e.

(d) Themapa®b > (a®@1)A(b): A® A — AR® A is a homomorphism of k-algebras.
Hints: (a_l)_l =a; (ab)_l — b—la—l; el —e.

EXERCISE 3-3. Verify directly that O(G,) and O(GL,,) satisfy the axioms to be a Hopf
algebra.

EXERCISE 3-4. Let A be a product of copies of k indexed by the elements of a finite set S.
Show that the k-bialgebra structures on A are in natural one-to-one correspondence with the
group structures on S'.

EXERCISE 3-5. Let G be an affine algebraic group over a nonperfect field k. Show that
Gieq is an algebraic subgroup of G if G(k) is dense in G.






CHAPTER 4

Linear representations of algebraic
groups

Throughout this chapter, G is an affine algebraic group over k. We shall see later (10.33) that
every algebraic group G over k has a greatest affine algebraic quotient G**. As every linear
representation of G factors through G, no extra generality would result from allowing G
to be nonaffine.

a. Representations and comodules
Let V be a vector space over k. We let GLy denote the functor of k-algebras,
R ~> Aut(VgR) (R-linear automorphisms).

When V is finite dimensional, GLy is an algebraic group.

A linear representation of G is a homomorphism r: G — GLy of group-valued func-
tors. When V is finite dimensional, r is a homomorphism of algebraic groups. A linear
representation p is faithful if p(R) is injective for all k-algebras R. For finite-dimensional
linear representations, this is equivalent to p being a closed immersion (see 5.18 below).
From now on we write “representation” for “linear representation”.

To give a representation (V,r) of G on V is the same as giving an action

GxV,—V,

of G on the functor V; such that, for all small k-algebras G(R) acts on V,(R) YReV
through R-linear maps. When viewed in this way, we call (V,r) a G-module.

A (right) O(G)-comodule is a k-linear map p:V — V ® O(G) such that

(idy ®A)op (p®ido(G))op

(idy ®€)op = idy. 28)

Let (V,p) be an O(G)-comodule. An O(G)-subcomodule of V is a k-subspace W such
that p(W) C W ® O(G). Then (W, p|W) is again an O(G)-comodule.

4.1. Letr:G — GLy C Endy be a representation. Then r maps the universal element a
in G(O(G)) to an O(G)-linear endomorphism r(a) of End(V ® O(G)), which is uniquely
determined by its restriction to a k-linear homomorphism p: V — V ® O(G). The map p

69
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is an O(G)-comodule structure on 1/, and in this way we get a one-to-one correspondence
r <> p between the representations of G on V' and the O(G)-comodule structures on V. The
map p is called the co-action corresponding to r.

More explicitly, let (e;); ey be a basis for V' and let (r;;);, jes be a family of elements of
O(G). The map

p:V—=>VRO([G), e+ Zei ®ri; (finite sum),

iel
is a comodule structure on V if and only if
Alry) = Lyer i ®11; } alli,jel. (29)
€(rij) = &jj ’

A family (r;;) satisfying these conditions' defines a representation r of G on V, namely,
that sending g € G(R) to the automorphism of Vg with matrix (7;;(g));, jer. Assume that
I is finite, and let 7;; denote the regular function on Endy sending an endomorphism of V'
to its (i, j )th coordinate; then O(Endy) is a polynomial ring in the symbols 7;;, and the
homomorphism O(Endy ) — O(G) defined by r sends T;; to r;;.

EXAMPLE 4.2. Let G = GL,, and let r be the standard representation of G on V = k”.
Then O(G) = k[T11,T12,--.,Tun, 1/ det] and, relative to the standard basis (e;)1<;<n for
V, the map r: G(R) — GL,(R) is (tautologically) g — (7;;(g))1<i,j<n. Correspondingly,
the co-action is

pV—>VROG)., e Y e®Ty.

1<i<n

Since A(Tij) = Y1 <j<n Ti1 ® Ty; and €(Tj;) = §;;, this does define a comodule structure
on V.

b. Stabilizers

PROPOSITION 4.3. Letr:G — GLy be a finite-dimensional representation of G, and let
W be a subspace of V. The functor

R~ Gw(R) = {a € G(R) | a(WRr) = Wr}
is represented by an algebraic subgroup Gy of G.

PROOF. Let p:O(G) — V ® O(G) be the corresponding co-action. Let (¢;); s be a basis
for W, and extend it to a basis (e; )y for V. Write

plej) = iesur i ®aij, aij € O(G).
Let g € G(R) = Homy_y5(O(G), R). Then
gej =2 jeyurei ®g(aij).

Thus, g(W®R) C W ® Rifandonly if g(a;j) =0for j € J,i € I. As g(a;j) = (aij)r(8),
this shows that the functor is represented by the quotient of O(G) by the ideal generated by
{a,-j|j€J,i€I}. O

"When 1 is infinite, it is necessary to require that, for all j, the element r; 7 = 0 for almost all 7.
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The subgroup Gw of G is called the stabilizer of W in V, and is sometimes denoted
Stabg (). We say that an algebraic subgroup H of G stabilizes a subspace W of V if
H C Gw.

COROLLARY 4.4. Let H be an algebraic subgroup of G such that H (k) is dense in H . If
hW = W forallh € H(k), then H stabilizes W'.

PROOF. The condition implies that (H N Gw)(k) = H(k),andso H NGy = H. o

PROPOSITION 4.5. Let G actonV and V', and let W and W’ be nonzero subspaces of V
and V'. Then the stabilizerof W Q W/ inV ® V' is Gw N Gw-.

PROOF. Choose a basis for W (resp. W’) and extend it to a basis for V (resp. V'). From
these bases, we get a basis for W ® W' and an extension of it to V ® V. The proof of (4.3)
now gives explicit generators for the ideals a(W), a(W'), and a(W ® W') defining O(Gw ),
O(Gw), and O(Gwgw), from which one can deduce that

aW W' =a(W)+a(W). 5

c. Every representation is a union of finite-dimensional
representations

PROPOSITION 4.6. Every O(G)-comodule (V, p) is a filtered union of its finite-dimensional
sub-comodules.

PROOF. As a finite sum of finite-dimensional sub-comodules is a finite-dimensional sub-
comodule, it suffices to show that each element v of V' is contained in a finite-dimensional
sub-comodule. Let (¢;);c7 be a basis for O(G) as a k-vector space, and let

pv) =) vi®e, VeV,

(finite sum, i.e., only finitely many v; are nonzero). Write
A(el'):zj’krijk(ej ®€k), rijkEk-
We shall show that
poR) =3, rijic (vi ®e)) (30)

from which it follows that the k-subspace of V spanned by v and the v; is a subcomodule
containing v. Recall from (28) that

(idy ®A)op = (p®ido(s)) © p-
On applying each side of this equation to v, we find that
Do ki@ ®e) =) p(ue)®er  (inside V ®O(G) ® O(G)).
On comparing the coefficients of 1 ® 1 ® ey in these two expressions, we obtain (30).

COROLLARY 4.7. Every representation of G is a filtered union of its finite-dimensional
subrepresentations.

PROOF. Let r:G — GLy be representation of G, and let p: V — V ® O(G) be the corre-
sponding co-action. A subspace W of V is stable under G if and only if it is an O(G)-sub-
comodule of V', and so this follows from the proposition. O
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d. Affine algebraic groups are linear

A right action of an algebraic group G on an algebraic scheme X is aregular map X xG — X
such that, for all k-algebras R, the map X(R) x G(R) — X(R) is a right action of the group
G(R) on the set X(R). Such an action defines a map

OX) - 0(X) ® O(G),

which makes O(X) into an O(G)-comodule. In this way, we get a representation of G on
O(X):
(&f)(x) = f(xg), geG(k), feOX), xeX(k).

The representation of G on O(G) arising from m: G x G — G is called the regular repre-
sentation. The corresponding co-action is A: O(G) — O(G) ® O(G).

THEOREM 4.8. The regular representation has a faithful finite-dimensional subrepresenta-
tion. In particular, the regular representation itself is faithful.

PROOF. Let A = O(G), and let V' be a finite-dimensional subcomodule of A containing a
set of generators for A as a k-algebra. Let (e;)1<;<n be a basis for V, and write A(e;) =
> i€ ®a;j. According to (4.1), the image of O(GLy) — A contains the a;;. But, because
€: A — k is a co-identity (21),

ej = (e®ida)Alej) = Y _e(er)aij,
i
and so the image contains V'; it therefore equals A. We have shown that O(GLy) — A is

surjective, which means that G — GLy is a closed immersion. o

An algebraic group G is said to be linear if it admits a faithful finite-dimensional
representation. Such a representation is an isomorphism of G onto a (closed) algebraic
subgroup of GLy, and so an algebraic group is linear if and only if it can be realized as
an algebraic subgroup of GLy for some finite-dimensional vector space V. Every linear
algebraic group is affine (1.29), and the theorem shows that the converse is true. Therefore,
the linear algebraic groups over k are exactly the affine algebraic groups.

e. Constructing all finite-dimensional representations

Let G be an algebraic group over k, and let V' be a finite-dimensional k-vector space. The
k-vector space V ® O(G) equipped with the k-linear map

idy @AV ®O(G) = V@ O(G)®O(G)

is an O(G)-comodule, called the free comodule on V (compare the definitions). The choice
of a basis for V realizes (V ® O(G),idy ® A) as a direct sum of copies of (O(G), A):

VR0OG) Y2A v o 0(G)® OG)

I L

06 —A% 5 (0(G) ® O(G))".
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PROPOSITION 4.9. Let (V,p) be an O(G)-comodule. Let Vy denote V regarded as a k-
vector space, and let (Vo ® O(G),idy, ® A) be the free comodule on Vy. Then

PV —=>TVeO(G)
is an injective homomorphism of O(G)-comodules.

PROOF. The commutative diagram (see (28), p.69)

Vv d > Vo ® O(G)

lp lidvo ®A

VROG) 2% 19 0(G)® OG)

says exactly that the map p: V — Vp ® O(G) is a homomorphism of O(G)-comodules. It is
injective because its composite with idy ®e is idy (ibid.). o

COROLLARY 4.10. A finite-dimensional O(G)-comodule (V, p) arises as a subcomodule
of (O(G),A)" forn =dimV.

PROOF. Immediate consequence of the proposition and preceding remarks. O

COROLLARY 4.11. Every finite-dimensional representation of G arises as a subrepresenta-
tion of a direct sum of copies of the regular representation.

PROOF. Restatement of (4.10). o

THEOREM 4.12. Let (V,r) be a faithful finite-dimensional representation of G. Then every
finite-dimensional representation W of G is isomorphic to a subquotient of a direct sum of
representations Q™ (V & V).

PROOF. After (4.9), we may assume that W C O(G)" for some n. Let W; be the image
of W under the ith projection O(G)" — O(G); then W — P, W;, and so we may even
assume that W C O(G).

We choose a basis for V', and use it to identify G with a subgroup of GL,. Then there is
a surjective homomorphism

O(GL,) =k[T11,T12,...,Tyn, 1/ det] = O(G) = k[t11.t12,....thn, 1/ det].
As W is finite dimensional, it is contained in a subspace

{f(tij) | deg f <s}-det™

of O(G) for some s,s" € N.

Let (e;)1<i<n denote the standard basis for k”. The natural representation of GL,, on
V has co-action p(e;) = ) e; ® T;; (see 4.2), and so the representation r of G on V' has
co-action p(e;) = ) e; ®t;;. For each i, the map

is a homomorphism of O(GLj,)-comodules (see (8), p.41). Thus the homogeneous polyno-
mials of degree 1 in the 7;; form an O(GL,)-comodule isomorphic to the direct sum of n
copies of (V,r). We can construct the O(GL,)-comodule

{f €k[T11,T12,...]| f homogeneous of degree s}
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as a quotient of the s-fold tensor product of
{f €k[T11,T12,...]| f homogeneous of degree 1}.

For s = n, this space contains the one-dimensional representation g — det(g), and its dual
contains the dual one-dimensional representation g + 1/det(g). By summing various of
these spaces, we get the space { f | deg f < s}, and by tensoring this r-times with 1/ det
we get { f(T;;) | deg f < s}-det™. Now W is a subrepresentation of a quotient of this
representation. o

The dual was only used to construct the representation 1/ det, and so it is not needed for
subgroups of SL,,.

4.13. Here is a more abstract statement of the proof. Let (V,r) be a faithful representation
of G of dimension n, and let W be a second representation. We may realize W as a
submodule of O(G)™ for some m. From r we get a surjective homomorphism O(GLy ) —
O(G). But

O(GLy) = Sym(Endy)[1/ det],

and Endy >~ VY ® V. The choice of a basis for V'V determines an isomorphism Endy >~ nV
of GLy-modules (cf. the above proof). Hence

Sym(nV)™ Cc O(GLy)™ — O(G)™.

For some s, W -det® is contained in the image of Sym(nV)™ in O(G)™. This means that
W -det’ is contained in a quotient of some finite direct sum of tensor powers of V. We can
now use that (V/V)®” contains the representation g — deg(g)~! to complete the proof.

f.  Semisimple representations

A representation of an algebraic group is simple if it is 0 and its only subrepresentations
are 0 and itself. It is semisimple if it is a sum of simple subrepresentations.’

PROPOSITION 4.14. Let G be an algebraic group over k, and let (V,r) be a representation
of G. If V is a sum of simple subrepresentations, say V =),y S; (the sum need not be
direct), then for every subrepresentation W of V, there is a subset J of I such that

V=W@@iejs,-.

In particular, V is a direct sum of simple subrepresentations, and W is a direct summand of
V.

PROOF. Let J be maximal among the subsets of / such the sum S, £ Y. jes Sj is direct
and W NSy =0. Iclaim that W +S§; = V (hence V is the direct sum of W and the S;
with j € J). For this, it suffices to show that each S; is contained in W + S;. Because S;
is simple, S; N (W + Sy) equals S; or 0. In the first case, S; C W + Sy, and in the second
SyNS; =0and WN(Sy+ S;) =0, contradicting the definition of /. O

2Traditionally, simple (resp. semisimple) representations of G are said to irreducible (resp. completely
reducible) when regarded as representations of G, and simple (resp. semisimple) when regarded as G-modules.
I find this terminology clumsy and confusing, and so I follow DG in using “simple”” and “semisimple” in both
situations.
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We have seen that if V' is semisimple, then every subrepresentation W is a direct
summand. The converse of this is also true. Let V' be a representation such that every
subrepresentation has a complement. Let v be a nonzero element of V', and let W be
maximal among the subrepresentations not containing v (exists by Zorn’s lemma). Then
V/W is simple, and so V = W @ S with S simple. Using this, one shows that V' is a sum
of simple modules (Jacobson, Basic Algebra II, p.120).

g. Characters and eigenspaces

A character of an algebraic group G is a homomorphism G — G,,. As O(G,) =k[X, X 1]
and A(X) = X ® X, to give a character y of G is the same as giving an invertible element
a = a(y) of O(G) such that A(a) = a ® a; such an element is said to be group-like.

A character y of G defines a representation r of G on a vector space V' by the rule

r(@v=x(gv, ge€G(R),veVg.

In this case, we say that G acts on V through the character y. In other words, G acts on V/
through the character y if r factors through the centre G,, of GLy as

G- Gm—GLy. (31)
For example, in
x(g) 0
g . §€G(R),
0 x(g)

G acts on k" through the character y. When V is one-dimensional, GLy = G,,, and so G
always acts on V through some character.

Let r: G — GLy be a representation of G, and let p: V — V ® O(G) be the correspond-
ing co-action. Let y be a character of G, and let a(y) be the corresponding group-like
element of O(G). Then (see (31)), G acts on V through y if and only if p factors as

X
p yoveX V ®OGm) V@Xv®a(n) V ®0(G),

i.e., if and only if
p(v) =v®a(y), allveV. (32)

More generally, we say that G acts on a subspace W of V through a character y if
W is stable under G and G acts on W through y. Note that this means, in particular, that
the elements of W are common eigenvectors for the g € G(k): if w € W, then for every
g € G(k), r(g)w is a scalar multiple of w. If G acts on subspaces W and W' through a
character y, then it acts on W + W' through y. Therefore, there is a greatest subspace V,, of
V on which G acts through y, called the eigenspace for G with character y.

PROPOSITION 4.15. Let (V,r) be a representation of G, and let p:V — V ® O(G) be the
corresponding co-action. For a character y of G,

Vi={veV]p)=v®a(x)}

PROOF. Theset{v € V | p(v) = v®a(y)} is a subspace of V. on which G acts through y
(by (32)), and it clearly contains every such subspace. O
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Let A be a Hopf algebra, and let a be a group-like element of A. Then, from the second
diagram in (20), p.56, we see that

a = ((e.idg) o A)(a) = €(a)a,
and so €(a) = 1.
LEMMA 4.16. The group-like elements in A are linearly independent.

PROOF. If not, it will be possible to express one group-like element e as a linear combination
of group-like elements e; # e:

e=Y ;cie, ci€k. (33)
We may even suppose that the e; occurring in the sum are linearly independent. Now
Ale)=e®e =3 jcicie; ®e;
Ale) =) ;ciA(ej) =) ;cie; Re;.
The e; ® e; are also linearly independent, and so this implies that

cici=c; alli
CiCj =0 ifi ;éj

We also know that
l=¢e(e) =D ciele;) =) ci.
On combining these statements, we see that the ¢; form a complete set of orthogonal

idempotents in the field k, and so one of them equals 1 and the remainder are zero, which
contradicts our assumption that e is not equal to any of the e;. O

THEOREM 4.17. Letr:G — GL (V') be a representation of an algebraic group on a vector
space V. If V is a sum of eigenspaces, say V = > _ Vy with Z a set of characters of G,
then it is a direct sum of the eigenspaces

V= EBXGE Vy.

PROOF. We shall make use of Lemma 4.16. If the sum is not direct, then there exists a finite
set{x1,..-, Xm}, m > 2, and a relation

XEE

Vi v, =0, v eV, v;#O.
On applying p to this relation, we find that
0=p(v1)+-+pUm) =v1®a(x1)++vm a(xm)-
For every linear map f:V — k,
0= f(w)-a(x1)+---+ f(m)-a(xm),

which contradicts the linear independence of the a(y;). O
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As one-dimensional representations are simple, (4.14) shows that V in (4.17) is a direct
sum of one-dimensional eigenspaces, but this is a weaker statement than the theorem.

Later (14.12) we shall show that if G is a product of copies of G, then every represen-
tation is a sum of the eigenspaces.

Let H be an algebraic subgroup of an algebraic group G, and let y be a character of H.
We say that y occurs in a representation (V,r) of G if H acts on some nonzero subspace
of V through y.

PROPOSITION 4.18. Let H, G, and y be as above. If y occurs in some representation of
G, then it occurs in the regular representation.

PROOF. After (4.11), y occurs in O(G)" for some n, i.e., there exists a nonzero subspace
W of O(G)" such that H acts on W through y. Under some projection O(G)"* — O(G),
W maps to a nonzero subspace of O(G), which shows that y occurs in O(G). 0

h. Chevalley’s theorem

THEOREM 4.19 (CHEVALLEY). Let G be an algebraic group. Every algebraic subgroup
H of G arises as the stabilizer of a one-dimensional subspace L in a finite-dimensional
representation (V,r) of G.

PROOF. Let a be the kernel of O(G) — O(H). According to (4.6), there exists a finite-
dimensional k-subspace V' of O(G) containing a generating set of a as an ideal and such
that
AV) CcV ®0O(G).
Let W =anVin V. Let (e;);c; be abasis for W, and extend it to a basis (e;) y s for V.
Let
Aej = Zie]l_l[ e ®ajj, ajjc o(G).

As in the proof of (4.3), O(Gw) = O(G)/a’ where a’ is the ideal generated by {a;; | j €
J,i € I}. Because O(G) — O(H) is a homomorphism of Hopf algebras

A(a) COG)®@a+a®O(G),
€(a)=0

(see 3.13). The first of these applied to e;, j € J, shows that a’ C a, and the second shows
that

ej = (e,id)A(ej) = Ziel e(ej)ajj.
Asthee;, j € J, generate a (as an ideal), so do the a;;, j € J, and so o’ =a. Thus H = Gy .

The next (elementary) lemma allows us to replace W with the one-dimensional subspace
AW of NCV. o

LEMMA 4.20. Let W be a subspace of dimension d in a vector space V, and let D denote
the one-dimensional subspace /\d W of /\d V. Let a be an automorphism of Vg for some
k-algebra R. Then «Wg = W if and only if (\® «)Dg = Dg.

PROOF. Let (¢j)1<i<q be a basis for W, and extend it to a basis (e;)1<j<n of V. Let
w=ejA...Ney. For all k-algebras R,

Wr={veVg|wav=0Gn AT Vp)L.
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To see this, let v € Vg and write v = Z?:l aije;,a; € R. Then
W/\w:Zd+15i5nai€1A---/\ed Ne;.

As the elements e; A---Aeg Aej,d +1 <i <n, are linearly independent in /\d+1 V, we
see that
wAv=0 < qg; =0foralld+1<i <n.

Let a € GL(VR). If aWg = Wg, then obviously (/\d a@)(DRr) = Dg. Conversely,

suppose that (/\d a)(DR) = Dg, so that (/\d a)w = cw for some ¢ € R*. If v € Wg, then
w A v =0, and so

0= (/\d+1a)(w/\v) = (/\d a)w Aav = c(w A (av)),
which implies that «v € Wg. o

REMARK 4.21. Theorem 4.19 is stronger than the usual form of the theorem (Borel 1991,
Springer 1998) even when G and H are both group varieties because it implies that IV and L
can be chosen so that H is the stabilizer of L in the sense of schemes. This means that H(R)
is the stabilizer of L g in Vg for all k-algebras R (see the definition p.70). On applying this
with R = k[e], €2 = 0, we find that the Lie algebra of H is the stabilizer of L in Lie(G) —
see (12.26) below.

i. The subspace fixed by a group

Let G be an algebraic group (not necessarily affine), and let (V,r) be a representation of G.
We let V€ denote the subspace of V fixed by G-

ve déf{v €V | g-vg = vg (in Vp) for all k-algebras R and all g € G(R)}.

PROPOSITION 4.22. Let R be a k-algebra. The R-module VG ® R consists of the elements
of V ® R fixed by all elements of G(R’) with R" an R-algebra.

PROOF. Letv € V ® R be fixed (in V ® R’) by all elements of G(R) with R’ an R-algebra.
Let (e;) be a basis for R as a k-vector space, and write v = ) ; v; ® e;. It suffices to show
that each v; € VO. Let g € G(S) for some k-algebra S, and let g’ be the image of g in
G (S ® R) under the map defined by s = s ® 1g: S — S ® R. By hypothesis, Y v, ® 15 Qe¢;
is fixed by g’:
g-Cvi®ls®e)=>vi®ls®e.
But,
g uidls®e)=3 g ®ls)®e;

and so g(v; ® 15) = v; ® 15 for all i. We have shown that the v; satisfy the condition to lie
in VO, o

COMPLEMENTS

4.23. If G(k’) is dense in G, then

Ve =vnvik)o&)
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def

(because the stabilizer Gy of W = V NV (k’)9*") has the property that Gw (k') = G (k')).
For example, if G is a connected group variety over a perfect infinite field (3.26), or a group
variety over a separably closed field (1.9d), then

VG =V(k)CW,

4.24. Let p be the co-action of (V,r). The subspace VY of V is the kernel of the linear
map
v p(v)—vR LV > VRO(G)

(because this is the subspace fixed by the universal element id € G(O(G))). It follows that
(Vk)or ~vO gk,
for every field k" containing k.

4.25. We can regard the action of G on the vector space V' as an action of G on the
algebraic scheme V, (notation as in 2.6). Then (4.22) shows that

(VG)a = (Va)G~






CHAPTER 5

Group theory; the isomorphism
theorems

In this chapter, we develop some basic group theory. In particular, we show that the Noether
isomorphism theorems hold for affine algebraic groups over a field k.

a. Terminology on functors

All functors are from Algg to Set.

DEFINITION 5.1. A flat sheaf (better, sheaf for the flat (fpqc) topology) is a functor
F: Algg — Set such that

(a) (local) for all small k-algebras Ry,..., Ry
F(Ry %X Ry) >~ F(Ry) XX F(Rp);
(b) (descent) for all faithfully flat maps R — R’ of small k-algebras, the sequence
F(R)—> F(R)=2 F(R®rR)

is exact, i.e., the first arrow is the equalizer of the pair of arrows. The maps in the pair
are defined by the homomorphisms R’ — R’ ® g R’ sending r tor @ lor 1 ®r.

A morphism of flat sheaves is a natural transformation (map of functors).

EXAMPLE 5.2. Let F = h4 d=@°fHom(A,—) for some k-algebra A. Then F is a sheaf.
Condition (a) is obvious, and condition (b) follows from the exactness of

R— R =3 R®rR

for any faithfully flat homomorphism R — R’ (CA 11.9). Similarly, for every algebraic
scheme X, the functor Ay is a flat sheaf.

DEFINITION 5.3. A subfunctor D of a functor F is fat' if, for every small R and x € F(R),
there exists a finite faithfully flat family” of R-algebras (R;);ez such that the image x; of x
in F(R;) liesin D(R;) for all i.

'In DG 11, §1, 1.4, p.285, a fat subfunctor is said to be “dodu” (Larousse: dodu adj. Se dit d’un animal gras,
bien en chair).
2This means that the map R — [ R; is faithfully flat.

81
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LEMMA 5.4. Let D be a fat subfunctor of a sheaf S. Every morphism D — S’ from D to
a sheaf S’ extends uniquely to S.

PROOF. Obvious. o

REMARK 5.5. A subfunctor D of a functor F is fat if it satisfies the following condition:

(*) for every small k-algebra R and x € F(R), there exists a faithfully flat
R-algebra R’ such that the image of x in F(R’) belongs to D(R’).

Conversely, if F is a sheaf and D is a fat subfunctor such that D([[R;) — [[ D(R;) is
surjective for all finite families (R;) of k-algebras, then D satisfies (*).

In fact, our fat subsheaves will usually satisfy (*).

LEMMA 5.6. Let¢:Y — X be a faithfully flat morphism of algebraic schemes over k. The
functor R ~> ¢(Y(R)) is a fat subtunctor of X .

PROOF. We check the condition (5.5(*)). Let R be a k-algebra, and let x € X(R). Write
Y xx Spm(R) as a finite union of open affines U;. Let R; = O(U;), and let R" = []; R;:

Y «— Y xx Spm(R) <— ||, Ui = Spm(R’)

l‘/—’ lfaithfully flat

X +*— Spm(R),

Then R’ is a faithfully flat R-algebra, and the image of x in X(R’) lifts to Y (i.e., the map
Spm(R’) — Spm(R) 5 X factors through Y AN X). O

b. Definitions

DEFINITION 5.7. A homomorphism G — Q of algebraic groups is a quotient map if it is
faithfully flat.

In other words, “quotient map” of algebraic groups means “faithfully flat homomor-
phism”. For affine algebraic groups, the condition means that the map of k-algebras
O(Q) — O(G) is faithfully flat. A quotient map remains a quotient map after extension of
the base field.

PROPOSITION 5.8. Quotients of smooth algebraic groups are smooth.

PROOF. Let g:G — Q be a quotient map. Then O¢g — ¢«Og is injective, and remains
injective after extension of the base field. Therefore Og is geometrically reduced (hence
smooth 1.22), if G is. ]

A quotient map ¢: G — Q is surjective as a map of schemes (i.e., |¢| is surjective), but
a surjective homomorphism need not be flat. For example, let G be a nonreduced algebraic
group over a perfect field; then Gq is an algebraic subgroup of G and the inclusion map
Giqd — G is surjective without being a quotient map. As another example, the trivial
homomorphism G, — «a is surjective without being a quotient map.

DEFINITION 5.9. A homomorphism G — H of algebraic groups is an embedding if it is a
closed immersion.
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In other words, “embedding” of algebraic groups means “morphism that is both a
homomorphism and a closed immersion”. For affine algebraic groups, the condition means
that the map O(H) — O(G) is surjective. An embedding remains an embedding after
extension of the base field.

An embedding ¢: G — H is injective as a map of schemes (i.e., |¢| is injective), but an
injective homomorphism need not be an embedding. For example, the trivial homomorphism
ap — e is injective but not an embedding.

PROPOSITION 5.10. The following conditions on a homomorphism ¢: G — H of algebraic
groups over k are equivalent:

(a) @(R):G(R) — H(R) is injective for all (small) k-algebras R;

(b) Ker(p) =e;

(¢) ¢ is a monomorphism in the category of algebraic groups over k ;

(d) ¢ is a monomorphism in the category of algebraic schemes over k.
PROOF. (b)<(a): The sequence
e — Ker(¢)(R) — G(R) - H(R)

is exact for all R.

(c)=(b): There are two homomorphisms Ker(¢) — G whose composite with ¢ is the
trivial homomorphism, namely, the given inclusion and the trivial homomorphism. The two
must be equal, and so Ker(¢) is trivial.

(d)=(c): This is obvious.

(a)=(d): Let ¢1,¢02: X — G be morphisms such that ¢ o1 = ¢ o @,. Then ¢(R) o
©1(R) = ¢(R) o@2(R) for all R, which implies that ¢ (R) = ¢, (R) for all R. This implies
that ¢; = ¢, (Yoneda lemma). o

DEFINITION 5.11. A homomorphism ¢: G — H of algebraic groups is a monomorphism
if it satisfies the equivalent conditions of the proposition.

PROPOSITION 5.12. If a homomorphism of algebraic groups is both a monomorphism and
a quotient map, then it is an isomorphism.

PROOF. Let ¢: G — H be such a homomorphism. We have to show that ¢(R) is surjective
for all k-algebras R. Let h € H(R). Because ¢ is faithfully flat, there exists a faithfully flat
R-algebra R’ and a g € G(R’) mapping to & in H(R') (5.6). In the commutative diagram
below, the rows are exact and the vertical maps are injective.

G(R) —— G(R') —= G(R'®g R')

lw(R) JMR/) JMR/@)R R)

H(R) — H(R') =—= H(R'®g R')

A diagram chase shows that g € G(R), and maps to & in H(R). o

COROLLARY 5.13. If a homomorphism of algebraic groups is both an embedding and a
quotient map, then it is an isomorphism.

PROOF. A closed immersion is certainly a monomorphism. O
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c. The homomorphism theorem

The next theorem is of fundamental importance.

THEOREM 5.14 (HOMOMORPHISM THEOREM). Every homomorphism of affine algebraic
groups ¢: G — H factors as

G 2451 -5 H
with q a quotient map and i an embedding.
PROOF. As G and H are affine, the factorizations G 1L Hof ¢ with i an embedding
correspond to the factorizations
a b
O(H) — O(I) — 0(G)

of the homomorphism O(¢) of Hopf algebras (see 3.9) with a surjective. According to
(3.16), there exists such a factorization with b injective. Now (3.47) shows that b is faithfully
flat, which proves the theorem. O

PROPOSITION 5.15. The following conditions on a homomorphism ¢:G — Q of affine
algebraic groups are equivalent:
(a) ¢ is faithfully flat;
(b) R v ¢(G(R)) is a fat subtfunctor on;
(¢) the homomorphism of k-algebras O(Q) — O(G) is injective.
PROOF. (a)=(b): Special case of (5.6).
(b)=>(c): Consider the universal element a = idp(g) € G(O(Q)). By assumption, there

exists a g € G(R') with R’ faithfully flat over O(Q) such that a and g map to the same
element of Q(R’), i.e., such that the diagram

0G) —5— R

T Tfaithfully flat

0(0) 4= 0(0)

commutes. Being faithfully flat, the map O(Q) — R is injective (A.85d), and so O(Q) —
O(G) is injective.
(c)=(a): Factor ¢ as in Theorem 5.14, ¢ =i og. The composite of the maps

0(Q) = O0) — O(G),

is injective, and so O(Q) — O(I) is injective, but it is also surjective because i is a closed
immersion. Therefore, i is an isomorphism, and ¢ is a quotient map. O

COROLLARY 5.16. Let G and Q be reduced connected affine algebraic groups, and let
G — Q be a quotient map. Then

O(Q) = 0(G)Nk(Q)

where k(Q) is the field of fractions of O(Q). In particular, G — Q is an isomorphism if
k(Q) =k(G).
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PROOF. Let O(Q) = A and O(G) = B, so that A C B and B is faithfully flat over A.
Because B is faithfully flat over A, cBN A =cA for all c € A. If a,c are elements of A
such thata/c € B,thena e cBNA=cA,andsoa/c € A. 0

COROLLARY 5.17. Let 9:G — H be a homomorphism of affine algebraic groups with H
reduced. The following are equivalent:

(a) ¢ is surjective (i.e., |p| is surjective);
(b) ¢ is dominant;
(c) ¢ is faithfully flat.
PROOF. A surjective map is certainly dominant. If ¢ is dominant, then, because H is

reduced, the map O(H) — O(G) is injective, and so ¢ is a faithfully flat by (5.15). Finally,
if ¢ is faithfully flat, then it is surjective (by definition A.86). O

The statement fails for nonreduced H — see the discussion following (5.8).

PROPOSITION 5.18. A homomorphism of affine algebraic groups is a monomorphism if
and only if it is a closed immersion.

PROOF. Obviously, a closed immersion is a monomorphism. Conversely, if ¢ is a monomor-
phism, then in the factorization ¢ =i og of (5.14), the map ¢ is an isomorphism (5.12). o

5.19. We define the image of a homomorphism ¢: G — H of algebraic groups to be the
algebraic group [ in (5.14) regarded as a subgroup of H, and we denote it by ¢(G). Note
that ¢(G) is the smallest algebraic subgroup of H through which ¢ factors. Moreover
©:G — ¢(G) is surjective, and its fibres are cosets of Ker(¢) in G, and so

dim(G) = dim (¢(G)) + dim(Ker(¢)).

The theorem shows that an embedding ¢: G — H is an isomorphism of G onto an algebraic
subgroup of H (because the map ¢ in the factorization of ¢ is an isomorphism).

ASIDE 5.20. An epimorphism of algebraic groups need not be faithfully flat — consider

However, a homomorphism ¢: G — H of algebraic groups is faithfully flat if it is an epimorphism in
the category of algebraic schemes. To see this, factor ¢ as in (5.14), and use that the quotient H/ [
exists (see Chapter 7).

d. Existence of quotients by normal subgroups

THEOREM 5.21. Let N be a normal algebraic subgroup of an affine algebraic group G.
There exists a quotient map q:G — Q with kernel N. Moreover, q is universal among
homomorphisms containing N in their kernel: for every homomorphism ¢:G — H such
that o(N) = e, there exists a unique homomorphism Q — H making

G 2150
RN

commute. The algebraic group Q is affine.

|
H
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We write G/ N for the algebraic group Q in the theorem. More precisely, the quotient of
G by N is any quotient map ¢: G — G/ N with kernel N.

Let ¢: G — H be a homomorphism, and let ¢ =i o g be the factorization in (5.14). By
the universality, ¢ factors through G — G/ N, and one see immediately that the resulting
homomorphism G/N — [ is an isomorphism. Therefore, we obtain the homomorphism
theorem in its usual form.

COROLLARY 5.22 (HOMOMORPHISM THEOREM). The image of a homomorphism¢:G —
G’ of affine algebraic groups is an algebraic subgroup ¢(G) of G’, and ¢ defines an iso-
morphism of G/ N onto ¢(G) where N = Ker(¢); in particular, every homomorphism of
algebraic groups factors as follows:

G —4— ¢
quotient map Tembedding
G/N 0(G).

isomorphism
—_—
(quotient map=faithfully flat homomorphism; embedding=homomorphism that is a closed
immersion).

The following is a preliminary to proving Theorem 5.21.

PROPOSITION 5.23. Let G be an affine algebraic group over a field k, and let H be an
algebraic subgroup of G. Among the quotient maps G — Q trivial on H, there is a universal
one.

PROOF. Given a finite family (G N 01)ier of quotient maps of algebraic groups trivial on
H,welet Hr =();c; Ker(q;). According to (1.28), there exists a family for which Hy is
minimal. For such a family, I claim that the map from G to the image of (¢;):G — [[;¢; Qi
is universal. If it isn’t, then there exists a homomorphism ¢: G — Q containing H in its
kernel but not Hy. But then Hyy¢,y; = Hy NKer(g) is properly contained in Hj. o

In order to prove Theorem 5.21, it remains to show that, when H is normal, it equals the
kernel of the universal map in (5.23). For this, it suffices to show that it arises as the kernel
of some homomorphism.

PROOF OF THEOREM 5.21.

LEMMA 5.24. Let (V,r) be a representation of an affine algebraic group G. If N is a
normal algebraic subgroup of G, then VN is stable under G.

PROOF. Let w € VV (R) and let g € G(R) for some k-algebra R. For an R-algebra R’ and
neN(R

r(m)(r(gw) =rng)w =r(gnw =r(grn)w =r(gw,
because n' £ g71ng € N(R'). Therefore, r(g)w € VN (R) (see 4.22), as required. o

LEMMA 5.25. Let k be algebraically closed. When H is normal in G, it is possible to
choose the pair (V, L) in (4.19) so that H acts on L through the trivial character.
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PROOF. Let (V, L) be as in (4.19), and let y be the character of G on L. It suffices to show
that there exists a representation (W, r) of G and a one-dimensional subspace L in W such
that (a) H acts on L through y and (b) L is a direct summand of W as an H-module,
because then H is the stabilizer of L ® L\l’ in VWY (see 4.5) and H acts trivially on
L®LY.

Suppose first that G(k) is dense in G. Let W be the sum of the one-dimensional
subspaces in V stable under H. If a one-dimensional subspace D is stable under H, then
gD is stable under gHg~! = H for all g € G(k). Therefore W is stable under G(k), and
hence under G (4.4). As W is a sum of simple representations of H, (4.14) shows that L is
a direct summand of W as an H-module.

In the general case, we choose n so large that GP" is smooth (see 3.46). Because H is
the stabilizer of L in V/, it is the stabilizer of L&?" in V®2" (by 4.5), and so we can replace
(V, L) with (V®P"  L®P")_ Consider the exact sequence (2.16)

esN—>GLG6W Se.

Clearly L®P" ¢ (V®1’n)N, which is stable under G (5.24). The action of G on (V®1’”)N

factors through G and the argument in the last paragraph completes the proof. O

LEMMA 5.26. Let G be an affine algebraic group over an algebraically closed field k. Every
normal algebraic subgroup N of G arises as the kernel of a representation of G.

PROOF. According to (5.25), there exists a representation (V, r) of G and a one-dimensional
subspace L of V such that N is the stabilizer of L and L C V¥ . Because N is normal, G
stabilizes V'V, and the kernel N’ of the representation of G on V' obviously contains N .
As N’ stabilizes L, it is contained in N, and so equals it. O

THEOREM 5.27. Every normal algebraic subgroup N of an affine algebraic group G arises
as the kernel of a homomorphism G — H with H affine.

PROOF. Proposition 5.26 shows that Ny is the kernel of a homomorphism «: Gy — Hy
for some extension k” of k, which we may take to be finite. Let § be the composite of the
homomorphisms

i @i/
G5 (G — (H
(see 2.37). On a k-algebra R, these homomorphisms become

i (R R’
R 'L ew)™ HER). R=K&R,

where i (R) is induced by the natural inclusion R — R’. Therefore
Ker(B(R)) = G(R)NN(R') = N(R),
and so N = Ker(B). 0

COROLLARY 5.28. Every normal algebraic subgroup N of an affine algebraic group G
arises as the kernel of a representation of G.

PROOF. Let N be the kernel of G — H, and choose a faithful representation of H (which
exists by 4.8). m
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e. Properties of quotients

LEMMA 5.29. Let X and Y be algebraic schemes over k, and let D be a fat subfunctor of
X . Every map of functors D — Y extends uniquely to a map of functors X — Y (hence to
a map of schemes X — Y by the Yoneda lemma).

PROOF. As X and Y are flat sheaves, we can apply (5.4). O

PROPOSITION 5.30. Let ¢: G — Q be a homomorphism of affine algebraic groups with
kernel N. Then Q is the quotient of G by N if and only if the functor

R ~» G(R)/N(R)
is a fat subfunctor of Q.
PROOF. Because N is the kernel of G — Q, the sequence
1= N(R) = G(R) = Q(R)

is exact for all R, and so G(R)/N(R) C Q(R). Hence G(R)/N(R) ~ ¢(G(R)), and so the
statement follows from (5.15). o

PROPOSITION 5.31. Let I be the image of a homomorphism ¢: G — H of affine algebraic
groups. Then G — [ is a quotient map, and, for all k-algebras R, I(R) consists of the
elements of H(R) that lift to G(R’) for some faithfully flat R-algebra R’'.

PRrROOF. Immediate from the above. o

PROPOSITION 5.32. Let ¢: G — H be a homomorphism of affine algebraic groups. If ¢
is a quotient map, then G(K) — H(K) is surjective for every algebraically closed field K
containing k. Conversely, if G(K) — H(K) is surjective for some separably closed field K
containing k and H is smooth, then ¢ is a quotient map.

PROOF. If ¢ is a quotient map, then so also is ¢gx. Let h € H(K). For some finitely
generated K-algebra R, the image /' of h in H(R) lifts to an element g of G(R). Zariski’s
lemma (CA 13.1) applied to R modulo a maximal ideal shows that there exists a K-algebra
homomorphism R — K. Under the map H(R) — H(K), h’ maps to h, and under the map
G(R) — G(K), g maps to an element lifting .

For the converse statement, let / be the image of ¢. Then I(K) C H(K),andso I = H
(A.61). o

COROLLARY 5.33. If the sequence of affine algebraic groups
e—>N—->G—>Q —e
is exact and K is an algebraically closed field containing k, then
e—> N(K)—GK)—> Q(K)—e
is exact.

PROOF. The sequence ¢ — N(R) — G(R) — Q(R) is always exact, and (5.32) shows that
G(K) — Q(K) is surjective. o
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f. The isomorphism theorem

Let H and N be subgroups of an abstract group G. Recall that H is said to normalize N if
hNh~! = N for all h € H, and then the isomorphism theorem says that H N is a subgroup
of G, and that

h-HNN —->h-N:H/HNN —- HN/N

is an isomorphism.

5.34. Let H and N be algebraic subgroups of an affine algebraic group G. We say that
H normalizes N if H(R) normalizes N(R) in G(R) for all k-algebras R. The actions of
H(R) on N(R) define an action 8 of H on N by group homomorphisms, and multiplication
on G defines a homomorphism

NxgH—G.

We define NH = HN to be the image of this homomorphism. Then
NxgH — NH

is a quotient map (see 5.31), and so an element of G(R) lies in (H N)(R) if and only if it
lies in H(R')N(R’) for some faithfully flat R-algebra R’. It follows that H N is the unique
algebraic subgroup of G containing R ~> H(R)N(R) as a fat subfunctor (5.29). If H and
N are smooth, then H N is smooth (see 5.8); if H N N is also smooth, then

(HN)(k*P) = H(k*P) - N(k*?)
and HN is the unique smooth algebraic subgroup of G with this property.

PROPOSITION 5.35. Let H and N be algebraic subgroups of an affine algebraic group G
with N normal. The canonical map

NxgH—G (34)
is an isomorphism if and only if N N H = {e} and NH = G.
PROOF. There is an exact sequence
e—>NNH—>NxpgH— NH —e.

Therefore (34) is an embedding if and only if N N H = {e}, and it is surjective if and only if
NH =G. O

EXAMPLE 5.36. Consider the algebraic subgroups SL, and G, (nonzero scalar matrices)
of GL,. Then G, -SL,, = GL,, but G, (k) - SL, (k) # GL, (k) in general (an invertible
matrix A is the product of a scalar matrix with a matrix of determinant 1 if and only if det(A)
is an nth power in k). The functor R »> G, (R) -SL, (R) is fat in GL,,.

THEOREM 5.37. Let H and N be algebraic subgroups of an affine algebraic group G such
that H normalizes N. Then H N N is a normal algebraic subroup of H, and the natural map

H/HNN — HN/N

is an isomorphism.
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PROOF. For each k-algebra R, H(R) and N(R) are subgroups of G(R), and H(R) normal-
izes N(R). Moreover H(R) N N(R) = (H N N)(R), and so the isomorphism theorem in
abstract group theory gives us an isomorphism

H(R)/(HNN)(R) >~ H(R)-N(R)/N(R), (35)

natural in R. Now R »» H(R)/(H N N)(R) is a fat subfunctor of H/H N N and R ~>
H(R)-N(R)/N(R) is fat subfunctor of HN/N, and so the isomorphism (35) extends
uniquely to an isomorphism H/H NN — HN/N (see 5.29). o

In other words, there is a diagram

e > N > HN — HN/N —— ¢
T: (36)
H/HNN

in which the row is exact.

g. The correspondence theorem

PROPOSITION 5.38. Let H and N be algebraic subgroups of an affine algebraic group G,
with N normal. The image of H in G/ N is an algebraic subgroup of G/ N whose inverse
image in G is HN.

PROOF. Let H be the image of H in G/N . It is the algebraic subgroup of G/N containing
R ~> H(R)N(R)/N(R) as a fat subfunctor. The inverse image H’ of H in G is the fibred
product G X,y H regarded as an algebraic subgroup of G. Recall that

(G xg/n H) (R) = G(R) x(G/N)(R) H(R).

Now R ~»> G(R) X(G/N)(R) H (R) contains R ~> H(R)N(R) as a fat subfunctor, and so
H'’ is the (unique) algebraic subgroup of G containing R ~»> H(R)N(R) as a fat subfunctor.
In other words, H' = HN (5.34). o

THEOREM 5.39. Let N be a normal algebraic subgroup of an affine algebraic group G.
The map H — H/N defines a one-to-one correspondence between the set of algebraic
subgroups of G containing N and the set of algebraic subgroups of G/N. An algebraic
subgroup H of G containing N is normal if and only if H/ N is normal in G/ N, in which
case the map

G/H — (G/N)/(H/N) (37)

defined by the quotient map G — G/ N is an isomorphism.

PROOF. The first statement follows from Proposition 5.38. For the second statement, note
that the map
G(R)/H(R) — (G(R)/N(R))/(H(R)/N(R))

defined by the quotient map G(R) — G(R)/N(R) is an isomorphism, natural in R. The
algebraic group G/H (resp. (G/N) /(H/N)) contains the left (resp. right) functor as a fat
subfunctor, and so we can apply (5.29). =
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ASIDE 5.40. The Noether isomorphism theorems fail for group varieties. Consider, for example,
the algebraic group GL,, and its normal subgroups SL,, and D (group of scalar matrices), where p is
the characteristic of ground field. Then SL, ND = {1} in the category of group varieties, but

SL, /(SL,ND) — SL,-D/D

is the quotient map SL, — PGL,, which is not an isomorphism of group varieties (it is purely
inseparable of degree p). This failure, of course, causes endless problems, but when Borel, Chevalley,
and others introduced algebraic geometry into the study of algebraic groups they based it on the
algebraic geometry of that period, which didn’t allow nilpotents, and almost all authors have followed
them. My own expository work in this field is predicated on the believe that, in order to learn the
modern theory of algebraic groups, one should not have to learn it first in the language of 1950s
algebraic geometry, nor should one have to first read EGA.3

h. The category of commutative algebraic groups
THEOREM 5.41. The commutative algebraic groups over a field form an abelian category.

PROOF. The Hom sets are commutative groups, and composition of morphisms is bilinear.
Moreover, the product G x G, of two commutative algebraic groups is both a product and a
sum of G and G,. Thus the category of commutative algebraic groups over a field is additive.
Every morphism in the category has both a kernel and cokernel, and the canonical morphism
from the coimage of the morphism to its image is an isomorphism (homomorphism theorem,
5.14). Therefore the category is abelian. o

COROLLARY 5.42. The finitely generated commutative co-commutative Hopf algebras
over a field form an abelian category.

PROOF. This category is contravariantly equivalent to that in the theorem. o

ASIDE 5.43. Theorem 5.41 is generally credited to Grothendieck. As we have seen, it is a fairly
direct consequence of allowing the coordinate rings to have nilpotent elements. See SGA 3, Vly,
5.4.3,p.327; DG III §3, 7.4, p. 355.

Corollary 5.42 is proved purely in the context of Hopf algebras in Sweedler 1969, Chapter X VI,
for finite-dimensional commutative co-commutative Hopf algebras, and in Takeuchi 1972, 4.16, for
finitely generated commutative co-commutative Hopf algebras.

i. The group of connected components of an algebraic group

Recall that an étale k-algebra is a finite product of separable field extensions of k. A finite
product of étale k-algebras is again étale, and any quotient of an étale k-algebra is an étale
k-algebra. If Aq,..., A, are étale subalgebras of a k-algebra A (not necessarily finitely
generated), then their composite A1 - A, is an étale subalgebra of A (because it is a quotient
of A1 XX Ap).

Let X be an algebraic scheme over k. Then O(X) is a k-algebra (not necessarily finitely
generated).

PROPOSITION 5.44. There exists a greatest étale k -subalgebra w(X) in O(X).

3SGA 3 and Conrad et al. 2010 require both.
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PROOF. Let A be an étale subalgebra of O(X). Then k¥ ® A ~ k™ for some 1, and so
l=e;+:-+ep

with the e; a complete set of orthogonal idempotents in O(Ga). The e; decompose |Gal|
into a disjoint union of n open-closed subsets, and so n is at most the number of connected
components of |Gga|. Thus the number [A:k] = [k* ® A:k] is bounded. It follows that
the composite of all étale k-subalgebras of O(X) is an étale k-subalgebra, which clearly
contains all others. o

Define
7o (X) = Spm( (X)).
Recall that
Homy_yigepra (R, O(X)) 2 Homy_gcheme (X, Spm(R))
for all k-algebras R (A.13). It follows that the morphism X — 7 (X) corresponding to the
inclusion 7 (X) < O(X) is universal among morphisms from X to étale k-schemes.
PROPOSITION 5.45. Let X be an algebraic scheme over k.
(a) For all fields k' containing k,

7o (Xgr) > 7o (X )k
(b) LetY be a second algebraic scheme over k. Then
wo(X XY) >~ mo(X) xmo(Y).

PROOF. For affine schemes, these statements are proved in Waterhouse 1979, but the proofs
their extend without difficulty to all algebraic schemes (AG, Chap. 10). O

For example, if k is algebraically closed in O(X), then 7w (X) = k and 7 (Xpsep) = k5P,
It follows that there are no nontrivial idempotents in O(Xgsp), and so Xgsep is connected.
Using this, we obtain (b) of the following proposition.
PROPOSITION 5.46. Let X be an algebraic scheme over k.
(a) The fibres of the morphism ¢: X — mo(X) are the connected components X .

(b) For all x € |mo(X)|, the fibre ¢ ~(x) is a geometrically connected scheme over k (x).
PROOF. Statement (a) is obvious, and (b) was noted above. o

REMARK 5.47. Let X be an algebraic scheme over k.

(a) The connected components of Xgsp form a finite set on which Gal(k*P/k) acts
continuously, and 7o (X) is the étale scheme over k corresponding to this set under
the equivalence Z ~> Z(k*°P) (see 2.13).

(b) The morphism ¢ ~!(x) — Spm(k(x)) is flat because « (x) is a field. Therefore, ¢: X —
mo(X) is faithfully flat.
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Let G be an algebraic group (not necessarily affine) over k. In this case, the k-algebra
O(G) is finitely generated (see 10.33 below), but we don’t need that here.

Because G° is a normal subgroup of G, the set 7o (Xjsp) of connected components of
Xpsep has a (unique) group structure for which

G(ksep) —> 70 (step) (38)

is a homomorphism. This group structure is respected by the action of Gal(k**P/ k), and so
it arises from an étale group 7o (X) over k. In this way, we get a homomorphism

G — mo(G)
of algebraic groups over k which, on k*P-points, becomes (38).*

PROPOSITION 5.48. Let G be an algebraic group (not necessarily affine) over a field k.

(a) The homomorphism G — 7o (G) is universal among homomorphisms from G to an
étale algebraic group.

(b) The kernel of the homomorphism in (a) is G°; there is an exact sequence

e—>G°— G — mp(G) —e.

(c) The formation of the exact sequence in (b) commutes with extension of the base field.
For every field extension k’ D k,

7o(Gyr) >~ o (G)pr
(Gr)° ~ (G-

(d) The fibres of |G| — |mo(G)| are the connected components of |G|. The order of the
finite algebraic group mo(G) is the number of connected components of Gyal.

(e) For algebraic groups G and G’,
(GxG")° ~G°xG”
10(G x G') ~ mo(G) x o (G').

PRrROOF. Immediate from the above. o

DEFINITION 5.49. Let G be an algebraic group over a field k. The quotient G — 7o(G)
of G is the component group or group of connected components of G.

REMARK 5.50. (a) An algebraic group G is connected if and only if 7o(G) = e, ie., G
has no nontrivial étale quotient.

(b) Every homomorphism from a connected algebraic group to G factors through G° —
G (because its composite with G — m(G) is trivial).

(c) The set |mo(G)| can be identified with the set of Gal(k®P/k)-orbits in the group
70(G)(k*°P), and need not itself be a group. For example, 7o (in) = fin, Where ng is the
largest factor of 7 not divisible by the characteristic exponent of k, and |15, | need not be a
group.

4 Alternatively, we can argue as follows. Let A = O(G). The multiplication map m: G x G — G defines a

comultiplication map A: A — A ® A, which makes A into a Hopf algebra. As A is a k-algebra homomorphism,
it sends 7 (A) into

T(A®A) ~n(A)@m(A).
Similarly, S: A — A sends 7 (A) into 7w (A), and we can define € on 7 (A4) to be the restriction of € on A.

Therefore 7 (A) is a Hopf subalgebra of A. Hence 7g(G) f Spm((A)) is an étale algebraic group over k, and
G — 79(G) is a homomorphism of algebraic groups.
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PROPOSITION 5.51. Let G be an affine algebraic group over k. Then G° is the unique
connected normal algebraic subgroup of G admitting an étale quotient G/ G°.

PROOF. Let N be a normal algebraic subgroup of G such that G/N exists and is étale.
According to (5.48a), the homomorphism G — G/ N factors through G — 7o (G), and so
we get a commutative diagram

e > G° > G > 10G — ¢
e > N > G > G/IN —— e

with exact rows. On applying the snake lemma (Exercise 6-4) to the diagram, we obtain an
exact sequence of algebraic groups:

1> G°—= N — n9G.
If N is connected, then the homomorphism N — 7oG is trivial, and so G° ~ N. o

Let G be an affine algebraic group. Proposition 5.51 says that there is a unique exact
sequence
e—>G°—>G—>mp(G)—e

with G° connected and 7o (G) étale. This is sometimes called the connected-étale exact
sequence.

PROPOSITION 5.52. Let
e—>N—->G—>0—e

be an exact sequence of algebraic groups. If N and Q are connected, then so is G ; conversely,

if G is connected, then so is Q (but not necessarily N ).

PROOF. If N is connected, then it maps to e in 79(G), and so G — wo(G) factors through
0, and hence through 7o (Q), which is trivial if O is connected.

The surjective homomorphism G — Q — 7o (Q) factors through 7¢(G), and so 7o (Q)
is trivial if 7o (G) is. a)

. . n
For the parenthetical statement, note that G, is connected, but u,, = Ker(G,, — Gy,)
is not connected unless 7 is a power of the characteristic exponent of k.
EXAMPLES

5.53. Let G be finite. When k has characteristic zero, G is étale, and so G = 7¢(G) and
G° = 1. Otherwise, there is an exact sequence

e—>G°— G — mp(G) —e.

When k is perfect, the homomorphism G — 7o(G) has a section, and so G is a semidirect
product
G = G° xmo(G).

To see this, note that the homomorphism Geq — 7o(G) is an isomorphism because both
groups are étale and the homomorphism becomes an isomorphism on k?-points:

Grea(k™) = G (k™) — 70(G) (k™).
Now we can apply (2.21).
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5.54. The groups G,, GL,, T;, U,, D, (see 2.1, 2.8, 2.9) are connected because in each
case O(G) is an integral domain. For example,

k[Tn] = k[GLn]/(Tij | P> ]),

which is isomorphic to the polynomial ring in the symbols 7;;, 1 <i < j < n, with the
product 711725 - Ty, inverted.

5.55. A monomial matrix over R is an element of GL, (R) with exactly one nonzero
element in each row and each column. The functor sending R to the group of monomial
matrices over R is representable by an algebraic subgroup M of GL,. Let /(o) denote
the (permutation) matrix obtained by applying a permutation o to the rows of the identity
n x n matrix. The matrices /(o) form a (constant) algebraic subgroup (S, ), of GL,, and
M =D, -(S,). For a diagonal matrix diag(ay,...,a,),

1(0)-diag(ay,...,an)-1(0)~" = diag(ag(1ys - - - do(m))- (39)

This shows that D, is normal in M. Clearly DN (S,);, = e, and so M is the semidirect

product
M =Dy xg (Sn)g

where 0: S, — Aut(ID,) sends o to the automorphism in (39). In this case, 710G = (Sx)x
and G° =D,.

5.56. The group SL, is connected. The natural isomorphism of set-valued functors
A,r — A-diag(r,1,...,1):SLy(R) X G, (R) — GL,(R)
defines an isomorphism of k-algebras
O(GL,) ~ O(SLy) ® O(Gp,),

and the algebra on the right contains O(SLy,). In particular, O(SL,) is a subring of O(GL,,),
and so it is an integral domain.

5.57. Assume char(k) # 2. For every nondegenerate quadratic space (V,q), the algebraic
group SO(q) is connected. It suffices to prove this after replacing k with k', and so we
may suppose that g is the standard quadratic form X 12 +-+++ X2, in which case we write
SO(g) = SO,,. The latter is shown to be connected in Exercise 5-5 below.

The determinant defines a quotient map O(q) — {£1} with kernel SO(g). Therefore
0(q)° = SO(gq) and ¢(O(g)) = {£1} (constant algebraic group).

5.58. The symplectic group Sp,,, is connected (for some hints on how to prove this, see
Springer 1998, 2.2.9).

ASIDE 5.59. (a) An algebraic variety over C is connected for the Zariski topology if and only if it
is connected for the complex topology. Therefore an algebraic group G over C is connected if and
only if G(C) is connected for the complex topology. We could for example deduce that GL,, over C
is a connected algebraic group from knowing that GL, (C) is connected for the complex topology.
However, it is easier to deduce that GL, (C) is connected from knowing that GL,, is connected.

(b) An algebraic group G over R may be connected without G(R) being connected for the real
topology, and conversely. For example, GL; is connected as an algebraic group, but GL; (R) is not
connected, whereas j3 is not connected as an algebraic group, but 3(R) = {1} is connected.
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J. Torsors and extensions

This section will be expanded. In particular, we shall define H!(Rg,G) and Ext' (G, H)
etc.

5.60. Let R be a k-algebra, and let G be an algebraic group over Ry. A right G-torsor
over Ry is a scheme X faithfully flat over Ry together with an action X x G — X of G on
X such that the map

(x,9) > (x,x2): X xG—-> X x5 X

is an isomorphism of Rg-schemes. If G is affine (resp. finite, smooth) over k, then the
morphism X — Spm(Ry) is affine (resp. finite, smooth) (because it becomes so after the
faithfully flat base extension X — Spm(Ry), and we can apply (A.90)).

5.61. Let
e—>N—->G— Q0 —e,

be an exact sequence of algebraic groups over k with Q affine. Then G is an N -torsor over
QO (Exercise 2-1). Therefore, if N and Q are affine (resp. finite, smooth) then G is affine
(resp. finite, smooth).

Exercises

EXERCISE 5-1. Let A and B be algebraic subgroups of an affine algebraic group G, and
let AB be the sheaf associated with the subfunctor R »> A(R)- B(R) of G.

(a) Show that AB is representable by O(G)/a where a is the kernel of homomorphism
O(G) - O(A) ® O(B) defined by the map a,b — ab: A x B — G (of set-valued
functors).

(b) Show that, for any k-algebra R, an element G(R) lies in (AB) (R) if and only if its
image in G(R’) lies in A(R’)- B(R’) for some faithfully flat R-algebra R’, i.e.,

(AB)(R) = ﬂR, G(R)N(A(R)-B(R')).

EXERCISE 5-2. Show thatife -~ N — G — Q — e is exact, so alsois mo(N) — 79(G) —
mo(Q) — e. Give an example to show that 7o(/N ) — 7m9(G) need not be a closed immersion.

EXERCISE 5-3. What is the map O(SL,) — O(GL,,) defined in example 5.56?
EXERCISE 5-4. Prove directly that 7(O(0,)) =k x k.

EXERCISE 5-5. (Springer 1998, 2.2.2). Let k be a field of characteristic # 2. For each
k-algebra R, let V(R) denote the set of skew-symmetric matrices, i.e., the matrices 4 such
that A" = —A.

(a) Show that the functor R — V(R) is represented by a finitely generated k-algebra A,
and that A is an integral domain.

(b) Show that A — (I,, + A)~!(I,, — A) defines a bijection from a nonempty open subset
of SO, (k™) onto an open subset of V (k).

(c) Deduce that SO,, is connected.
(d) Deduce that SO,, is rational.



CHAPTER 6

The isomorphism theorems using
sheaves.

In this chapter, we use sheaves to express some of the material in the previous chapter
more efficiently, and we explain how to extend the results to general algebraic groups (not
necessarily affine).

a. Some sheaf theory

All functors are from Algg to Set.

PROPOSITION 6.1. Let F be a functor. Among the morphisms from F to a flat sheaf there
exists a universal one : F — a F .

The universal property means that, for every homomorphism 8: F — S from F to a
sheaf S, there is a unique morphism y:a F — S rendering

F —%5 aF

y
N

S

commutative. The pair (a F,«) is called the sheaf associated with F (or the sheafification
of F). It is unique up to a unique isomorphism.

We prove the proposition in two steps. A functor is separated if F(R) — [[ F(R;) is
injective whenever (R;); e is a finite family of small R-algebras such that R — [[;<; R; is
faithfully flat.

LEMMA 6.2. Let F be a functor. Among the morphisms from F to a separated functor,
there exists a universal one o: F — F’.

PROOF. Fora,b € F(R), write a ~ b if a and b have the same image in [ | F(R;) for some
faithfully flat family (R;);e7 of R-algebras. Define

F'(R)=F(R)/~.

One checks easily that this is a separated functor, and that the morphism F — F’ is univer-
sal. o

97
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LEMMA 6.3. Let F be a separated functor. Among the morphisms from F to a flat sheaf
there exists a universal one o: F — a F.

PROOF. Let

(@F)(R) =limEq([ [ _, F(R)=T], F(R; ®R R)))

,JYEIXI

where the limit is over finite families (R;);ey of small R-algebras such that the homomor-
phism R — [[;<; R; is faithfully flat. One checks easily that this is a sheaf, and that the
morphism F' — a F is universal. o

If F islocal (i.e., satisfies (a) of 5.1), then
(aF)(R) =limEq(F(R") = F(R'®r R))

where the limit is over the small faithfully flat R-algebras R’.
Now, for a functor F, the composite of the morphisms

F—>F —>aF’

is the required universal morphism from F' to a sheaf.

Proposition says that, for a functor F' and a sheaf S,Let P denote the category of functors
and S the category of sheaves. Then S is a full subcategory of P, and (6.1) says that the
functor a: P — S is left adjoint to the inclusion functor i: S — P:

Homp(F,iS) ~ Homg(a F,S). (40)
Therefore a is left adjoint to i, and so it preserves direct limits.

6.4. Let S be a sheaf. For any fat subfunctor D of S, (S, D < §) is the sheaf associated
with D.

6.5. Let F be a flat sheaf. We say that F is representable if there exists an algebraic
k-scheme X such that X ~ F. If there exists a nonzero k-algebra R, an algebraic R-
scheme X, and bijections X(R’) — F(R’), natural in R’, for every R-algebra R’, then F is
representable (descent).

6.6. Let F be a separated functor Algg — Set. We say that an algebraic scheme X over k
together with a natural transformation

a(R):F(R) — X(R)

represents the sheaf associated with F if
(a) for all small k-algebras R, «(R): F(R) — X(R) is injective, and
(b) for all x € V(R), there exists a faithfully flat R-algebra R’ and a y € F(R’) such that
a(R)(y) =x.
Of course, this just means that (X, ) is the sheaf associated with F. If (X,«) and (X', o)

both represent the sheaf associated with F, then there exists exists a unique isomorphism
¢:X — X’ such that hyoa = o’.
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b. The isomorphism theorems for abstract groups

First we recall the statements for abstract groups.

6.7. (Existence of quotients). The kernel of a homomorphism G — G’ of groups is a
normal subgroup, and every normal subgroup N of G arises as the kernel of a quotient map
G — G/N.

6.8. (Homomorphism theorem). The image of a homomorphism ¢: G — G’ of groups is a
subgroup ¢(G) of G’, and ¢ defines an isomorphism of G/ Ker(¢) onto ¢(G); in particular,
every homomorphism of groups is the composite of a quotient map with an embedding:

G —2— ¢
quotient map embedding
G/N isomorphism J
6.9. (Isomorphism theorem). Let H and N be subgroups of G with N normal in G. Then
H N is a subgroup of G, H N N is a normal subgroup of H, and the map

xHNNw—xN:H/HNN — (HN)/N
is an isomorphism.

6.10. (Correspondence theorem). Let N be a normal subgroup of a group G. The map
H — H/N is abijection from the set of subgroups of G containing N to the set of subgroups
of G/N. A subgroup H containing N is normal if and only if H/N is normal in G/N, in
which case the natural map

G/H — (G/N)/(H/N)

is an isomorphism.

In fact, H — H/N is an isomorphism from the lattice of subgroups of G containing N
to the lattice of subgroups of G/N. With this addendum, (6.10) is often called the lattice
theorem.

c. The isomorphism theorems for group functors

By a group functor we mean a functor G:Algg — Grp. A homomorphism ¢:G — G’ of
group functors is a natural transformation. A subgroup functor of a group functor G is a
subfunctor G’ such that G’(R) is a subgroup of G(R) for all k-algebras R; it is normal if
G’(R) is normal in G(R) for all R. When N is a normal subgroup functor of G, we define
G/ N to be the group functor R ~> G(R)/N(R). For subgroup functors H and N of G, we
define H N to be the subfunctor R »» H(R)N(R) of G.

Let ¢:G — G’ be a homomorphism of group functors. The kernel of ¢ is the group
functor R ~> Ker(¢(R)), and the image ¢ G of ¢ is the subfunctor R »> ¢(G(R)) of G. We
say that ¢ is a quotient map if ¢(R) is surjective for all R.

With these definitions, the isomorphism theorems hold with “group” replaced by “group
functor”. Each statement can be checked for one k-algebra R at a time, when it becomes the
statement for abstract groups.
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d. The isomorphism theorems for sheaves of groups

The sheaves of groups form a full subcategory S of the category P of group functors. The
sheaf associated with a group functor is again a group functor, and so the inclusion functor
i:S — P has a left adjoint a,

Homp(F,iG) >~ Homg(a F,G).

As i and a are adjoint functors, the first preserves finite direct limits and the second finite
inverse limits. Using this, one can show that the isomorphism theorems hold for sheaves of
groups, as we now explain.

6.11. (Existence of quotients). Let ¢: G — G’ be a homomorphism of sheaves of groups.
The kernel of ¢ is automatically a sheaf (hence a sheaf of normal subgroups of G). We say
that ¢ is a quotient map if the image ¢ G of ¢ is fat in G’, i.e., if G’ is the sheaf associated
with the functor R »> ¢(G(R)). Let N be a sheaf of normal subgroups of G. We define
G/ N tobe a(G/N). Then G — G /N is a quotient map of sheaves of groups with kernel
N. Let ¢ be a homomorphism from G to a sheaf of groups H whose kernel contains N ;
then ¢ factors uniquely through G — G/N (obviously), and then G/N — G7N factors
uniquely through G/N — G]N because H is a sheaf.

6.12. (Homomorphism theorem). Let ¢: G — G’ be a homomorphism of sheaves of groups.
We define the image Im(¢p) of ¢ to be the sheaf associated with the group functor ¢ G. It is
the smallest sheaf of subgroups of G’ through which ¢ factors, and ¢(G) is a fat subfunctor
of Im(¢). The map ¢ defines an isomorphism of functors of groups

G/ Ker(p) — ¢(G)
(see Section d). On passing to the associated sheaves, we obtain an isomorphism of sheaves
G7 Ker(¢) — Im(p),
and hence a factorization
G — G Ker(p) —> Im(¢) — G’
of p.
Let G be a sheaf of groups.

6.13. (Isomorphism theorem). Let H and N be sheaves of subgroups of G with N normal
in G. We define HN to be the sheaf associated with the group functor R ~> H(R)N(R).
Then H N is a sheaf of subgroups of G, H N N is a normal subgroup of H, and the map

xHNNw—xN:H/HNN — (HN)/N

is an isomorphism (because it is obtained from an isomorphism of group functors by passing
to the associated sheaves).

6.14. (Correspondence theorem). Let N be a sheaf of normal subgroups of G. The map
Hw— H 7N is a bijection from the set of sheaves of subgroups of G containing N to the set
of sheaves of subgroups of G / N . A sheaf of subgroups H containing N is normal if and
only if H / N is normal in G / N, in which case the natural map

G/H — (G/N)/(H]N)

is an isomorphism. Again, all these statements can be derived easily from the corresponding
statements for group functors.
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e. The isomorphism theorems for affine algebraic groups

Let G be an affine algebraic group. Then G: R ~> G(R) is a sheaf of groups, and the functor
G ~> G is fully faithful. Therefore, we may identify category of affine algebraic groups over
k with the category of sheaves of groups whose underlying sheaf of sets is representable
by an object of Algg. In order to prove (6.11, 6.12, 6.13, 6.14) for affine algebraic groups,
it suffices to show that each of the constructions in these statements takes affine algebraic
groups to affine algebraic groups. This is straightforward, and accomplished in a more
general setting in the next section.

f.  The isomorphism theorems for algebraic groups

We write G, or just G, for the flat sheaf defined by an algebraic group G. Recall that the
functor G ~ G is fully faithful, and so identifies the category of algebraic groups over k
with the category of group functors whose underlying functor is representable by an algebraic
k-scheme.

We shall need to use two consequences of the general existence theorem on quotients
proved in the next chapter.

6.15. Every monomorphism of algebraic groups is a closed immersion (7.37).

6.16. Let N be a normal algebraic subgroup of an algebraic group G. The homomorphism
of sheaves G — G /N is represented by a faithfully flat homomorphism G — G/N of
algebraic groups (7.38).

THEOREM 6.17 (EXISTENCE OF QUOTIENTS). The kernel of a homomorphism G — G’
of algebraic groups is a normal algebraic subgroup, and every normal algebraic subgroup N
of G arises as the kernel of a quotient map G — G/N.

PROOF. Restatement of previous results (Section 1.e, 6.16). o

We define the image of a homomorphism ¢:G — G’ to be the smallest algebraic
subgroup ¢(G) of G’ through which ¢ factors (cf. 1.36).

THEOREM 6.18 (HOMOMORPHISM THEOREM). The image of a homomorphism ¢:G —
G’ of algebraic groups is an algebraic subgroup ¢(G) of G, and ¢ defines an isomorphism
of G/ Ker(p) onto ¢(G); in particular, every homomorphism of groups is the composite of a
quotient map with an embedding:

G —2 ¢
quotient map embedding (N = Ker(¢p)).

G/N I

isomorphism
—_—
PROOF. First consider the diagram of functors:

G
1
G/

/

e

~— 2

isomorphism
—_—
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as in Section c. Now pass to the associated sheaves:
G —4— ¢

G 7 N isomorphism al

The arrow G — G7N is the quotient map G — G/ N in (6.16) regarded as a map of sheaves.
The arrow G]N — al is an isomorphism of sheaves. Therefore al is representable by an
algebraic group J. The homomorphism of sheaves a/ — G’ is injective, which means that
the homomorphism J — G’ of algebraic groups is a monomorphism. According to (6.15), it
is a closed immersion. O

THEOREM 6.19 (ISOMORPHISM THEOREM). Let H and N be algebraic subgroups of G
with N normal in G. Then H N is an algebraic subgroup of G, H N N is a normal algebraic
subgroup of H, and the map

xHNNw—xN:H/HNN — (HN)/N
is an isomorphism.

PROOF. As before, we define HN to be the image of the homomorphism H xg N — G
of algebraic groups. It is the sheaf associated with the subfunctor R ~> H(R)N(R) of G.
Clearly, H N N is a normal algebraic subgroup of H. The map of functors

xHNNw~—xN:H/HNN - HN/N

is an isomorphism (Section ¢). On passing to the associated sheaves, we obtain the required
isomorphism. o

THEOREM 6.20 (CORRESPONDENCE THEOREM). Let N be a normal subgroup of a group
G. The map H — H/N is a bijection from the set of subgroups of G containing N to the
set of subgroups of G/N. A subgroup H containing N is normal if and only if H/N is
normal in G/ N, in which case the natural map

G/H — (G/N)/(H/N)

is an isomorphism. In fact, H — H/N is an isomorphism from the lattice of subgroups of
G containing N to the lattice of subgroups of G/ N .

PROOF. The same as that of (5.39). o

PROPOSITION 6.21. The following conditions on a homomorphism ¢:G — Q of affine
algebraic groups are equivalent:

(a) ¢ is faithfully flat;
(b) R ~» ¢(G(R)) is a fat subfunctor on;

(c) the map O g — ¢«Og of sheaves on Q is injective.
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PROOF. (a)=-(b): Special case of (5.6).

(b)=(c): Let U be an open affine subset of Q, and let R = Og(U). On applying (b)
to the element Spm(R) = U — G of G(R), we see that there exists a faithfully flat map
R — R’ and a commutative diagram

G <—— Spm(R’)

L

0 <— Spm(R).
From this, we get a commutative diagram

Og(p~'U) —— R’

I |

Op(U) R.

As R — R’ is injective (A.85d), so also is Og (U) — Og (¢~ 1U).
(c)=(a): Factor ¢ as in Theorem 5.14, ¢ =i og. The composite of the maps

Og — ix01 = ¢«G,

is injective, and so O g — ix Oy is injective, but it is also surjective because i is a closed
immersion. Therefore, i is an isomorphism, and ¢ is faithfully flat. O

PROPOSITION 6.22. Let
e—>N—->G—>Q —e

be an exact sequence of algebraic groups. If G is affine, then so also are N and Q; if N and
O are affine, so alsois G.

PROOF. Every algebraic subgroup H of an algebraic group G is closed (1.27), and hence
affine if G is affine.

By definition, G/ N represents the functor G7N , and we know that G7N is representable
by an affine algebraic group when G is affine (5.21).

If N and Q are affine, then so also is G because it is a torsor under N over Q (see
5.61). o

All the results proved in Chapter 5 for affine algebraic groups now hold mutatis mutandis
for general algebraic groups. For reference, we state some of these.

6.23. Let ¢:G — H be a homomorphism of algebraic groups with H reduced. The
following are equivalent:

(a) @ is surjective (i.e., |p| is surjective);

(b) ¢ is dominant;

(¢c) ¢ is taithfully flat.

6.24. Every normal algebraic subgroup N of an algebraic group G such that G/ N is affine
arises as the kernel of a linear representation of G.
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6.25. Let ¢: G — H be a homomorphism of algebraic groups. If ¢ is a quotient map, then
G(K) — H(K) is surjective for every algebraically closed field K containing k. Conversely,
if G(K) — H(K) is surjective for some separably closed field K containing k and H is
smooth, then ¢ is a quotient map.

6.26. If the sequence of algebraic groups
e—>N—->G—>Q —e
is exact and K is an algebraically closed field containing k, then
e—>NK)—GK)—> Q(K)—e
is exact.

6.27. The category of commutative algebraic group schemes over a field is abelian, and
the subcategory of affine commutative algebraic group schemes is thick (6.22).

NOTES. That the Noether isomorphism theorems hold for algebraic groups over a field is implicit in
DG and SGA 3, and explicit in SHS Exposé 7, §3, p.242.

g. Some category theory

Let A be a category. A morphism «: A — B in A is a monomorphism if xo f =aog
implies f = g, and an epimorphism if foa = goo implies f =g. If «:A — Bisa
monomorphism (resp. epimorphism) then we call A a subobject of B (resp. we call B a
quotient object of A).

Let «: A — B a morphism. The subobjects of B through which « factors form partially
ordered set. A least object in this set (if it exists) is called the image of «. The coimage of
is defined similarly.

A null object of A is an object e such that, for all objects A of A, each set Hom(4, e)
and Hom(e, A) have exactly one element. A morphism is trivial if it factors through e.

Assume that A has a null object. Let «: A — B be a morphism. We call a morphism
u: K — A akernel of « if @ ou is trivial and every other morphism with this property factors
uniquely through u. Similarly, we define the notion of a cokernel.

A subobject u: A” — A is normal if it is the kernel of some morphism A — B. The notion
of a conormal quotient object is defined similarly. A category if normal (resp. conormal) if
every subobject is normal (resp. every quotient object is conormal). A normal and conormal
category with kernels and cokernels is exact if every morphism «: A — B can be written as

a composite A L 1% B with q an epimorphism and v a monomorphism.

Now let A denote the category of algebraic groups over a field k. A morphism in .4
is a monomorphism if and only if it is a closed immersion. Thus, the subobjects of G are
essentially the algebraic subgroups of G. A quotient map is an epimorphism, but not every
epimorphism is a quotient map. The image of a homomorphism «: G — H as we defined it
is an image in the sense of categories.

The trivial group e is a null object in .A. The kernel of a homomorphism as we defined it
is a kernel in the sense of categories, but not every subobject is normal. Every homomorphism
a: A — B can be written as a composite of an epimorphism and a monomorphism.

Clearly, A is not an exact category, but some of the results for exact categories hold for
A. It is not possible to make A into an exact category by restricting the homomorphisms to
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be normal, because a composite of normal homomorphisms need not be normal (a normal
subgroup of a normal group need not be normal). However, when we replace A with the
category of commutative algebraic groups, then we do get an exact category (even an abelian
category).

Exercises

EXERCISE 6-1. Let A, B, C be algebraic subgroups of an algebraic group G such that A4 is
a normal subgroup of B and B normalizes C. Show:

(a) C N A is anormal subgroup of C N B;
(b) CA is anormal subgroup of CB.

EXERCISE 6-2. (Dedekind’s modular laws). Let A, B, C be algebraic subgroups of an
algebraic group G such that A is a subgroup of B. Show:

(a) BNAC = A(BNC);
(b) if G = AC, then B = A(BNC).

EXERCISE 6-3. Let N and Q be algebraic subgroups of G with N normal. Show that G is
the semidirect product of N and Q if and only if (a) G = NQ, (b) NN Q =1, and (c) the
restriction to Q of the canonical map G — G/ N is an isomorphism.

EXERCISE 6-4. A homomorphism u: G — G’ of algebraic groups is said to be normal if
its image is a normal subgroup of G’. For a normal homomorphism u: G — G’, the quotient
map G’ — G’/u(G) is the cokernel of u in the category of algebraic groups over k. Show
that the extended snake lemma holds for algebraic groups: if in the following commutative
diagram, the blue sequences are exact and the homomorphisms a, b, ¢ are normal, then the
red sequence exists and is exact:

e Ker f Kera Kerb Ke>

' g’

g(era —— Coker b —— Cokerc — Coker g’ — e.

EXERCISE 6-5. Show that a pair of normal homomorphisms

AN RNy

of algebraic groups whose composite is normal gives rise to an exact (kernel-cokernel)
sequence

O—>Kerf—>Kergofi)Kerg—>Cokerfi>Cokergof—>C0kerg—>0.

Hint: use the extended snake lemma.
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EXERCISE 6-6. Let G and H be algebraic groups over k, and let G and H denote the
sheaves they define. Show that the canonical map

Ext! (G, H) — Ext'(G, H)

is a bijection. Here Ext! (G, H) (resp. Ext! (G, H)) denotes the set of equivalence classes of
extensions of G by H in the category of algebraic groups over k (resp. of G by H in the
category of sheaves of groups over k). Same statement for affine algebraic groups.



CHAPTER 7

Existence of quotients of algebraic
groups

Let H be an algebraic subgroup of an algebraic group G over a field k. In this section, we
prove that G/H exists as a separated algebraic scheme over k.!

Because of the additional flexibility it gives us, we consider the problem of quotients in
the more general setting of equivalence relations on algebraic schemes. First we prove the
existence of a quotient when the equivalence classes are finite (7.18, 7.24). This implies the
existence of a quotient whenever there exists a “quasi-section” (i.e., a one-to-finite section)
(see 7.29). In general, there will exist a quasi-section for an equivalence relation over a dense
open subset (7.33). Using this, we deduce the existence of G/H (7.35).

In this section, we work over a noetherian base ring Ry, and we ignore set-theoretic
questions. All Rp-algebras are finitely generated. An algebraic scheme over Ry is a scheme
of finite type over Spec(Rp). Throughout, “functor” means “functor from Rg-algebras
to sets representable by an algebraic scheme over Rp”. An algebraic scheme X over Ry
defines such a functor, R ~» X(R), which we denote by X or hy. The functor X ~> X is an
equivalence of categories.

a. Equivalence relations

DEFINITION 7.1. A pair of morphisms ug,u1: F1 = Fo of functors is an equivalence
relation if, for all k-algebras R, the map

(uo,u1)

F1(R) — Fo(R) x Fo(R)
is a bijection from F(R) onto the graph of an equivalence relation on Fy(R).

Explicitly, the condition means the following: let R be an Rg-algebra; for x,x’ € Fy(R),
write x ~ x’ if there exists a y € F;(R) such that ug(y) = x and u1(y) = x’; then ~ is an
equivalence relation on the set Fy(R) in the usual sense and the y, if it exists, is unique.

Note that the equivalence class of x € Fo(R) is u (uo_1 (x)). We say that a subfunctor F’
of Fy is saturated with respect to an equivalence relation if F’(R) is a union of equivalence
classes for all R (i.e., u1(uy ' (F')) C F).

IThis result is not proved in DG; it was planned for “Tome II” — see DG, Tome I, p.342.

107
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EXAMPLE 7.2. Recall that an (abstract) group acts freely on a set if no element of the group
except e has a fixed element. An action of a group functor G on a functor F is said to be
free if G(R) acts freely on F(R) for all Ryp-algebras R. Let G x F' — F be a free action.
Then

(g,x)—>gx
GxF

(g.x) > x
is an equivalence relation. The graph of the equivalence relation on F(R) is
{(gx.x) [ g € G(R), x € F(R)j.
The action being free means that the map
(g, x) > (gx,x):G(R)x F(R) »> F(R)x F(R)
is injective: (gx,x) = (g'x",x’) & x=x"andg !g/x =x &= x=x"andg =g’
EXAMPLE 7.3. For any map of functors u: Fp — F, the pair

D1
F1 = Foxu,ruFo —= Fo
P2

is an equivalence relation (two elements of F(R) are equivalent if and only if they have the
same image in F(R)).

DEFINITION 7.4. Letug,u1: F1 = Fy be an equivalence relation on Fy, and let f: F(; —
Fo be a morphism. Form the fibred product

(uguy)

Fl Fx F}

| Jres

UoXu1q

FixFy, —— Fyx Fy.

Then g and v define an equivalence relation on Fj, called the inverse image of (ug,u1)
with respect to /. Note that xg,x; € Fj(R) are equivalent with respect to the inverse image
relation if and only if f(x¢), f(x1) are equivalent with respect to (1o, u1).

EXAMPLE 7.5. Letug,u1: F1 = Fp be an equivalence relation. Then the inverse images
of (ug,u1) with respect to ug and u; coincide (as subfunctors of F; x Fp). (Identify F(R)
with the set of pairs (xo,x1) € Fo(R) such that xo ~ x1. Then (xg,x1) ~ (x;,x]) with
respect to the inverse image by ug (resp. u1) if and only if xo ~ x{, (resp. x1 ~ x}). These
conditions are the same.)

DEFINITION 7.6. Suppose given a diagram

uo u
Fr—=Fy—— F

Ui

in which (u¢,u1) is an equivalence relation. We say that u (or by an abuse of language F) is
a quotient of (ug,uy) if
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(a) uoug=uouy;
(b) the map (ug,u1): F1 — Fo X Fp is an isomorphism;

(c) for all functors T, the sequence

oUuo
Hom(F,T) —— Hom(Fy,T) —= Hom(F,,T)

Oul

1s exact.

REMARK 7.7. Condition (a) says that (u¢,u1) maps into the fibred product, so that (b)
makes sense. Condition (c) implies (a), but (b) and (c) are completely independent. Condition
(c) implies that the quotient, if it exists, is unique (up to a unique isomorphism).

REMARK 7.8. Letug,ui: X1 = X be morphisms in some category C with fibred products.
A morphism u: Xg — X is a cokernel of (ug,u1) inCif uouy =uou; and u is universal
with this property:

vouyg=vouq

In other words, u is the cokernel of (ug,u1) if
Hom(X,T) - Hom(Xo,T) = Hom(Xy,T)

is exact for all objects 7" in C. A morphism u: Xo — X is an effective epimorphism if it is a
cokernel of the projection maps X¢ xy X9 = X. Conditions (a) and (c) in (7.6) say that u
is a cokernel of (u¢,u1) in the category of functors, and (b) then says that u is an effective
epimorphism.

PROPOSITION 7.9. A pairuo,u1: F1 = Fy is an equivalence relation if and only if

(uo,u1)

(a) F1(R) —> (Fox Fy) (R) is a injective for all R;
(b) there exists a map s: Fo — Fp such that ugos = idg, = uj os (i.e., there exists a
common section to ug and uq);

(c) there exist maps vy, v1,v2: F, — Fy (of functors) such that

vo uo
Frh——=F —— Fy

V1
P

uo
Fr———=F,

ui

commutes (i.e., Ug O Vg = U9 O V], U] OV = UQ O V2, U] OV] = U1 o V3) and the two
squares

Vo V1
Frb— F Fr—— F

uo ui
Fr— F Fr— F
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are cartesian.

PROOF. =

(a) is part of the definition of equivalence relation.

(b) Let S denote the image of (ug,u1) in Fy x Fy. It contains the diagonal, and we
define s to be the composite of the maps

(d,id) _, (uo,u1)~!
0o — S — 1.

In other words, let x € Fo(R); then x ~ x, and so there is a unique y € F;(R) such that
uo(y) = x = uy1(y); set s(x) = y. Clearly this has the required properties.
(c) Set
F2(R) ={(x,y,2) € (Fox Fox Fo) (R) | x ~ y, y ~ z}

and

vo: (x,.2) > (y,2)
vi: (x,y,z2)—~(x,z) ¢ € F1(R) ={(z,w) € (Fo X Fo) (R) | z ~ w}.

v2: (x,y.2) = (x,y)

With the last identification,

uog(z,w) =w

ui(z,w) =z.
Now

ugovg and ug o vy both map (x,y,z) to z
U1 ovg and ug o vy both map (x,y,z) to y

u1ov; and u; o vy both map (x, y,z) to x.
This proves the commutativity, and the first square is cartesian because

Fixpy Fi ={(x.y).(x".y) [x ~y, x' ~y", y=x"}
={(x,y.y) [x~y, y~)'}

Similarly, the second square is cartesian.
<=: For x € Fy(R),

x =up(s(x)) =ui(s(x)) = x,

and so
X~ X.

Suppose that x ~ y and x ~ z in Fy(R); then

x=ui(x")
z =up(x")

x=up(x’)

some x” € Fi(R).
y =uop(x’) 1(%)

some x" € Fi(R)

Now u1(x") = u1(x”), and so there exists an x””/ € F,(R) such that

n

v1(x") = x"and v (x"") = x”
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(second square is cartesian). Consider vo(x””). Firstly,

ug(o(x”)) = uo(vi(x")) = y.

Secondly,
ur(vo(x")) = ug(v2(x")) = z,

and so y ~ z. This shows that ~ is an equivalence relation (if x ~ y then y ~ x because
X ~ X). |

REMARK 7.10. Let ug,u1: F1 = Fp be an equivalence relation. From the symmetry of
the equivalence relation, we obtain an automorphism s’: Fp — Fy such that ugos’ = u;
and uj os’ = ug. [Let y € F1(R); then ug(y) ~ u1(y) and so u1(y) ~ ug(y); this means
that there exists a (unique) y’ € Fy(R) such that ug(y’) = u1(y) and u1(y’) = ug(y); set
s'(y) = y’.] Thus, if F; and Fy are schemes and the morphism 1o has some property, then
the morphism u; will have the same property.

b. Existence of quotients in the finite affine case

PRELIMINARIES

7.11. Let M be an A-module. We say that M is locally free of finite rank if there exists a
finite family ( f;);es of elements of A generating the unit ideal A and such that, for all i € 7,
the Ar.-module My, is free of finite rank. Recall that this is equivalent to M being finitely
generated and projective (CA 12.5). We say that an A-algebra u: A — B is locally free of
finite rank if it is so as an A-module.

7.12. Let B be a locally free A-algebra of finite rank r, and let b € B. If B is free over A,
then we define the characteristic polynomial of b over A in the usual way. Now let ( f;)iers
be a family of elements as in the last paragraph such that By, is free over Ay,. Then we have
a well-defined characteristic polynomial in Ay, [T'] for each i. These agree in Ay, f,[T] for

all i, j € I. Using the exact sequence”

iel (i,j)elxI
we obtain a well-defined characteristic polynomial of » in A[T].

7.13. Let A be a subring of B such that B is a faithfully flat A-module. Then an A-module
M is locally free of finite rank if and only if the B-module B ® 4 M is locally free of finite
rank (Bourbaki AC 1, 3.6, Pptn 12).

7.14. Let A be aring and u: M — N a homomorphism of A-modules. Then u is injective
(resp. surjective, bijective, zero) if and only if u,: My, — Ny, is injective (resp. surjective,
bijective, zero) for all maximal ideals m in A (Bourbaki AC, II, 3.3, Thm 1).

7.15. Let A be aring. An A-module M is flat (resp. faithfully flat) if and only if the
Am-module M, is flat (resp. faithfully flat) for all maximal ideals m in A (Bourbaki AC, II,
3.4, Cor. to Pptn 15).

ZBecause there exists a sheaf O on spec(4) with O(D(f)) = Ay forall f € A, oruse that A — [; Ay, is
faithfully flat.
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7.16. A locally free module of constant rank over a semilocal ring is free (Bourbaki, AC 1,
5.3, Pptn 5).

7.17. If B faithfully flat over A and M ®4 B faithfully flat over B, then M faithfully flat

over A,
faithfully flat

M ®q B
Tfaithfully flat T
A——m M.

To prove this statement, test with
(N): N - N-—=>N".
Then
(N) exact <= (N)®4 B exact <= ((N)®4 B) ®p (M ®4 B) exact.
But this last is isomorphic to ((N) ®4 M) ® 4 B, which is exact if and only if (N) ®4 M is
exact.

THE THEOREM

Let Ap and A; be Rp-algebras. We say that the pair of maps ug,u1: 49 = A; is an
equivalence relation if oug,ouy: h41 = h40 is an equivalence relation.

THEOREM 7.18. Given an equivalence relation ug,u1: A9 = A1 with ug locally free of
constant rank r, then a quotient u: A — Ay exists; moreover, Ao is locally free of rank r as
an A-module.

The proof will occupy the remainder of this subsection. Consider the diagram

Condition (c) for a quotient says that, for all Rg-algebras R,

uo
Hom(R,A) —— Hom(R, Ayp) —= Hom(R, A7)

uj

is exact. With R = Ry, this says that A = Ker(ug,u1) and u equals the inclusion map —
define them so. Then we know,

(a) h41(R) — (h0 x h40) (R) = hA0®r40(R) is injective for all R (because (uq,u1)
is an equivalence relation);

(b) there exists an s such that s oug = s ou; (see the remark);

(c) the undashed part of the diagram is commutative, and the two left hand squares are
cocartesian (see the proposition);
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(d) uq is locally free of rank r (hypothesis and remark);
(e) u = Ker(ug,u1) (construction);
and we have to show
(f) the right hand square is cocartesian (= u is a quotient)

(g) u islocally free of rank r.
STEP 0. Statement (a) is equivalent to (a'): Ao ®4 A9 — A1 is surjective.
PROOF. First note that we have a factorization
Ao ®Ry Ao — Ao ®q A0 —— A

hAo x pAo ¢ A0 x4 hAo «—— p4

So (a) is equivalent to: (a*) hA1 — pAo®ado jg injective. Certainly, (a’) implies (a*). The
converse follows from the general statement:

R a finite C-algebra ) ) . onto
hR € injective —> Risaquotientof C,ie.,C — R.

Note that 4% — 1€ is injective if and only if A% x,c hR ~ hR ie. themapbhr>b®1—
1®b: R — R®c R is an isomorphism.

To show that C — R is surjective, it suffices to show that C,, — R\, is surjective for all
maximal ideals m of C. Note that we still have

Ry, a finite C,-algebra
Rn >~ Rn®c,, Ru.

Thus, we may assume that C is local (with maximal ideal m). Then, by Nakayama’s lemma,
it suffices to prove that
C/mC — R/mR

is surjective. Let k = C/mC (a field) and K = R/mR. The hypotheses implies that
K >~ K ®; K, but this implies that dimy (K) = 1, and so k ~ K. o

Note now that R has dropped out of all the hypotheses, and so we may forget about it.
STEP 1. It suffices to prove (f) and (g'): u is faithfully flat.

PROOF. These conditions imply that u is locally free (of rank r), because after a faithfully
flat base change it is and so we can apply (7.13). O

STEP 2. We may assume that A is local.

PROOF. Note that tensoring the diagram with A, (over A) preserves all the hypotheses
(because A, is flat over A). Suppose that the theorem has been proved for A, (arbitrary p).
Then (f) follows from (7.14) and (g’) follows from (7.15). o

STEP 3. We may assume that A is local with infinite residue field.
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PROOF. Suppose that A4 is local with maximal ideal m; then p = mA[T] is prime in A[T]
because A[T']/p = (A/m)[T]. Moreover, A — (A[T]); is flat (because A — A[T'] is) and is
local, therefore faithfully flat.

All the hypotheses are preserved by a faithfully flat base change, and also the conclusions.
For (g’) this follows from (7.17). o

STEP 4. The ring Ay is integral over A.

PROOF. Let x € Ag and let y = ug(x) € A;. We shall show that the characteristic polyno-
mial

FT)=T —o1T" '+« + (=)0,
of y over Ag (via u1) has coefficients in A and that F(x) = 0.

Let z = vo(y) = v1(y) € A;. The characteristic polynomial is preserved by base change,
and so ug(F) and u 1 (F) both equal the characteristic polynomial of z (over A; via vy).

Vo uo V0 u
Ay &—— A1 «— Ay zE—Jy«—x
V1 ™ V1
sz 1\”1 iu MO(F)sul(F)TUZ F}u
uo u ! uo
A &&= Ag <------ A O S—
Ui 231

Therefore, ug(F) = ui1(F), and so F = u(Fy) with Fy € A[T]. But F(y) =0, i.e.,
(uFo)(uox) =0, and so ug(Fop(x)) = 0. Now apply s to get Fo(x) =0. o

STEP 5. The ring Ag is semilocal.

PROOF. Because Ay is integral over A, every maximal ideal of Ag lies over the maximal
ideal of A. Let myq,...,my be distinct maximal ideals of Ay, and let ay,...,ay € A be
distinct modulo m (recall that the residue field is infinite). Take x € Ag such that x = a;
mod m; (exists by the Chinese remainder theorem). Then the characteristic polynomial of x,
modulo m, has N distinct roots, namely, ay,...,ay,andso N <r. o

STEP 6. Completion of the proof.
Now apply (7.16):

A1 locally free of rank r over Ag (via uy)

Ay semilocal — A free over Ag (via uq)

Note that the set ug(Ag) generates A; as a (41, Ag)-module (because Ag @4 Ag — A1
is surjective). Therefore Lemma 7.19 below shows that there x1,...,x, € Ay, such that
uo(x1),...,up(x,) form a basis for A; over Ag (via uy).

We shall complete the proof by showing that Ay is free over A with basis {x1,...,x,}
and that A} = Ao ®4 Ao. Let y; = uo(x;).

If Y ajxi =0, a; € A, then Y _a;y; =0, and so a; = 0 all i. Therefore the x; are
linearly independent.

Let x € Ay, and let y = u(x). By assumption, there exist b; € Ag such that

y=Y wuibi)yi =) biyi.
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In the last expression, we regard A; as an Ag-module via u;. Let

z=vo(y) =v1(y)
zi = vo(yi) = v1(yi)-

Then the z; form a basis A, over Ay (via v3), and so
2= uo(bi)zi = Y ui(bi)zi = uo(b)) =uy(b;)alli => b; € A, alli.

On applying s to y = Y _b; y;, we find that

X = Zbi Xi,
and so the x; generate.

LEMMA 7.19. Letu:A — B be a homomorphism with A local and B semilocal. Assume
that u maps the maximal ideal m of A into the radical v of B. Let N be a free B-module of
rank r, and let M be an A-submodule of N such that N = BM . If the residue field of A is
infinite, then M contains a B-basis for N.

PRrROOF. Elements n1,...,n, of N form a B-basis for N if (and only if) their images in
N/tN form a B/t-basis — by Nakayama’s lemma, they will generate N, and there are r of
them. Thus we may replace N with N/tN, M with M/M NtN, and so on. Then A4 is a
field, and B is a finite product of finite field extensions B = [| j k; of k. Correspondingly,
N =[], N; with N; a kj-vector space of dimension r. To complete the proof, we use
induction on r, the case r = 0 being trivial.

I claim that there exists an m € M whose image in N; is zero for no j. By hypothesis
there exists an m; € M whose image in N; is not zero. Consider

m= Zijj, cj €k.

The set of families (c;) such that m = 0 in N; is a proper subspace of k", and a finite union
of proper subspaces of a finite dimensional vector space over an infinite field cannot equal
the whole space’ — hence we can find an appropriate family (c 7).

The B-module N/Bm =[]; Nj/kjm; is free of rank r — 1, and the k-subspace M/kn
still generates it. By induction, there exist elements m1,...,m,—1 in M forming a B-basis
for N/Bm. Now my,...,my_1,m form a B-basis for N. o

REMARK 7.20. Letu: A — A be faithfully flat. Then u = Ker(ug,u1), and so the maps
X XxR1,1Qx: 40 = Ao ®4 Ao

are an equivalence relation on A with quotient u: A — Ap. The theorem says that every
equivalence relation with A1 locally free of constant rank over Ay is of this form.

REMARK 7.21. (a) The situation

., "o u faithfully flat
A—— Ag ——= Ao ®4 Ao u = Ker(ug,u1)

ui

3Suppose V = J'_, V; with V; # V. Let f;:V — k be a nonzero linear map zero on V;. Then [1fjisa
nonzero polynomial function on V' vanishing identically, which is impossible because k is infinite.
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is stable under base change (because u stays faithfully flat).
(b) The above situation is stable under products, i.e.,

A——— Ag ——=3 A9 ®4 Ao
®Ro ®Ro ®Ro
B — Bo ———= By ®3 Bo

is of the same form.
(c) Amap ¢: A9 — Bo defines amap A — B if ¢ ® ¢ satisfies the obvious commutativity
condition:

A#Aojfll

Js
B——> B ———= B;.

In other words, we have a map

Hom((Ap, A1), (Bg, B1)) — Hom(A4, B).

c. Existence of quotients in the finite case

PRELIMINARIES

7.22. Let Z be a closed subset of X = Spec(A) and let S be a finite set of points of X ~Z;
then there exists an f € A such that f is zero on Z but is not zero at any point in S.

PROOF. This is the prime avoidance lemma (CA 2.8) o

7.23. Let A — B be alocally free A-algebra of rank r. Let p be a prime ideal in A, and let
d1,...,qn be the prime ideals of B lying over it. An element b of B liesinqy U...Uqy if
and only if its norm Nm(b) € p.

PROOF. After replacing A and B with A, and By, we may suppose that A is local with
maximal ideal p and that B is semilocal with maximal ideals qy,...,q,. Then B is free of
rank r (7.16), and Nm(b) is the determinant of A-linear map £;: B — B, x > bx. Now

Nm(b) ¢ p <= Nm(d) invertible (p is the only maximal ideal of A)
<= {j invertible (linear algebra)
<= b is invertible in B
< bé¢qU---Ugqy. (q1,...,q, are the only maximal ideals of B). g

THE THEOREM

Let X be an algebraic scheme over Ry, i.e., a scheme of finite type over Spec(Rp). Then X
defines a functor X, and X ~> X is an equivalence of categories. By an equivalence relation
on X, we mean an equivalence relation on X.

THEOREM 7.24. Let (ug,u1): X1 = Xo be an equivalence relation on the algebraic scheme
Xo over Rgy. Assume
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(a) up: X1 — Xo is locally free of constant rank r;
(b) forall x € Xy, the set u()(ul_1 (x)) is contained in an open affine of Xo.

Then a quotient u: Xo — X exists; moreover, u is locally free of rank r.
The proof will occupy the rest of this subsection.
STEP 1. Every x € X has a saturated open affine neighbourhood.

PROOF. By hypothesis, there exists an open affine neighbourhood U of x containing its
equivalence class ulugl (x). Let U’ denote the union of the equivalence classes contained
inU,i.e., U’ is the complement in U of uluo_l (X9 ~U). This last set is closed because 11
is finite, and so U’ is open. Moreover U’ is saturated by construction. It contains x and is
contained in U, but it need not be affine.

As U is affine and the set ulugl(x) is finite and contained in U’, there exists an
f € Ox,(U) that is zero on U ~ U’ but is not zero at any of the points of ulugl (x) (7.22).
In other words, the principal open subset D(f) of U is contained in U’ and contains
Ui ual (x). Let U” be the union of the equivalence classes contained in D( f), i.e.,

U" = D(f)~uiug*(U'~D(f)).

As before, this is a saturated open set. It contains x and is contained in D( f'). It remains to
show that it is affine.

Let Z(f) = U’'~ D(f). Itis the zero set of f in U’, and so ug'(Z(f)) is the zero set
of ud(f)inuy'(U’). Therefore uquy ' (Z(f)) is the zero set of Nm(ug(f)) in U’ (7.23).
By construction, its complement in D( 1) is exactly U”, and so U” is the set of points of
D(f) where Nm(ug(f)) is not zero, which is an open affine subset of D( f). 0

STEP 2. Letug,u1:X1 = Xo be a pair of morphisms of Ry-ringed spaces.
(a) There exists a cokernel u: Xo — X in the category of Ry-ringed spaces.

(b) Ifug, u;y, and u are morphisms of schemes, and then u: Xo — X is a cokernel in the
category of Rgy-schemes.

PROOF. (a) Let | X| be the topological space obtained from | X| by identifying uo(x) and
u1(x) for all x € | X1], and let u be the quotient map. For an open subset U of X, define
Ox (U) so that

Ox (U) = Ox,(u™' (U)) = Ox, (ugou)~'U)
is exact. Then Oy is a sheaf of Ry-algebas on X, and u: Xo — X is a cokernel of (ug,u1)
in the category of ringed spaces.

(b) Let v: Xog — T be a morphism of schemes such that v ougy = v ou;. By hypothesis,
there exists a unique morphism of ringed spaces r: X — T such that r ou = v. It remains
to show that, for all x € X, the homomorphism O, (y) — Oy induced by r is local. But
x = u(xp) for some x¢ € Xg, and O, — Oy, and the composite

Or(x) — Ox —> Oxo
are local, which implies the statement. O

STEP 3. Completion of the proof
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PROOF. Let (ug,u1) be as in the statement of the theorem. As in the affine case, we
first construct the cokernel u: Xo — X of (ug,u1) in the category of ringed spaces. Let
Up be a saturated open affine subset of X, and let U; = uo_l(Ug) = ul_l(Uo). Then
(uo,u1):Uy = Up is an equivalence relation, and V = u(Up) C X is the cokernel of
(uo,u1)|U; in the category of ringed spaces. From the affine case (7.18), we see that
V is an affine scheme. As finitely many V' cover X (Step 1), we deduce that X is an
algebraic scheme over R and that u is a morphism of Rg-schemes. It follows that u is the
cokernel of (19, u1) in the category of schemes over Rq (Step 2); moreover, X1 >~ Xo Xx Xo
because this condition is local on X. o

REMARK 7.25. Itis possible to weaken the hypothesis (a) to
up: X1 — Xo is locally free of finite rank,

because such an equivalence relation decomposes into a finite disjoint union of equivalence
relations of constant rank.
APPLICATION

PROPOSITION 7.26. Let G be an algebraic group over R, and let H be an algebraic
subgroup of G. Assume that H is locally free of rank r over Ry. Then the quotient sheaf
G7H is representable by an algebraic scheme G/H over Ry, and the morphism G — G/H
is locally free of rank r; moreover, G x H >~ G X JH G.

PROOF. Apply the theorem to the equivalence relation

(g,h)—gh
GxH

(g,h)—~>g

onG. o

d. Existence of quotients in the presence of quasi-sections

PRELIMINARIES

We shall need the following technical lemma.

LEMMA 7.27. Let

vo
Y1 —=Y),

U1

lfl lfo
uo

X1 —= Xo

Ui

be a commutative diagram in some category C with fibred products. Assume that fo and
Jf1 are effective epimorphisms, and that there exists a morphism A:Yo xx, Yo — Y1 such
that voo A = p; and vi o A = p,. Then the cokernel of (ug,u1) exists if and only if the
cokernel of (vg,v1) exists, in which case fy induces an isomorphism

Coker(vg,v1) — Coker(ug,uy)
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PROOF. Let T be an object of C, and consider the diagram

C (o, u1)(T) —— Hom(Xo,T) —= Hom(X;,T)

f(D) Jn&) Jﬂﬁ)

N2

C (v, v1)(T) ——> Hom(Yy, T) —— Hom(¥y, T).

in which the left hand terms are defined to make the rows exact. Here 7'( f;) is the map
defined by f;:Y; — X;. The cokernel of (ug,u) exists if and only if the functor T ~>
C(up,u1)(T):C — Set is representable, in which case it represents the functor.

The map T'(fp) is injective because fy is an epimorphism. As f(7T) is induced by
T (fo), it also is injective. We shall show that f(7) is surjective for all T, and so f is an
isomorphism of functors on C. Thus the C(uq,u) is representable by an object of C if and
only if C(vg,vy) is. This will complete the proof of the lemma because the second part of
the statement is obvious.

Let g € C(vg,v1)(T). Thus g is amap Y9 — T such that govg = govy:

Yo xx, Yo
/plupz
Y1 ﬁ Yo
V1 \
lfl lfo L T

ug -
X1 ——= Xy

Ui

Then govgo A =govioA, andso go p; = go pa. As fp is an effective epimorphism,
g =ho fy forsome h: Xg — T,i.e., g = T(fo)(h). It remains to show that houg = houj.
But

hougo fi =ho foovg =goveg=govy=ho fyovy =houjo fi,

which implies that #ouy = hou; because fi an epimorphism. o

Recall that “functor” means “set-valued functor on finitely generated Rg-algebras repre-
sentable by a scheme of finite type over Spec(Rp)”. Thus it makes sense to say that a map of
functors is faithfully flat. Moreover, a faithfully flat morphism is an effective epimorphism.
The pull-back of a faithfully flat morphism is faithfully flat, and so is also an effective
epimorphism.

We shall apply the lemma in the following situation: (u¢,u1) is an equivalence relation,
and (vg, v1) is the inverse image of (u¢,11) with respect to a faithfully flat map fo: Yo — Xo.
Then f7 is a pull-back of fy, and so fp and f; are both faithfully flat, and hence effective
epimorphisms. There exists a morphism s: Xo — X1 such that ugos =idy, =uj0s (7.9)
and we can take A to be the section of Y1 — Yo Xx,, Yo defined by the morphism

Y()XXOYo—)Yoﬁ)X()—)Xl

It is possible to replace the condition “ fy is faithfully flat” with the condition “ f admits a
section”.
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THE THEOREM

DEFINITION 7.28. Letug,u1: X1 = Xo be an equivalence relation on an algebraic scheme
Xo over Rg. A quasi-section of (1, u1) is a subscheme Yy of X such that

(a) therestriction of 11 to uo_l (Yo) is a finite locally free surjective morphism f: ual Yo) —
Xo;

(b) every subset of Yy consisting of points that are equivalent in pairs is contained in an
open affine of Y.

Condition (a) says, in particular, that Yy meets every equivalence class in a finite
nonempty set. Therefore, the subsets in (b) are finite. Condition (b) says that, for all
x € Yy, the finite set ulual (x) N'Yy is contained in an open affine of Yj.

THEOREM 7.29. Letug,u1: X1 = Xo be an equivalence relation on an algebraic scheme
Xo over Rg. If (ug,u1) admits a quasi-section, then a quotient u: Xo — X exists; moreover,
u is surjective, and if ug is open (resp. universally closed, flat) then u is also.

PROOF. Let Y be a quasi-section. Let i: Yy <> X be the inclusion map, and let (vg,v1): Y1 =
Yo be the inverse image of (1o, u) with respect to i. By definition (7.4), Y7 is the intersection
ual Yo)N ul_l (Yo), and so we have a cartesian square:

Y1 —— uy (Y,
: o o) f=uilug'(Yo)

l’“ [r=al v =

Yo — Xo.

It follows that v, is finite locally free and surjective. Therefore, the equivalence relation
Y1 = Yo on Y, satisfies the hypotheses of Theorem 7.24, and so it admits a quotient
V: Yl —Y.

Let Zg = ual (Yo). Letugy: Zo — Yo be the restriction of ug to Zg, and let (wo, w1): Z1 =
Zy be the inverse image of (vo,v1) with respect to ug. The morphism uy: Zg — Yo ad-
mits a section (because up does 7.9b), and so Lemma 7.27 et seq. shows that the pair of
maps (we,w1): Z1 = Zo admits a cokernel w: Zy — Z (equal to v ou(): Zy—Y). More-
over, Z1 — Zo Xz Zp is an isomorphism because it is a pull-back of the isomorphism
Y1 — Yo xy Yp. Thus w is a quotient of (wg, wy).

We now have a diagram

vo
Y1 —=Y)
V1 \
ug
wo w
1 —/—=3Zg— 7
w1 L
fl
ug .
X1 —= Xp.

Ui

Here v and w are the cokernels of (vg,v1) and (wg, w1) respectively. Note that (wq, w1) is

the inverse image of (1o, 1) with respect to i oug, which equals the map Zo — X %X 0-
Therefore, according to Example 7.5, it is also the inverse image of (1, u) with respect
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to the map Zog — X 2Lx o. But this last map equals f, which is finite and locally free,
and so it is faithfully flat. Lemma 7.27 et seq. now shows that there exists a morphism
u: Xo — Z such that uo f = w and u is the cokernel of (u¢,u1).

The morphism X1 — Xo Xy Xo is an isomorphism because the morphism Z1 — Zo Xz
Z obtained from it by a faithfully flat base change f X f is an isomorphism. We have
shown that u: X9 — X is a quotient of (uq,u1).

Finally, u is obviously surjective. The morphism v is finite and locally free (7.24), and it
now follows easily from the above diagram that u is open (resp. universally closed, flat) if
Ug is. o

REMARK 7.30. The map u: Xy — X is the cokernel of (u¢,u1) in the category of ringed
spaces.

e. Existence generically of a quotient

We now work over a base field k.

PRELIMINARIES

7.31. Let X and Y be algebraic schemes over field k. Let x be a closed point of X and let
y be a point of Y . There exist only finitely many points of X X Y mapping to both x and y.

PROOF. The fibre of X x Y over {x, y} is equal to the fibre of Spec(k(x)) xY — Y over y.
But, because x is closed, x(x) is a finite extension of k, and so this fibre is obviously finite.q

7.32. Let A — B be a local homomorphism of local noetherian rings, and let u: M’ — M
be a homorphism of finitely generated B-modules. If M is flat over A and u ® 4 (A/my) is
injective, then u is injective and Coker(u) is flat over A. (SGA 1, 1V, 5.7).

THE THEOREM

THEOREM 7.33. Letug,u1: X1 = Xo be an equivalence relation on an algebraic scheme
X over k. Suppose that ug is flat and that X is quasi-projective over k. Then there exists a
saturated dense open subscheme W of X such that the induced equivalence relation on W
admits a quotient.

After (7.29) it suffices to show that we can choose W so that the equivalence relation
induced on it has a quasi-section.

STEP 1. For every closed point z of Xy, there exists a closed subset Z of X¢ such that (a)
ZN ulual(z) is finite and nonempty; (b) uo_l (Z2) 2L X s flat at the points oful_1 (2).

PROOF. We construct a Z satisfying (a), and then show that the Z we have constructed also
satisfies (b).

To obtain Z, we construct a strictly decreasing sequence Zg D Z1 D --- of closed subsets
of X such that Z N uluo_l (z) is nonempty. Let Zg = X, and suppose that Z,, has been
constructed. If Z, N uluo_1 (z) is finite, then Z,, satisfies (a). Otherwise we construct Z, 1
as follows. The set uo_l(Z,,) N ul_l(z) is closed in X1, and we let y1,..., y, denote the
generic points of its irreducible components. The image Z, Nuouy'(z) of ug'(Z,) N
ul_l (z) in Xy is infinite by hypothesis; it is also constructible, and so it contains infinitely
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many closed points. We can therefore choose a closed point x of Z, N uoul_l (z) distinct
from the points uo(y1),...,uo(yr). By hypothesis, X¢ can be realized as a subscheme of P™
for some m. As x is closed in X, its closure in P"”* does not contain any point #¢(y;), and so
there exists a homogeneous polynomial f* € k[Xo,..., X;] which is zero at x but not at any
point u(y;) (homogeneous avoidance lemma; cf. 7.22). Weput Z,, 41 = Z, NV (f). Itis
a closed subset of X, strictly contained in Z,, and Z,4+1 N ulual (z) is nonempty because
it contains x.

Eventually, Z,,+1 N ulual (z) will be finite, and it remains to show (inductively) that
the restriction of u; to uo_l(Zn_H) is flat at the points of ul_l (z). Let y be such a point.
Let O, (resp. Oy, (’);,) be the local ring of z in X (resp. of y in ual(Zn), of y in
ugl(ZnH)). By induction O, is flat over O,. The local ring O}, of y in ual(Zn_H) can
be described as follows. Let g be a homogeneous polynomial of degree 1 such that D (g) is
a neighbourhood of uo(y) in P!, In a neighbourhood of u¢(y) (in Z;), Z,+1 has equation
/g% = 0 for some homogeneous polynomial f of degree d. Therefore in a neighbourhood
of y (in ual (Zn)), uo_l (Zn+1) has equation & = 0 where £ is the image f/g< in Oy, and
so O, = Oy /hOy. By construction, / is not a zero-divisor on Oy, and so (7.32) implies
that O, is flat over O;. o

STEP 2. Let z be a closed point of X¢. There exists a saturated open subset W, of Xo
admitting a quasi-section and meeting all the irreducible components of X passing through
zZ.

PROOF. Let Z be as in Step 1, and let u’l : ugl (Z) — Xy be the restriction of u;. The fibre
u’l_l (z) is finite (7.31). Let U be the open subset of uo_l (Z) formed of the points where u;
is both flat and quasi-finite. Let W, denote the greatest open subset of u (U) above which
u'y is finite and flat. Then W, contains the generic points of the irreducible components
passing through z. By using the associativity of the equivalence relation, one shows that
W, is saturated, and that u’l_1 (W) = u6_1 (U) for some open subset U of Z. Note that
W, contains U because it is saturated. It follows from the construction of W, that U is a
quasi-section for the induced equivalence relation on W, (see SGA 3, V, §8, p.281 for more
details). O

STEP 3. There exists a saturated dense open subscheme W of X such that the equivalence
relation induced on W has a quasi-section.

PROOF. Let z be a closed point of X, and let W, be as in Step 2. Its exterior uo_l (Xo~Wy)
is then saturated (because 1 (”0_1 (Xo~W,)) is open and doesn’t meet W;). If this exterior
is nonempty, then it contains a closed point z’, and we have a set W,,, which we may
suppose to be contained in Xo ~ W,. Then W, and W, are disjoint, and the equivalence
relation induced on W, U W,, admits a quasi-section. Continuing in this way, we arrive at
the required W in finitely many steps because X¢ has only finitely many components. o

As noted earlier, this completes the proof of the theorem.

f.  Existence of quotients of algebraic groups

PRELIMINARIES

LEMMA 7.34. Let X be an algebraic scheme over a field k. Suppose that, for every finite
extension k' of k, we have an open subscheme U [k'] of X}, containing X (k'), and that
Ulk'lgr C UIK"] if k" C k”. Then U[k’] = Xy for some finite extension k' of k.
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PROOF. Let Z[k'] denote the complement of U[k’] in Xj,. Choose a closed point x; in each
irreducible component of Z[k], and let K/ k be a finite normal extension of k such that the
residue field k (x;) embeds into K for all i. Every point of Xg above an x; is K-rational
and so lies in U[K], and so dim Z[K] < dim Z[k]. On repeating the argument with K for &,
we obtain a finite extension L /K such that

dim Z[L] < dim Z[K] < dim Z[k].

Eventually this process stops with Z[k'] empty. o

THE THEOREM

THEOREM 7.35. Let H be an algebraic subgroup of a quasi-projective algebraic group G
over k. Then G admits a quotient G/H for the equivalence relation defined by H (7.2); in
particular, the sheaf G7H is represented by an algebraic scheme G/H over k. The quotient
map u:G — G/H is faithfully flat.

The proof will occupy the remainder of this subsection.
STEP 1. The theorem becomes true after a finite extension of the base field.

PROOF. For a finite extension k” of k, we let U [k] denote the union of the open subsets
W C Gy stable under the right action of Hy and such that the quotient W/ Hy exists. Then
U k'] is the greatest open subset of G with these properties. The left translate of U[k’] by
an element of G (k’) also has these properties, and so equals U [k']; thus U[k] is stable under
the left action of G (k’). Theorem 7.33 implies that U [k] is dense in G, and, in particular,
contains a closed point. After possibly replacing k by a finite extension, we may suppose
that U [k] contains a k-point. Then, for every finite extension k’/ k, the set U[k’] contains
G(k’). Now Lemma 7.34 shows that U [k'] = X} for some k. o

STEP 2. Suppose that the quotient sheaf G7H is representable by an algebraic scheme X
over k. Then every finite set of closed points of X is contained in an open affine.

PROOF. Letu:G — X denote the quotient map. Let U be a dense open affine subset of X,
and let x1,...,x, be closed points of X.
Suppose initially that each x; equals u(g;) for some g; € G(k), and that the open subset

n -1 -1
,_, &' U)
of G, which is automatically dense, contains a k-rational point g. Then, for all 7,

gegi-w ' (U)™!

and so g; € g-u~Y(U) and x; € g-U. Therefore the open affine g-U has the required
properties.

We know that x; = u(g;) for some closed point g; of G. Let K be a finite extension of
k such that all the points g]’. of G mapping to some g; are K-rational (take K to be any
normal extension of k such that every field x(g;) embeds into it). Then

(), & @ W)™

is a dense open subset of Gk, and therefore contains a closed point g . After possibly
extending K, we may suppose that g is K-rational. The previous case now shows that
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there exists an open affine U’ of Xk containing the images x; of the g}.. As the x’; are all
the points of Xx mapping to an x;, they form a union of orbits for the finite locally free
equivalence relation on Xk defined by the projection Xx — X. By arguing as in (7.18), we
obtain a saturated open affine W’ C U’ containing all the x}. Its image W in X contains all
the x;, and it is open and affine because it is the quotient of the affine W' by a finite locally
free equivalence relation (see the affine case 7.18). o

STEP 3. Conclusion (descent)

PROOF. Let K be a finite extension of k£ such that the quotient Gx — Gg /Hg exists. The
inverse image of the equivalence relation

P
Spec(K ®; K) —= Spec(K)
p2

(see 7.3) with respect to Gx /Hg — Spec(K) is an equivalence relation on Gg /Hg satisfy-
ing the conditions of Theorem 7.24. Its quotient is the required quotient of G by H. O

REMARK 7.36. The hypothesis that G be quasi-projective in (7.35) can be removed in two
different ways: (a) by removing the hypothesis from (7.33); (b) by using that every algebraic
group over a field is quasi-projective.

APPLICATIONS

PROPOSITION 7.37. Every monomorphism of algebraic groups is a closed immersion.

PROOF. Let H — G be a monomorphism of algebraic groups. Then H is isomorphic (as
a sheaf, and hence as a scheme) to the fibre of the map G — G/H over the distinguished
point of G/H . Therefore H — G is a closed immersion. o

PROPOSITION 7.38. Let N be a normal algebraic subgroup of an algebraic group G. The
homomorphism of sheaves G — G /N is represented by an faithfully flat homomorphism
G — G/ N of algebraic groups

PROOF. We know G7N is a functor to groups whose underlying functor to sets is repre-
sentable by an algebraic scheme G/ N . Therefore G/ N is an algebraic group. O

NOTES. The elementary proof of (7.18) follows lectures of Tate from 1967. For the rest, we have
followed the original source, SGA 3, V, and Brochard 2014.

g. Complements

Groupoids. List the known results (and explain how the above proofs generalize)..



CHAPTER 8

Subnormal series; solvable and
nilpotent algebraic groups

Once the isomorphism theorems have been proved, much of the basic theory of abstract
groups carries over to algebraic groups.

a. Subnormal series

Let G be an algebraic group over k. A subnormal series' of G is a finite sequence
(Gi)i=o.,...,s of algebraic subgroups of G such that Go = G, Gy = e, and G; is a normal
subgroup of G;_; fori =1,...,s:

G=Go>G1>-->Gsg=e. 41)

A subnormal series (G;); is a normal series (resp. characteristic series) if each G; is normal
(resp. characteristic) in G. A subnormal series is central if it is a normal series such that
G;/Gj+1 is contained in the centre of G/ G; 4 for all i.

PROPOSITION 8.1. Let H be an algebraic subgroup of an algebraic group G. If
G=Gy DG D--DGs=e
is a subnormal series for G, then
H=HNGyDHNG; D---DHNGs=e
is a subnormal series for H, and
HNG;/HNGi+1 = Gi/Gj+1.

PROOF. Consider the algebraic subgroup H N G; of G;. According to the isomorphism
theorem (5.37, 6.19), the algebraic subgroup (H N G;) N G;+1 = H N G; 41 of G; is normal,

and
HNG;/HNGi+1 ~(HNG;)-Gi/Gi+1 = Gi/Gi+1. -

IDemazure and Gabriel (1970, 1V, p-471) and some other authors call this a composition series (suite
de composition), but this conflicts with the usual terminology in English and German, which requires that
the quotients in a composition series (Compositionsreihe) be simple, i.e., a composition series is a maximal
subnormal series (Albert, Modern Higher Algebra; Burnside, Theory of Groups of Finite Order; Dummit and
Foote, Abstract Algebra; Hungerford, Algebra; Jacobson, Basic Algebra; van der Waerden, Modern Algebra;
Weber, Lehrbuch der Algebra (1899, 11, p.23); Wikipedia; Zariski and Samuel, Commutative Algebra).
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Two subnormal sequences

G=GoDG1D--DGsg=e

(42)
G=HyDHD---DH;=e

are said to be equivalent if s =t and there is a permutation 7 of {1,2,...,s} such that
Gi/Gi+1~ Hpiy/Hy(iy+1-

THEOREM 8.2. Any two subnormal series (42) in an algebraic group have equivalent
refinements.

PROOF. Let G; j = G;+1(H; NG;) and H;; = H; +1(G; N H}), and consider the refine-
ments

DG =Gi02Gi;1D>-DGit=Git1 D
--DHj=HjoDHj1D>---DHjy=Hj; 1D
of the original series. According to the next lemma,
Gi,j/Gi,j+1 >~ Hji/Hji+1,
and so the refinement (G; ;) of (G;) is equivalent to the refinement (H; ;) of (H;). o

LEMMA 8.3 (BUTTERFLY LEMMA). Let H; D Ny and H» D N, be algebraic subgroups
of an algebraic group G with N1 and N, normal in Hy and H,. Then Ny(Hi N N3) and
N>(N1 N Hy) are normal algebraic subgroups of the algebraic groups N1(H1 N H3) and
N>(H» N Hy) respectively, and there is a canonical isomorphism of algebraic groups

Ni(HiNHy)  Na(HiNH3)
Ni(HiNN2) — Na(N1NH»)

PROOF. The algebraic group Hy N N3 is normal in H; N Hy and so N1 (H1 N H>) is normal
in N1(H1 N N3) (see Exercise 6-1). Similarly, No(H> N Np) is normal in No(H, N Hy).

The subgroup H; N H; of G normalizes N1(H1 N N3), and so the isomorphism Theorem
5.37 shows that

HyNH, _(Hi N Hy)-Ni(H N No)
(HiNH))NNi{(HiNNp) Ni1(H1NN>)

(43)

As Hi NNy C Hy N Hy, we have that Hy N Hy = (H{ N Hz) (H1 N N3), and so
Ny-(HiNHy) = Ni-(Hi N Hy)-(Hi N Ny).

The first of Dedekind’s modular laws (Exercise 6-2a) with A = Hi N N>, B = H; N H,,
and C = Nj becomes

(H1 N H2) NNy (H1 N N2) = (Hy N N2)(Hy N Ha N Ny)
= (H1 N N3) (N1 N Hy).
Therefore (43) is an isomorphism

H{NH, NNI(HIHHZ)
(HiNN2)(N1NHy) — Ni(HiNNy)'
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A symmetric argument shows that

H{NH, ~ NZ(HIHHZ)
(HiNN2)(NiNHy) — Na(HxNNyp)'

and so
Ni(HiNHz) Na(HiNHy)

Ni(HiNNz) — No(H N Ny)' o

b. Isogenies

DEFINITION 8.4. Anisogeny of algebraic groups is a normal homomorphism whose kernel
and cokernel are both finite.?

For connected group varieties, this agrees with the definition in (2.17). For commutative
algebraic groups, it agrees with the definition in DG V, §3, 1.6, p.577; specifically, they
define an isogeny of commutative affine group schemes (not necessarily of finite type) over
a field k to be a morphism with profinite kernel and cokernel.

It follows from Exercise 6-5 that a composite of isogenies is an isogeny if it is normal.

DEFINITION 8.5. Two algebraic groups G and H are isogenous, denoted G ~ H , if there
exist algebraic groups G1,...,Gy, suchthat G = G, H = G, and, foreachi =1,...,n—1,
either there exists an isogeny G; — G; 41 or there exists an isogeny G;+1 — G;.

In other words, “isogeny” is the equivalence relation generated by the binary relation
“there exists an isogeny from G to H”.
c. Composition series for algebraic groups
Let G be an algebraic group over k. A subnormal series
G=Gy DG D--DGs=e
is a composition series if
dim Gy > dim Gy > --- > dim G

and the series can not be refined, i.e., for no i does there exist a normal algebraic subgroup
N of G; containing G; 1 and such that

dimG; > dimN > dimG;41.

In other words, a composition series is a subnormal series whose terms have strictly
decreasing dimensions and which is maximal among subnormal series with this property.
This disagrees with the usual definition that a composition series is a maximal subnormal

2[5 this the correct definition for nonconnected algebraic groups? I can’t find a definition in the literature. For
example, CGP don’t define it, and SGA 3 only defines an isogeny of reductive (hence connected) groups (XXII,
4.2.9). An isogeny is defined to be a surjective homomorphism with finite kernel by authors who (implicitly)
assume that all algebraic groups are smooth and connected. Do they mean G4 — G to be an isogeny? (over a
perfect field say). It is always surjective with trivial kernel. The Encyclopedia of Math defines an isogeny of
group schemes to be an epimorphism with finite flat kernel (epimorphism in what category? not group schemes).
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series, but it appears to be the correct definition for algebraic groups as few algebraic groups
have maximal subnormal series — for example, the infinite chain

i C 2 C s Co-C Gy
shows that G, does not.

LEMMA 8.6. Let
G=GyDG1D:--DGg=e

be a subnormal series for G. If dimG = dim G;/G; 1 for somei, then G ~ G;/Gjy1.
PROOF. The maps

Gi/Giy1< G —>Gi—-1—>--—>Gy=G
are isogenies. O

THEOREM 8.7. Let G be an algebraic group over a field k. Then G admits a composition
series. If
G=GpDG1D-DGs=e

and
G=HyD>DH{D---DH;=¢e

are both composition series, then s = t and there is a permutation v of {1,2,...,s} such that
G;/Gij+1 is isogenous to Hy;y/Hy ;)41 foralli.

PROOF. The existence of a composition series is obvious. For the proof of the second

statement, we use the notations of the proof of (8.2):
def
Gi,j = Gi+1(H;NGj)
def

Hj,,' = Hj_H(Gi ﬂH]’).

Note that, for a fixed i, only one of the quotients G; ;/G;, ;+1 has dimension > 0, say, that
with j = 7 (i). Now

Gi/Giv1 ~ Gig@)/Gizi+1  (8.6)
~ Hygy,i/Hy(),i+1 (butterfly lemma)

~  Hz@)/Hz()+1 (8.6).
As i+ (i) is a bijection, this completes the proof. o

EXAMPLE 8.8. The algebraic group GL, has composition series

GL,DSL, De
GL, DG, De

with quotients {G,,SL,} and {PGL,,, G,,} respectively.
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REMARKS

8.9. If G is connected, then it admits a composition series in which all the G; are connected.
Indeed, given a composition series (G;);, we may replace each G; with G?. Then G? C
G;_,.and G? is normal in G; 1 because it is characteristic in G; (1.39). Therefore (G;); is
still a composition series.

8.10. An algebraic group is connected if and only if it has no nontrivial finite étale quotient
(see Chapter 7). An algebraic group is said to be strongly connected if it has no nontrivial
finite quotient (étale or not). A strongly connected algebraic group is connected, and a
smooth connected algebraic group is strongly connected (because all of its quotients are
smooth 5.8).

We define the strong identity component G*° of G to be the intersection of the kernels
of the homomorphisms from G to a finite algebraic group. It is the smallest normal algebraic
subgroup having the same dimension as G. If G is smooth, then G*° = G°. If k is perfect
and Gpeq is normal in G, then G5° = (Gyeq)® (because Greq is smooth, and the (Greq)® is a
characteristic subgroup of Greq).

One may hope that every algebraic group has a composition series whose terms are
strongly connected, but this seems unlikely — the argument in (8.9) fails because we do not
know that N is characteristic in N .3

d. Solvable and nilpotent algebraic groups

An algebraic group is solvable if it can be constructed from commutative algebraic groups by
successive extensions, and it is nilpotent if it can be constructed from commutative algebraic
groups by successive central extensions. More formally:

DEFINITION 8.11. An algebraic group G is solvable if it admits a subnormal series
G=GyoDG1D--DGr=e
such that each quotient G; /G; 41 is commutative (such a series is called a solvable series).

DEFINITION 8.12. An algebraic group G is nilpotent if it admits a central subnormal series
(see p.125), i.e., a normal series

G=GypDG1D:--DGs=¢e

such that each quotient G;/Gj 1 is contained in the centre of G/G; 1 (such a series is
called a nilpotent or central series).

PROPOSITION 8.13. Algebraic subgroups, quotients, and extensions of solvable algebraic
groups are solvable.

PROOF. An intersection of a solvable series in G with an algebraic subgroup H is a solvable
series in H (apply 8.1); the image in a quotient Q of a solvable series in G is a solvable
series in Q (correspondence theorem 5.39); and a solvable series in a normal algebraic
subgroup N of G can be combined with a solvable series in G/ N to give a solvable series
inG. O

3] thank Michael Wibmer for pointing this out to me.
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EXAMPLE 8.14. The group T}, of upper triangular matrices is solvable, and the group U,
is nilpotent (see 8.46).

EXAMPLE 8.15. A finite (abstract) group is solvable if and only if it is solvable when
regarded as a constant algebraic group. Thus, the theory of solvable algebraic groups includes
that of solvable finite groups, which is already rather extensive. A constant algebraic group
G is solvable if G(k) does not contain an element of order 2 (Feit-Thompson theorem).

PROPOSITION 8.16. Algebraic subgroups and quotients (but not necessarily extensions) of
nilpotent algebraic groups are nilpotent.

PROOF. An intersection of a nilpotent series in G with an algebraic subgroup H is a
nilpotent series in H (apply 8.1). The image in a quotient Q of a nilpotent series in G is a
nilpotent series in Q. O

DEFINITION 8.17. A solvable algebraic group G over k is split if it admits a subnormal
series G = Gog D G1 D -+ D Gy, = e such that each quotient G; /G; 41 is isomorphic to G,
or Gp).

Every term G; in such a subnormal series is smooth, connected, and affine (10.1 below);
in particular, every split solvable algebraic group G is smooth, connected, and affine.

NOTES. In the literature, a split solvable algebraic group over k is usually called a k-solvable
algebraic group or a k-split solvable algebraic group. We can omit the “k” because of our convention
that statements concerning an algebraic group G over k are intrinsic to G over k. Here are a few of
the definitions in the literature.

DGV, §4, 3.1, p.530: The k-group G is said to be k-résoluble [k-solvable] if it is affine and
admits a subnormal series whose quotients are isomorphic to G, or G,, [note that the “affine” is
automatic].

SGA3, XVII, 5.1.0: Let k be a field and G an algebraic k-group. Following the terminology
introduced by Rosenlicht (Questions of rationality for solvable algebraic groups over nonperfect
fields. Ann. Mat. Pura Appl. (4) 61 1963 97-120), we say that G is “k-résoluble” if it has a
composition series [i.e., subnormal series] whose successive quotients are isomorphic to G,.

Conrad et al. 2010, A.1, p.392: A smooth connected solvable group G over a field k is k-split
if it admits a composition series [presumably meaning subnormal series] over k whose successive
quotients are k-isomorphic to G, or G, [note that the “smooth” and “connected” are automatic; in
the modern world, the “k” seems superfluous].

Borel 1991, 15.1: Let G be connected solvable [it is affine group variety over k]. G splits over k,
or is k-split, if it has a composition series [presumably meaning subnormal series] G = Gy D G D
.-+ D G, = {e} consisting of connected k-subgroups such that G; /G; 1 is k-isomorphic to G, or
Gm (0<i <n).

Springer 1998, 12.3.5, p.218: A connected solvable k-group [meaning affine group variety] is
called k-split if there exists a sequence G = Gog D G D --- D G, = {e} of closed, connected, normal
k-subgroups such that the quotients G; / G; 41 are k-isomorphic to either G, or G,.

e. The derived group of an algebraic group

Let G be an algebraic group over a field k.

DEFINITION 8.18. The derived group of G is the intersection of the normal algebraic
subgroups N of G such that G/N is commutative. The derived group of G is denoted DG
(or G’ or G%" or [G, G)).
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PROPOSITION 8.19. The quotient G/DG is commutative (hence DG is the smallest normal
subgroup with this property).

PROOF. Because the affine subgroups of G satisfy the descending chain condition (1.28),
DG = N1 N...N N, for certain normal affine subgroups Ni,..., N, such that G/N; is
commutative. The canonical homomorphism

G — G/Nyx--xG/N,

has kernel N1 N...N N, and so realizes G/DG as an algebraic subgroup of a commutative
algebraic group. =

We shall need another description of DG, which is analogous to the description of the
derived group as the subgroup generated by commutators.

PROPOSITION 8.20. The derived group DG is the algebraic subgroup of G generated by
the commutator map

def — —
(81,82) — [81,82) = 2182871 '8¢5 G xG — G

in each of the two cases (a) G is affine; (b) G is smooth.

PROOF. Let H be the algebraic subgroup of G generated by G2 and the map (g1, g2) —
[g1,g2] (2.24, 2.27 et seq.). This means that H is the smallest algebraic subgroup of G
containing the image of the commutator map. It follows from this description that it is
normal. As H(R) contains all commutators in G(R) (see 2.27), the group G(R)/H(R) is
commutative; but the functor R »> G(R)/H(R) is fat in G/H, and so this implies that the
algebraic group G/H is commutative. On the other hand, if N is a normal subgroup of G
such that G/ N is commutative, then N contains the image of the commutator map and so
N D H. We conclude that H = DG. o

COROLLARY 8.21. Assume that G is affine or smooth.
(a) Forevery field K Dk, DGx = (DG)k.

(b) If G is connected (resp. smooth), then DG is connected (resp. smooth).

(¢) For each k-algebra R, the group (DG)(R) consists of the elements of G(R) that lie
in D(G(R')) for some faithfully flat R-algebra R’.

(d) DG is a characteristic subgroup of G.
PROOF. (a) Immediate consequence of the proposition.
(b) Apply (2.25; 2.26; 2.29).

(c) Immediate consequence of the proposition.
(d) Clearly (DG)(R) is preserved by the automorphisms of G. O

When G is affine, we can make this explicit. Let I, be the kernel of the homomorphism
O(G) — O(G?") of k-algebras defined by the regular map (not a homomorphism)

(81,82,---,82n) > [21,82] - [g3,84] -+ :G*" = G

where [g;,g;] = gi g/ gl._lgj_l. From the regular maps

G:>5GY* > ... G ...

(81.82) — (g1.82. 1. 1) = -

’
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we get inclusions
]13123...31’13...’

and we let I = () I,. Then the coordinate ring of DG is O(G)/I (this is a restatement of
(8.20) in the affine case).

PROPOSITION 8.22. Let G be an affine group variety. Then O(DG) = O(G)/ I, for some
n, and (DG) (k") = D(G(k’)) for every separably closed field k' containing k.

PROOF. We may suppose that G is connected. As G is smooth and connected, so also is
G?" (3.13). Therefore, each ideal I, is prime, and a descending sequence of prime ideals in
a noetherian ring terminates (CA 21.6). This proves the first part of the statement.

Let V}, be the image of G2*(k’) in G(k’). Its closure in G(k') is the zero set of I,.
Being the image of a regular map, V,, contains a dense open subset U of its closure (CA
15.8). Choose 7 as in the first part, so that the zero set of I, is DG (k’). Then

U-U ' CV,-V, CVan CD(GKK)) = Um Vi C DG(K).

It remains to show that U -U~! = DG(k’). Let g € DG(k'). Because U is open and dense
in DG (k'), so is gU !, which must therefore meet U, forcing g to liein U - U 1. O

COROLLARY 8.23. The derived group DG of a connected affine group variety G is the
unique connected subgroup variety such that (DG )(k*P) = D(G(k*P)).

PROOF. The derived group has these properties by (8.21) and (8.22), and it is the only
algebraic subgroup with these properties because (DG )(k*P) is dense in DG. o

EXAMPLE 8.24. Let G = GL,,. Then DG = SL,. Certainly, DG C SL,. Conversely,
every element of SL, (k) is a commutator (SL, (k) is generated by elementary matrices, and
every elementary matrix is a commutator if |k| > 3).

ASIDE 8.25. For an algebraic group G, the group G (k) may have commutative quotients without G
having commutative quotients, i.e., we may have G = DG but G (k) # D(G(k)). This is the case for
G = PGL,, over nonperfect separably closed field of characteristic p dividing .

COMMUTATOR GROUPS

For subgroups Hy and H» of an abstract group G, we let (Hy, H) denote the subgroup of
G generated by the commutators [h1, /3] = hlhzhl_lhgl with A1 € Hy and hy € H>.

PROPOSITION 8.26. Let H1 and H, be connected group subvarieties of a connected affine
group variety G. Then there is a (unique) connected subgroup variety (Hy, H») of G such
that (Hy, Ha) (k™) = (H1 (k™). Hp(k™)).

PROOF. Consider the regular map
(h1,ha,.. By Ry, ) > [hy B [ha, BS) -  HY x HY — G.

Let I, be the kernel of the homomorphism O(G) — O(H{ x H}') of k-algebras defined
by the map, and let I = () I,,. As before, the subscheme H of G defined by I is a smooth
connected algebraic subgroup of G, and H (k) = (H(k¥), H,(k)). 0



f. Nilpotent algebraic groups 133

REMARK 8.27. Let G be an algebraic group over k which is either affine or smooth.

(a) For each k-algebra R, the group (H1, H>)(R) consists of the elements of G(R) that
lie in (H1(R’), H2(R")) for some faithfully flat R-algebra R’.

(b) A central series in G (see 8.12) is a chain of algebraic subgroups

G=GpDG1D:---DGs=¢e

such that (G, G;) C Gj41.

SOLVABLE ALGEBRAIC GROUPS

Let G be an algebraic group. Write DG for the second derived group D(DG), D3G for
the third derived group D(D?G) and so on. The derived series for G is the normal series

G>DGDOD*G D

If G is smooth, then each group D" G is smooth and characteristic in G, connected if G is
connected, and D" G/D" 1 G is commutative.

PROPOSITION 8.28. An algebraic group G is solvable if and only if its derived series
terminates with e.

PROOF. If the derived series terminates with e, then it is a solvable series for G. Conversely,
if G D Gy D --- is a solvable series for G, then G; D DG, G, D D?G, and so on. O

COROLLARY 8.29. Assume that G is affine or smooth, and let k' be a field containing k.
Then G is solvable if and only if Gy is solvable.

PROOF. The derived series of G- is obtained from that of G by extension of scalars (8.21a).
Hence one series terminates with e if and only if the other does. O

COROLLARY 8.30. Let G be a solvable algebraic group, and assume that G is affine or
smooth. If G is connected (resp. smooth, resp. smooth and connected), then it admits a
solvable series whose terms are connected (resp. smooth, resp. smooth and connected).

PROOF. The derived series has this property (8.21). O
In particular, a group variety is solvable if and only if it admits a solvable series of group

subvarieties.

f.  Nilpotent algebraic groups

Let G be a connected group variety. The descending central series for G is the subnormal
series

G°=6>G'=(G,6)>--->G =(G,G""H ...

PROPOSITION 8.31. A connected group variety G is nilpotent if and only if its descending
central series terminates with e.

PROOF. If the descending central series terminates with e, then it is a nilpotent series for G.
Conversely, if G D G D --- is a nilpotent series for G, the G1 D G', G, D G2, and so on.g
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COROLLARY 8.32. A connected group variety G is nilpotent if and only if it admits a
nilpotent series whose terms are connected group varieties.

PROOF. The descending central series has this property (8.21). O

In particular, a group variety is nilpotent if and only if it admits a nilpotent series of
group subvarieties.

COROLLARY 8.33. Let G be a nilpotent connected group variety. If G # e, then it contains
a nontrivial connected group variety in its centre.

PROOF. As G # e, its descending central series has length at least one, and the last nontrivial
term has the required properties. O

g. Existence of a greatest algebraic subgroup with a given property

Let P be a property of algebraic groups. We assume the following:
(a) every quotient of a group with property P has property P;
(b) every extension of groups with property P has property P.
For example, the property of being connected satisfies (a) and (b) (see 5.52).

LEMMA 8.34. Let H and N be algebraic subgroups of an algebraic group G with N normal.
If H and N have property P, then so also does HN .

PROOF. Consider the diagram (5.37)

e s N sy HN — HN/N —s ¢

T=

H/HNN.

Because H has property P, so also does its quotient H/H N N. Hence HN/N has property
P, and it follows that the same is true of HN . o

LEMMA 8.35. An algebraic group G has at most one maximal normal algebraic subgroup
with property P.

PROOF. Suppose that H and N are both maximal among the normal algebraic subgroups of
G with property P. Then H N is also a normal algebraic subgroup with property P (8.34),
andso H =HN = N. o

An algebraic group G need not contain a maximal normal algebraic subgroup with
property P. For example, quotients and extensions of finite algebraic groups are finite, but
the infinite chain of algebraic subgroups

e C g Clup C--CGy

shows that G, has no greatest finite algebraic subgroup (note that the algebraic groups (ign
are connected if £ = char(k) and smooth if £ # char(k)).

Recall (8.9) that an algebraic group G is strongly connected if it has no nontrivial
finite quotient. Clearly quotients and extensions of strongly connected algebraic groups
are strongly connected (same argument as in 5.52). Moreover, if H is a normal algebraic
subgroup of a strongly connected algebraic group G and H # G, then dim H < dimG.
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PROPOSITION 8.36. Every algebraic group G contains a greatest strongly connected normal
algebraic subgroup H with property P. The quotient G/H contains no strongly connected
normal algebraic subgroup with property P excepte.

PROOF. The trivial algebraic subgroup e is strongly connected, normal, and has property P.
Any strongly connected normal algebraic subgroup H of greatest dimension among those
with property P is maximal. According to (8.35) H contains all other strongly connected
algebraic subgroups with property P. If G/H contained strongly connected normal algebraic
subgroup H’ # e with property P, then the inverse image of H’ in G would properly contain
H and would violate the maximality of H. o

For example, every algebraic group contains a greatest strongly connected finite algebraic
subgroup, namely e.

Caution: it is not clear that being strongly connected is preserved by extension of the
base field.

COROLLARY 8.37. Every algebraic group G contains a greatest smooth connected normal
algebraic subgroup H with property P. The quotient G/H contains no connected normal
group subvariety with property P excepte.

PROOF. Apply (8.36) with “P” replaced by “P and smooth”, and note that connected
smooth algebraic groups are strongly connected. Alternatively, prove it by the same argument
as (8.36). o

SUMMARY 8.38. Let P be a property of algebraic groups over k such that quotients and
extensions of algebraic groups with property P have property P. Let G be an algebraic
group over k. Among the smooth connected normal algebraic subgroups of G with property
P there is a greatest one H; the quotient G/H contains no smooth connected normal
algebraic subgroups with property P except e.

Let P be a property of group varieties over k such that quotients and extensions of
algebraic groups with property P have property P. Let G be a group variety over k. Among
the connected normal subgroup varieties of G with property P, there is a greatest one H ;
the quotient G/H contains no connected normal subgroup variety with property P except e.

h. Semisimple and reductive groups

8.39. Let G be a connected group variety over k. Extensions and quotients of solvable
algebraic groups are solvable (8.13), and so G contains a greatest connected solvable normal
subgroup variety. This is called the radical R(G) of G. A connected group variety G over an
algebraically closed field is said to be semisimple if R(G) = e. A connected group variety
over a field k is semisimple if Ga is semisimple, i.e., if its geometric radical R(Gja) is
trivial. If k is algebraically closed, then G/R(G) is semisimple. If G over k is semisimple,
then G- over k' is reductive for k’ a field containing k.

8.40. An algebraic group G is said to be unipotent if every nonzero representation of G has
a nonzero fixed vector. Let O be a quotient of unipotent group G. A nonzero representation
of Q can be regarded a representation of G, and so has a nonzero fixed vector. Therefore Q
is unipotent. Let G be an extension of unipotent groups Q and N,

e—>N—->G— Q0 —e,
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and let V be a representation of G. The subspace V¥ of V is stable under G because N is
normal (5.24), and G acts on it through the quotient Q. Now

V40 = VN £0 = VG =1wN2 %o

This shows that G is unipotent. Thus “unipotent” satisfies the conditions (a) and (b) of the
preceding section.

8.41. It follows from (8.40) that every connected group variety contains a greatest con-
nected unipotent normal subgroup variety. This is called the unipotent radical R, (G) of
G. A connected group variety G over an algebraically closed field is said to be reductive
if R, (G) = e. A connected group variety over a field k is said to be reductive if Ga is
reductive, i.e., if its geometric unipotent radical R, (Gya) is trivial. If k is algebraically
closed, then G/ R, (G) is reductive. If G over k is reductive, then Gy, over k' is reductive
for all fields k" containing k.

8.42. A connected group variety G is k-reductive (or pseudo-reductive) if R,(G) = e.
Every reductive group is k-reductive, but a k-reductive group need not be reductive (see the
next example). In particular, a group variety G over k may be k-reductive without G being
k’-reductive for k' a field containing k.

EXAMPLE 8.43. Let k be a field of characteristic p, and let a € k ~k?. Let G be the
algebraic group over k

R~ {(x,y) € R*| x? —ay? € R}
with the multiplication

(e, )",y = (xx" +ayy’ ., xy +x"y).

Then O(G) = k[X,Y,Z]/((X? —aYP)Z —1), and G is a connected group variety (the
polynomial (X? —aY ?)Z — 1 is irreducible). Let ¢: G — G, be the homomorphism

(x,y) > xP —ay?.

The kernel N of ¢ is the algebraic group defined by X? —aY ? = 0, which is not reduced.
We have R, (G) = e, but Ry, (Gra) = Nrea >~ Gg4. Thus G is not reductive.

ASIDE 8.44. According to our principle that everything concerning an algebraic group G over
a field k should be intrinsic to G over k, “k-reductive” and ‘“reductive” should be ‘“reductive”
and “geometrically reductive”, but we have chosen to follow tradition. Reductive groups form a
very important class over any field. However, questions concerning general algebraic groups over
nonperfect fields, often can be reduced only to questions concerning pseudo-reductive (not reductive)
groups, because in general G/ R, (G) is only pseudo-reductive. Therefore pseudo-reductive groups
also form an important class. Their study leads to significant problems that have only recently been
resolved (Conrad et al. 2010). Happily, over perfect fields, the two notions coincide.

ASIDE 8.45. For (8.43), see Springer 1998, 12.1.6. Springer defines the unipotent radical of G to be
that of Ga, and notes that in this example it is “not defined over the ground field” (ibid. p.222). For
a group variety G over a field k, he calls R(G) and R, (G) the “k-radical” and “unipotent k-radical”
of G. His notions of “reductive” and “k-reductive” coincide with ours (ibid. p.251).
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1. A standard example

The next example will play a fundamental role in the rest of the text.

8.46. Fix an n € N. We number the pairs (i, j), | <i < j <n, as follows:
(,2) 2,3) -~ (n—1,n) (1,L3) -+ (m—=2,n) --- (1,n)
G G Crn—1 Cn Can—3 Cuwnon -
Forr =0,....,m = @, let Un(r) and P,Sr) denote the algebraic subgroups of U, such
that
U (R) = {(aij) € Un(R) | aij = O for (i, j) = Cp, 1 < r}
PP (R) = {(aij) € Un(R) | aij = O for (i, j) = C. 1 # 1}

for all k-algebras R. In particular, Un(o) = U,. For example, when n = 3,

1 0 =% 1 = 0
=012, vV={lo 1 «|p. PP={fo 1 o]}~ UM
\0 0 1 00 1
(1 0 x 100
=03, vP=1o 1 of}. PP={|o 1 «|;~U/uP?
00 1 00 1
100 1 0 *
Ci=(1.3), v¥P=3lo 1 of}. PP={lo 1 of}~U®/uP.
\0 0 1 00 1
Then:
(a) Each Un(r) is a normal algebraic subgroup of T}, and
Up=U9>...oU0" 508D 5...5uMm =e, (44)

(b) For r > 0, the maps

G PO . gt po

¢c = 14cEjj, = (1+cEiO,j0)-U,§r),

are isomorphisms of algebraic groups. Here (io, jo) = Cr and Ej , is the matrix with
1 in the (ip, jo)th position and zeros elsewhere.

(c) Forr >0,
i
A-(14cEjyj)- A =1+ (aic) Eiyj, (mod Uy (R))
Ji
where A = (a;;) € T4(R), ¢ € G4(R) = R, and (i, jo) = Cr.
Therefore

T,2U® >...oUD >ulr*t) 5...5um =, (45)

is a normal series in T, with quotients T, / U,§°) ~ G, and U,§’) / U,SrH) >~ (G4. Moreover,
the action of T, on each quotient G, is linear (i.e., factors through the natural action of G,
on Gg), and U,, acts trivially on each quotient G,. Hence, (45) is a solvable series for T,
and (44) is a central series for U,, which is therefore nilpotent.

The proofs of (a), (b), and (c) are straightforward, and are left as an exercise to the reader.






CHAPTER 9

Algebraic groups acting on schemes

All schemes are algebraic over k. Algebraic groups are not required to be affine. By a
functor (resp. group functor) we mean a functor from Algg to Set (resp. Grp). The Yoneda
lemma (A.28) allows us to identify an algebraic scheme X with the functor X it defines.
For a functor X and k-algebra R, we let X g denote the functor of small R-algebras defined
by X. For functors X, Y, we let Hom(X, Y) denote the functor R ~» Hom(Xg, Yr). For a
closed subset Z of an algebraic scheme X, we let Z,.q4 denote the reduced subscheme of X
with | Zeq| = Z; for a locally closed subset Z, we let Z.q denote the open subscheme of
(Z)red With | Zyeq| = Z

a. Group actions

Recall (§1f) that an action of a group functor G on a functor X is a natural transformation
w:G x X — X such that £ (R) is an action of G(R) on X(R) for all k-algebras R, and that
an action of an algebraic group G on an algebraic scheme X is a regular map

wexX —->X

such that certain diagrams commute. Because of the Yoneda lemma, to give an action of G
on X is the same as giving an action of G on X. We often write gx or g-x for u(g,x).

Let u: G x X — X be an action of an algebraic group G on an algebraic scheme X . The
following diagram commutes

G x XMGXX

J(g X)—>gx le(g,x)»—m

X —F* X,

and both horizontal maps are isomorphisms. It suffices to check this on the R-points (R
a small k-algebra), where it is obvious (the inverse of the top map is (g, x) — (g,g~ x)).
Therefore, the map u: G x X — X is isomorphic to the projection map p». It follows that
is faithfully flat, and that it is smooth (resp. finite) if G is smooth (resp. finite).

139
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b. The fixed subscheme

THEOREM 9.1. Let u:G x X — X be an action of a group functor G on an algebraic
scheme X . If X is separated, then the functor X G

R~ {x € X(R) | u(g,xgr’) = xg forall g € G(R') and all R-algebras R’}
is represented by a closed subscheme of X .
PROOF. We regard G and X as functors. An x € X(R) defines maps
g+ gxr:G(R) — X(R)
g xr:G(R) — X(R),
natural in the R-algebra R’. Thus, we get two maps
X(R) - Hom(GR, XR),

natural in R. These are the components of the map y in the following diagram:

X —’— Hom(G, X) x Hom(G, X) —— Hom(G, X x X)

T Tou—>(a,a) TaHAXoa

X6 —— Hom(G,X) ——=— Hom(G, X).

The remaining maps are obvious. The diagram is commutative, and each square is cartesian,
because it becomes so when each functor is evaluated at a k-algebra R. As X is separated,
Ay is a closed immersion, and so Hom(G, X) is a closed subfunctor of Hom(G, X x X)
(1.82). Therefore X G is a closed subfunctor of X (1.78), which implies that the functor X G
is represented by a closed subscheme of X (1.77). O

It is obvious from its definition that the formation of X ¢ commutes with extension of
the base field.

9.2. Let u: G x X — X be an action of a group variety G on an algebraic variety X over a
field k. When k is algebraically closed,

(XG)red = ﬂ Xg,

geG(k)

where X is the closed subvariety of X on which the regular map x — (g, x) agrees with
the identity map. When k is perfect, (X &) eq is the unique closed subvariety of X such that

(X D)rea(k™) = x € X(k") | gx = x for all g € G(k")}.

PROPOSITION 9.3. Let u:G x X — X be an action of an algebraic group G on a separated
scheme X . For every k-algebra R, X (R) consists of the elements x of X (R) such that

KH(gS®R-XS®R) = XS®R (46)
for all k-algebras S and g € G(S).

In other words, it is not necessary to require that u(g, xg’/) = xg’ hold for all R-algebras
R’ and g € G(R’), but only that it hold for R-algebras of the form S ® R and g of the form

gs®R- & € G(I).
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PROOF. Let x € X(R) satisfy the condition in the proposition, and let g € G(R’) for some
R-algebra R’. Let S be the k-algebra underlying R’. We have a commutative diagram

S 2?3 R®S <> R

Nk

where
p(s)=1®s Ar)=r®1 YFr®s)=rs.
Therefore,
g=G6W)G(p)(g) =G(Y)(gres)

xR =XW)XA)(x) = X(¥)(xRes)
and so

u(g,xr) = X(¥)(u(gs@R:XS®R))-
But 6

X(W)(u(gser,xsor)) = X(V)(xres) = Xr/

and so g - xr’ = xp/, as required. o

c. Orbits and isotropy groups

Let k be algebraically closed. In the action,

2 2 a b\ (x ax +by
SLy xA2 - A2, ( d) (y) - (cde),

there are two orbits, namely, {(0,0)} and its complement. The smaller of these is closed, but
the larger isn’t even affine. Now consider a group variety G acting on a variety X . The orbit
O of x € X is the image of the regular map g — gx:G — X, and so it contains a dense
open subset U of its closure O (A.59). But O is a union of the sets gU, g € G, and so is
itself open in O. Therefore O ~ O is closed of dimension < dim O, and so it is a union of
orbits of dimension < dim O. It follows that every orbit of lowest dimension in X is closed.

We extend this discussion to algebraic groups acting on schemes.

Let u: G x X — X be an action of an algebraic group G on an algebraic scheme X, and
let x € X (k). The orbit map

Ux:G—> X, g gx,

is defined to be the restriction of u to G x {x} >~ G. We say that G acts transitively on X
if G(k¥) acts transitively on X (k). Then the orbit map i, is surjective for all x € X (k)
(because it is on k-points).

We repeat Proposition 1.52 for reference.

PROPOSITION 9.4. Let G be an algebraic group. Let X and Y be nonempty algebraic
schemes on which G acts, and let f: X — Y be an equivariant map.
(a) IfY is reduced and G (k™) acts transitively on Y (k™), then f is faithfully flat.

(b) If G(k™) acts transitively on X (k®), then f(X) is a locally closed subset of Y .
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(c) If X is reduced and G (k) acts transitively on X (k®), then f factors into

faithfully immersion
X—— SXed —Y;
a

moreover, f(X)eq is stable under the action of G.

DEFINITION 9.5. Let u:G x X — X be an action of an algebraic group on a nonempty
algebraic scheme X over k, and let x € X (k). Then (9.4b) applied to the orbit map u,:G —
X shows that the set ux(G) is locally closed in X. The orbit O, of x is defined to be

Mx (G)red-

EXAMPLE 9.6. Let G be an algebraic group over an algebraically closed field k. The orbits
of G° acting on G are the connected components of G.

PROPOSITION 9.7. Let u:G x X — X be an action of a algebraic group G on an algebraic
scheme X, and let x € X(k). If G is reduced, then Oy is stable under G and the orbit map
Ux:G — Oy is faithfully flat; hence Oy is smooth if G is smooth.

PROOF. The first statement follows from (9.4c) applied to f = ux. As uy is faithfully
flat, the map Op, — px+(Og) is injective, and remains so after extension of the base field.
Therefore O is geometrically reduced, and so it has nonempty smooth locus (A.52). By
homogeneity (over k%), it equals Ox. o

PROPOSITION 9.8. Let u:G x X — X be an action of a smooth algebraic group G on an
algebraic scheme X .

(a) A reduced closed subscheme Y of X is stable under G if and only if Y (k™) is stable
under G (k).

(b) LetY be a subscheme of X. If Y is stable under G, then ‘Y ‘red and (‘f" ~ 1Y Dreq are
stable under G.

PROOF. (a) As G is geometrically reduced and Y is reduced, G x Y is reduced (A.39). It
follows that ;: G x Y — X factors through Y if and only if ;t(k?') factors through Y (k).
(b) When we identify X (k) with | Xyal, the set |Y | (k™) becomes identified with the
closure of Y (k) in X(k*). As G(k™) acts continuously on X (k%) and stabilizes Y (k%), it
stabilizes the closure of Y (k). Now (a) shows that !Y !re 4 1s stable under the action of G. A
similar argument applies to (} ﬂ ~1Y Dred- o

Now assume that X is separated. For x € X(k), we define G to be the fibred product:

Gy —— X

l lAX

G SN,y x

It is a closed subscheme of G, and, for all k-algebras R,
Gx(R)={g € G(R) | gxr = xR},

which is a subgroup of G(R). Therefore Gy is an algebraic subgroup of G — it is called the
isotropy group at x.
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PROPOSITION 9.9. Let G be a smooth algebraic group acting on an algebraic scheme X,
and let Y have the smallest dimension among the nonempty subschemes of X stable under
G. ThenY is closed.

PROOF. Let Y be a nonempty stable subscheme of X. Then (‘ Y ‘ ~ |Y |)red is stable under
G (9.8), and .
dim(Y) > dim(‘Y‘ ~ 1Y Dred-

If Y has smallest possible dimension, then }Y ‘ =Y. o

COROLLARY 9.10. Let G be a smooth algebraic group acting on a nonempty algebraic
scheme X over an algebraically closed field k. Then there exists an x € X such that Oy is
closed.

PROOF. Let Y be a nonempty stable subscheme of X of smallest dimension. Let x € Y.
Then O, is a stable subscheme of Y, and so Oy = Yeq. o

ASIDE 9.11. The algebraicity in (9.10) is essential: a complex Lie group acting on a complex variety
need not have closed orbits (Springer 1998, p.41).

DEFINITION 9.12. A nonempty algebraic scheme X with an action of G is a homogeneous
scheme for G if G(k®) acts transitively on X (k) and the orbit map pt: Gga — Xga for
some x € X (k). (The orbit map jiy is then faithfully flat for all x € X (k).)

One can ask whether every algebraic G-scheme X over k is a union of homogeneous
subschemes. A necessary condition for this is that the k¥-points of X over a single point of
X lie in a single orbit of Ga. Under this hypothesis, the answer is yes if G is smooth and
connected and the field k is perfect, but not in general otherwise. See Exercise 9-1.

NOTES. This section follows DG, I, §5, no. 3, p.242.

d. The functor defined by projective space

9.13. Let R be a k-algebra. A submodule M of an R-module N is said to be a direct
summand of N if there exists another submodule M’ of M (a complement of M) such that
N =M & M’. Let M be a direct summand of a finitely generated projective R-module N.
Then M is also finitely generated and projective, and so M, is a free Rp,-module of finite
rank for every maximal ideal m in R (CA 12.5). If My, is of constant rank r, then we say
that M has rank r.

Note that if M is locally a direct summand of R"*! (for the Zariski topology), then
the quotient module R”*1/M is also locally a direct summand of R”*1, hence projective
(ibid.), and so M is (globally) a direct summand of RPTL

9.14. Let
P"(R) = {direct summands of rank 1 of R"*1}.

Then P" is a functor Alg; — Set. One can show that the functor P” is local in the sense of
(A.29).

9.15. Let H; be the hyperplane T; = 0 in k1, and let
P"(R)={Le€ P"(R)|L®H;gr=R"""}.

The P/ form an open affine cover of P", and so P" is an algebraic scheme over k (A.29).
We denote it by P”.
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9.16. When K is a field, every K-subspace of K”*! is a direct summand, and so P"*(K)
consists of the lines through the origin in K1,

e. Quotients: definition and properties

DEFINITION 9.17. Let G be an algebraic group (not necessarily affine) over k, and let
H be an algebraic subgroup of G. A separated algebraic scheme X equipped with an
action u:G x X — X of G and a point 0 € X(k) is called the quotient of G by H if the
map g — go:G(R) — X(R) realizes G/I:I as a fat subfunctor of X, i.e., if X = G]H.
Explicitly, this means that, for every (small) k-algebra R,

(a) the nonempty fibres of the map g — go: G(R) — X(R) are cosets of H(R) in G(R);

(b) each element of X(R) lifts to an element of G(R’) for some faithfully flat R-algebra
R'.

In Chapter 7 we proved that quotients always exist, but we won’t assume that here.

PROPOSITION 9.18. Let (X,0) be a quotient of G by H (assumed to exist). For every G-
scheme X' and point o’ € X'(k) fixed by H, there is a unique G -equivariant map X — X’
sending o to o’.

PROOF. There is a unique G-equivariant map of functors G / H— X' sending the coset of
H to o’. Because X’ is a sheaf, this extends uniquely to a map of sheaves X = X' (5.4).
According to the Yoneda lemma, this map arises from a unique map X — X’ having the
required properties. O

Thus, a quotient of G by H (if it exists) is uniquely determined up to a unique isomor-
phism. We write G/H for the quotient of G by H (if it exists). Note that (G/H ) (k) =
G (k™) /H (k™).

LEMMA 9.19. Let H be an algebraic subgroup of an algebraic group G, and assume that
G/H exists. Then
(g.h)— (g.gh):GxH — Gxg/g G

is an isomorphism.

PROOF. For all k-algebras R, the map

(g.h) — (g.gh):G(R) x H(R) = G(R) Xg(Rr)/H(R) G(R)

is a bijection. As G(R)/H(R) injects into (G/H)(R), this remains true with the first set
replaced by the second; hence G x H >~ G xg/u G. o

PROPOSITION 9.20. Let H be an algebraic subgroup of an algebraic group G, and assume
that the quotient G/H exists. Then the canonical map q: G — G/H is faithfully flat (hence
open). It follows that G/H is smooth if G is.

PROOF. According to (9.19), the projection map p1:G xg/g G — G differs by an isomor-
phism from the projection map G x H — G, and so is faithfully flat. This implies that the
map G — G/H is faithfully flat (A.89), and hence open (A.87).

Because ¢ is faithfully flat, the map Og;g — ¢«Og is injective, and remains injective
after extension of the base field. Therefore, if G is smooth, then G/H is geometrically
reduced, which implies that it is smooth (because it becomes homogeneous over k).
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REMARK 9.21. Let G be an algebraic group over k. A (right) G-forsor over k is a nonempty
algebraic scheme X over k together with an action X x G — X of G on X such that the
map (x,g) — (x,xg): X Xx G — X x X is an isomorphism. Then, for each k-algebra R, the
set X(R) is either empty or a principal homogeneous space for G(R). More generally, a G-
torsor over an algebraic k-scheme S is a faithfully flat map X — S together with an action'
X xG — X of G on X over S such that the map (x,g) — (x,xg2): X XG — X xg X is an
isomorphism. Lemma 9.19 and Proposition 9.20 show that G is an H -torsor over G/H.

PROPOSITION 9.22. Let G x X — X be an action of an algebraic group on a separated
algebraic scheme X, and let 0 € X (k). Then (X,0) is the quotient of G by G, if and only if
the orbit map 1,: G — X is faithfully flat.

PROOF. If (X,0) is the quotient of G by G,, then j, is faithfully flat by (9.20). Conversely,
from the definition of G,, we see that G, (R) is the stabilizer in G(R) of 0 € X(R), and so
the condition (9.17a) is satisfied. If u, is faithfully flat, then (5.6) shows that the condition
(9.17b) is satisfied. o

PROPOSITION 9.23. Let G x X — X be an action of a reduced algebraic group G on a
separated algebraic scheme X, and let 0 € X (k). Assume that the quotient G/ G, exists.
Then the orbit map induces an isomorphism G/ G, — O,.

PROOF. Because G is reduced, the orbit map pg is faithfully flat (9.7). Hence we can apply
(9.22). o

COROLLARY 9.24. Let G x X — X be an action of a group variety G on an algebraic
variety X, and let o € X(k). Assume that the quotient G/ G, exists. Then the orbit map
induces an isomorphism G/ G, — O,.

PROOF. Special case of the proposition. O

REMARK 9.25. The algebraic subgroup G, in (9.24) need not be smooth — consider, for
example, the action in characteristic p of SL, on PGL, by left translation. If k is perfect,
then (Gy),q is an group subvariety of G, and G/(Gy)reda — O, is a finite purely inseparable
map. This is the best that one can do in the world of algebraic varieties.

PROPOSITION 9.26. Let H' be an algebraic subgroup of G containing H :
GDH DH.

IfG/H' and G/H exist, then the canonical map q:G/H — G/H' is faithfully flat. If the
scheme H'/H is smooth (resp. finite) over k, then the morphism G/H’ — G/H is smooth
(resp. finite and flat). In particular, the map G — G/H is smooth (resp. finite and flat) if H
is smooth (resp. finite).

PROOF. We have a cartesian square of functors

Gx(A')H) C78% G/

l(g,X)Hg l

4

G —1—— G/H

IBy this we mean an action X x G ~ X xg Gg — X of Gg on X over S.
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On passing to the associated sheaves and applying the Yoneda lemma, we get a cartesian
square of algebraic schemes

Gx(H'/H) —— G/H

l/l’l / Ja

G —2 5 G/H'

Because ¢’ is faithfully flat, whatever properties p; has, so will 7 (see A.90). =

f.  Quotients: construction in the affine case

In Chapter 7 we proved the existence of G/H in the general case. Here we give a direct
explicit construction of G/H when G is affine (and smooth).

LEMMA 9.27. Let G x X — X be the action of a smooth algebraic group on a separated
algebraic scheme X . For every o € X(k), the quotient G/ G, exists and the canonical map
G/G, — X is an immersion.

PROOF. As G is smooth, the map uo: G — O, is faithfully flat and O, is stable under G
(9.7, 9.5), and so the pair (O,,0) is a quotient of G by G, by (9.22).
That G/ G, — X is an immersion follows from (9.4c¢). o

THEOREM 9.28. The quotient G/H exists as a separated algebraic scheme for every smooth
affine algebraic group G and algebraic subgroup H .

PROOF. According to Chevalley’s theorem (4.19), there exists a representation of G on a
vector space k"1 such that H is the stabilizer of a one-dimensional subspace L of k"1,
Recall that P" represents the functor

R ~> {direct summands of rank 1 of R*T1}.

The representation of G on k! defines a natural action of G(R) on the set P*(R), and
hence an action of G on P" (Yoneda lemma). For this action of G on P*, H = G, where L
is considered as a point of P"* (k). Now Lemma 9.27 completes the proof . 0

EXAMPLE 9.29. The proof of Theorem 9.28 shows that, for every representation (V,r) of
G and line L, the orbit of L in P(V) is a quotient of G by the stabilizer of L in G. For
example, let G = GL; and let H = T, = {(§ %)} Then H is the subgroup fixing the line
L = {(%)} in the natural action of G on k2. Hence G/H is isomorphic to the orbit of L,
but G acts transitively on the set of lines, and so G/H ~ P!. In particular, the quotient is a
complete variety.”

PROOF IN THE NONSMOOTH CASE

[This is not of much interest — the important case for the rest of the book is the smooth
affine case, and the general case is proved in Chapter 7. However, it may be possible to
give an easy deduction of the general affine case from the smooth affine case using only the
elementary result (7.18).]

To remove the “smooth” from Theorem 9.28, it suffices to remove the “smooth” from
Lemma 9.27.

2In Chapter 18, we shall study the subgroups H such that G/H is complete (they are the parabolic
subgroups).
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LEMMA 9.30. Let G x X — X be the action of an algebraic group on a separated algebraic
scheme X . For every o € X (k), the quotient G/ G, exists and the canonical map G/ G, — X
is an immersion.

PROOF. When G is smooth, this was proved above. Otherwise, there exists a finite purely
inseparable extension k&’ of k and a smooth algebraic subgroup G’ of Gy such that Gl’cal =
(Gga)red (see 1.46). Let H = G, and let H' = G|, = Hpy N G'. Then G’'/H’ exists as an
algebraic scheme over k’ because G’ is smooth. Now G/ Hj exists because this is true for
the algebraic subgroups G’ and H’, which are defined by nilpotent ideals, and we can apply
(9.34) below. Therefore G/H exists because (G/H )y ~ Gy /Hy exists and we can apply
(9.31) below.

In proving that i: G/ G, — X is an immersion, we may suppose that k is algebraically
closed. As i is a monomorphism, there exists an open subset U of X such that i ~1U # @
and U — X is an immersion (A.31). Now the open sets i 1 (gU) = gi “1(U), g € G(k),
cover G/ G,. o

Proofs of the following results will (probably not) be added.

LEMMA 9.31. Let K/k be a finite purely inseparable extension of fields, and let F be a
sheaf on Algy, . If the restriction of F' to Algg is representable by an algebraic scheme over
K, then F is representable by an algebraic scheme over k.

ProoOF. DGII, 2, 7.4, p321. In the affine case, which is all we need, this follows from the
elementary result (7.18). O

LEMMA 9.32. Let S be an algebraic scheme and let R = S be an equivalence relation on
S such that the first projection R — S is faithfully flat of finite presentation. Let So be a
subscheme of S defined by a nilpotent ideal that is saturated for the relation R, and let Ry
be the induced relation on Sy. If So/ R exists as a scheme, so also does S/R.

Proor. DGIIL, 2, 7.1, 7.2, p.318. o

LEMMA 9.33. Let Ry and R be equivalence relations on a scheme S. Assume: R and S
are algebraic; Ry is the subscheme of R defined by a nilpotent ideal; and the canonical
projections Ry — S and R — S are flat. If S/ Ry is an algebraic scheme over k, then so
alsois G/ R.

ProoOF. DG 111, 2, 7.3, p320. o

LEMMA 9.34. Let G be an algebraic group, and let Go, H, and Hy be subgroups of G with
Ho C Gy. Assume that G (resp. Hyp) is the subgroup of G (resp. H ) defined by a nilpotent
ideal. Then G/H exists if Go/Hy exists.

PROOF. If Go/H)j exists, then so also does G/Hp (by 9.32). Hence G/H exists by (9.33)
applied to the equivalence schemes G Xg/g G ~ G x H and G Xg g, G >~ G x Hy. In
particular, as Hy/Hy is trivial, we see that H/Hj is an algebraic scheme with only a singly
point, which is therefore affine. o
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g. Linear actions

DEFINITION 9.35. Anaction G x X — X of an algebraic group G on an algebraic variety X
is said to be linear if there exists a representation r: G — GLy of G on a finite-dimensional
vector space V' and a G-equivariant immersion X — P(V).

PROPOSITION 9.36. If G is affine, X is an algebraic variety, and the action is transitive,
then the action is linear.

PROOF. Let o € X. Then the orbit map u,:G/G, — X is an immersion (9.27). As X is
reduced and the action is transitive, the orbit map is an isomorphism. The proof of (9.28)
shows that the action of G on G/ G, is linear. o

REMARK 9.37. In the situation of (9.36), we can choose the representation (V,r) so that
the G-equivariant immersion X < P(V') does not factor through P(W) for any subrepre-
sentation W of V. We then say that the embedding X < P(V) is nondegenerate.

ASIDE 9.38. There is the following theorem of Sumihiro (1974, 1975): Let G x X — X be an
action of a connected affine group variety G on a normal algebraic variety X an algebraically closed
field, and let O be an orbit of G in X. Then there exists an open neighbourhood U of O on which G
acts linearly. The hypothesis of normality is essential. (See also Slodowy, LNM 815, 1, 1.3.)

h. Complements

In this section, G is an algebraic group and H is an algebraic group. We assume that G/H
exists.

9.39. When G is affine, the algebraic scheme G/H is quasiprojective. This follows from
its construction. (In fact, homogeneous spaces of group varieties are always quasi-projective;
Chow 1957. More generally, let G a group scheme smooth over a normal scheme S with
connected fibres. Then every homogeneous space under G is locally quasi-projective on S.
(Raynaud 1970, LNM 119).)

9.40. We have,
dimG = dim H +dimG/H.

It suffices to prove this with k algebraically closed. Then we may pass to the associated
reduced algebraic varieties, and apply a little algebraic geometry (specifically A.99).

9.41. Let H’ be an algebraic subgroup of G containing H. Then H' 7H is a closed
subscheme of G/H, and is the quotient of H' by H.

9.42. Let H' be an algebraic subgroup of G containing H and such that dim H’ = dim H .
Then dim(H'/H) = 0 (9.40), and so H’/H is finite (2.12). Therefore the canonical map
G/H — G/H' is finite and flat (9.26). In particular, it is proper.

9.43. Consider an algebraic group G acting on an algebraic variety X . Assume that G (k')
acts transitively on X (k). By homogeneity, X is smooth, and, for any 0 € X(k), the map
g+ g0:G — X defines an isomorphism G/G, — X. When k is perfect, (Gy),.q is @
smooth algebraic subgroup of G (1.25), and G/ (G,),.q — X is finite and purely inseparable
(9.42).
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9.44. Let G D H be group varieties, and let o be the canonical point in (G/H ) (k). Then
G/H is an algebraic variety (9.20), and the map G — G/H has the following universal
property: for any algebraic variety X with an action of G and point o’ of X (k) fixed by
H, there is a unique regular map G/H — X, go — go’ making the following diagram

commute:

G 275 G/H

g'—>>\

X'

9.45. When G is affine and H is normal, the quotient G/H constructed in (5.21) satisfies
the definition (9.17) — see (5.30). Therefore G/H is affine in this case.

ASIDE 9.46. The quotient G/H may be affine without H being normal. When G is reductive,
Matsushima’s criterion says that G/H is affine if and only if H° is reductive (Matsushima 1960 in
characteristic zero; Richardson 1977, Borel 1985 in all characteristics). For more general G, see
Cline et al. 1977, Koitabashi 1989, etc.

ASIDE 9.47. For a discussion of what happens to the orbits when you change the algebraically
closed base field and the group is semisimple, see mo49885.

1. Flag varieties

A flag F in finite-dimensional vector space V is a sequence of distinct subspaces 0 = Vy C
Vic--CcVe,=VofV.Ifr =dimV, thendimV; =i foralli and F is a maximal flag.

Let F be a flag in V, and let B(F') be the functor sending a k-algebra R to the set of
sequences of R-modules

0=FCFC---CF,=RQV
with F; a direct factor of R ® V' of rank dim(V;).

PROPOSITION 9.48. Let F be a flag in a finite-dimensional vector space V, and let B(F)
be the algebraic subgroup of GLy fixing F. Then GLy /B(F) represents the functor B(F).

PROOF. The functor R ~> GLy (R)/B(F)(R) is a fat subfunctor of both B(F) and R ~>
(GLy /B(F)) (R). o

A variety of the form GLy /B(F) is called a flag variety. They are complete varieties
(see 18.21 below, or prove directly).

j. Exercises

EXERCISE 9-1. Let G be a smooth connected algebraic group acting on algebraic variety
X.

(a) Show that a point of x of X lies in a homogeneous subscheme of X if x(x) is
separable over k and the k?-points of X over x lie in a single Gya-orbit.

(b) Show that (a) fails if the kal-points of X over x don’t lie in a single orbit (e.g., if G
is the trivial group).


http://mathoverflow.net/questions/49885
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(c) Show that (a) fails if G is not connected. (Consider the natural action of u, on
X = Gy, and let x be such that [k (x): k] does not divide n.)

(d) Show that (a) fails without the separability condition. (Let G = {(u,v) | v¥ =u—
tuP}, t € k~kP. Then G is a smooth algebraic group, which acts on P2 by (u,v)(a:b:c) =
(a +uc:b+vc:c). The Zariski closure X of G in P2 has a unique point x on the line at
infinity, and «(x) = k(¢). Then X ~{x} = G with G acting by translation, and so it is a
homogeneous space for G, but the complement {x} of X ~{x} in X is not a homogeneous
space — it is not even smooth.)

See mo150207 (user76758).

EXERCISE 9-2. Let G be a group variety acting transitively on irreducible varieties X and
Y,andlet f: X — Y be an equivariant quasi-finite regular dominant map. Then f is finite
(hence proper). (AG, Exercise 9-4.)


http://mathoverflow.net/questions/150207

CHAPTER 1 O

The structure of general algebraic
groups

In this chapter, we explain the position that affine algebraic groups occupy within the category
of all algebraic groups.

a. Summary

Every smooth connected algebraic group G over a field k contains a greatest smooth
connected affine normal algebraic subgroup N (10.3). When k is perfect, the quotient
G/ N is an abelian variety (Barsotti-Chevalley theorem 10.25); otherwise G/ N may be an
extension of a unipotent algebraic group by an abelian variety (10.29).

On the other hand, every smooth connected algebraic group G contains a smallest
connected affine normal algebraic subgroup N (not necessarily smooth) such that G/ N is
an abelian variety (10.26). When k is perfect, N is smooth, and it agrees with the group in
the preceding paragraph.

smooth @
|  unipotent smooth e smooth
° | abelian variety abelian variety
| abelian variety °
. | smooth affine affine
|  smooth affine e o e
°

e base field perfect

Finally, every algebraic group G has a greatest affine
algebraic quotient G — G*T (10.33). The algebraic groups
arising as the kernel N of such a quotient map are char- algebraic. group @
acterized by the condition O(N) = k, and are said to be |
“anti-affine”. They are smooth, connected, and commuta- °
tive. In nonzero characteristic, they are all semi-abelian | anti-affine
varieties, i.e., extensions of abelian varieties by tori, but {1} e
in characteristic zero they may also be an extension of a
semi-abelian variety by a vector group (§2b).
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b. Generalities

Let N and H be algebraic subgroups of an algebraic group G, and suppose that N is normal.
There is an action 6 of H on N by conjugation, and so we can form the semidirect product
N xg H (§2e). The homomorphism

(n,h)—>nh:Nxg H—> G

has kernel N N H and image the algebraic subgroup NH of G whose R-points are the
elements of G(R) that lie in N(R") H(R’) for some faithfully flat R-algebra R’. The natural
map of functors H — NH /N determines an isomorphism

H/NNH — NH/N

of algebraic groups (5.37, 6.19).

LEMMA 10.1. Let
e—>N—->G—>Q —e

be an exact sequence of algebraic groups.

(a) If N and Q are affine (resp. smooth, resp. connected), then G is affine (resp. smooth,
resp. connected).

(b) If G is affine (resp. smooth, resp. connected), then so also is Q.

PROOF. (a) Assume that N and Q are affine. The morphism G — Q@ is faithfully flat with
affine fibres. Now G xp G >~ G x N (9.19), and so the morphism G xg G — G is affine.
By faithfully flat descent, the morphism G — Q is affine. As Q is affine, so also is G.

Assume that N and Q are smooth. The morphism G — Q has smooth fibres of constant
dimension, and so it is smooth. As Q is smooth, this implies that G.

Let 79 (G) be the group of connected components of G; it is an étale algebraic group, and
the natural map G — m¢(G) is universal among homomorphisms from G to étale algebraic
groups (5.48). If N is connected, then G — 7 (G) factors through Q, and hence through
mo(Q), which is trivial if Q is also connected.

(b) We have Q >~ G/ N, which is affine if G is (9.45).

Because G — Q is faithfully flat, the map O g — g« Og is injective. Hence Q is reduced
if G is reduced. The map G — Q stays faithfully flat under extension of the base field, and
so Q is geometrically reduced (hence smooth) if G is geometrically reduced.

The faithfully flat homomorphism G — Q — mo(Q) factors through 7¢(G), and so
o(Q) is trivial if 7o (G) is. o

In particular, an extension of connected affine group varieties is again a connected affine
group variety, and a quotient of a connected group variety by a normal algebraic subgroup is
a connected group variety.

LEMMA 10.2. Let H and N be algebraic subgroups of an algebraic group G with N normal.
If H and N are affine (resp. connected, resp. smooth), then HN is affine (resp. connected,
resp. smooth).

PROOF. Apply (10.1) and (8.34). o

PROPOSITION 10.3. Every algebraic group contains a greatest smooth connected affine
normal algebraic subgroup (i.e., a greatest connected affine normal subgroup variety).
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PROOF. Let G be an algebraic group over k. Certainly, G contains maximal connected
affine normal subgroup varieties (e.g., any such variety of greatest dimension). Let H and
N be two such maximal subgroup varieties. Then H N has the same properties by (10.2),
andso H =HN = N. o

DEFINITION 10.4. A pseudo-abelian variety is a connected group variety such that every
connected affine normal subgroup variety is trivial.

PROPOSITION 10.5. Every connected group variety G can be written as an extension
e—>N—->G—>Q0 —e

of a pseudo-abelian variety Q by a connected affine normal subgroup variety N in exactly
one way.

PROOF. Let N be the greatest connected affine normal subgroup variety of G (see 10.3),
and let Q = G/N. If Q is not pseudo-abelian, then it contains a nontrivial connected affine
normal subgroup variety H. Let H' be the inverse image of H in G. From the exact
sequence

e—>N—->H - H-—e

and (10.1) we see that H' is an affine subgroup variety of G. Because H is normal in Q,
H'’ is normal in G (cf. 5.39), and so this contradicts the definition of N. Hence Q is a
pseudo-abelian variety.

In order for G/ N to be pseudo-abelian, N must be maximal among the normal affine
subgroup varieties of G; therefore it is unique (10.3). O

c. Local actions

PROPOSITION 10.6. Let G x X — X be an algebraic group acting faithfully on a connected
separable algebraic scheme X over k. If there is a fixed point P, then G is affine.

PROOF. Because G fixes P, it acts on the local ring Op at P. For n € N, the formation
of Op/ m’},+1 commutes with extension of the base, and so the action of G defines a
homomorphisms G(R) — Aut(R ® (Op /m’pt!)) for all k-algebras R. These are natural
in R, and so arise from a homomorphism p,:G — GLOP JtH1 of algebraic groups. Let
H, = Ker(py), and let H denote the intersection of the descending sequence of algebraic
subgroups --- D H, D Hy4+1 D ---. Because G is noetherian, there exists an n¢ such that
H = H,, forall n > ny.

Let Z be the sheaf of ideals in Oy corresponding to the closed algebraic subscheme
XH of X. ThenZOp C m’, for all n > ng, and so ZOp C (), m} = 0 (Krull intersection
theorem, CA 3.15). It follows that X/ contains an open neighbourhood of P. As X
is closed and X is connected, X ¥ equals X. Therefore H = e, and the representation
of G on Op /m’l’,‘H is faithful for all n > ng. This means that p,:G — GLOp/m’},“ isa

monomorphism, hence a closed immersion (5.18, 7.37), and so G is affine. o

COROLLARY 10.7. Let G be a connected algebraic group, and let O, be the local ring at
the neutral element e. The action of G on itself by conjugation defines a representation of G
on the k-vector space O, /m” 1. For all sufficiently large n, the kernel of this representation
is the centre of G.
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PROOF. Apply the above proof to the faithful action G/Z x G — G. o
COROLLARY 10.8. Let G be an algebraic group. If G is connected, then G/ Z(G) is affine.

PROOF. The action of G/Z on G by conjugation is faithful and has a fixed point, namely,
e. o

d. Anti-affine algebraic groups and abelian varieties
DEFINITION 10.9. An algebraic group G over k is anti-affine if O(G) = k.

For example, a complete connected algebraic group is anti-affine. Every homomorphism
from an anti-affine algebraic group to an affine algebraic group is trivial. In particular, an
algebraic group that is both affine and anti-affine is trivial.

PROPOSITION 10.10. Every homomorphism from an anti-affine algebraic group G to a
connected algebraic group H factors through the centre of H.

PROOF. From the homomorphism G — H and the action of H on itself by conjugation,
we obtain a representation G on the k-vector space Og ./ mZ‘H (n € N). Because G is
anti-affine, this is trivial, which implies that G — H factors through Z(H) — H (10.7).q

COROLLARY 10.11. Let G be a connected algebraic group. Every anti-affine algebraic
subgroup H of G is contained in the centre of G.

PROOF. Apply (10.10) to the inclusion map. O
COROLLARY 10.12. Every anti-affine algebraic G is commutative and connected.

PROOF. The last corollary shows that it is commutative, and 7o (G) is affine, and so G —
1o(G) is both trivial and surjective. O

DEFINITION 10.13. An abelian variety is a complete connected group variety. An abelian
subvariety of an algebraic group is a complete connected subgroup variety.

e. Rosenlicht’s decomposition theorem.

Recall that a rational map ¢: X --> Y of algebraic varieties is an equivalence class of pairs
(U, ¢y) with U a dense open subset of X and ¢y a morphism U — Y'; in the equivalence
class, there is a pair with U greatest (and U is called “the open subvariety on which ¢ is
defined.”) We shall need to use the following results, which can be found, for example, in
Milne 1986.

10.14. Every rational map from a normal variety to a complete variety is defined on an
open set whose complement has codimension > 2 (ibid. 3.2).

10.15. A rational map from a smooth variety to a connected group variety is defined on an
open set whose complement is either empty or has pure codimension 1 (ibid. 3.3).

10.16. Every rational map from a smooth variety V' to an abelian variety A is defined on
the whole of V' (combine 10.14 and 10.15).
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10.17. Every regular map from a connected group variety to an abelian variety is the
composite of a homomorphism with a translation (ibid. 3.6).

10.18. Every abelian variety is commutative (10.12, or apply (10.17) to the map x > x~1).

10.19. Multiplication by a nonzero integer on an abelian variety is faithfully flat with finite
kernel (ibid. 8.2).

LEMMA 10.20. Let G be a commutative connected group variety over k, and let
v, g9 v+ gV xG >V

be a G-torsor. There exists a morphism ¢:V — G and an integer n such that ¢ (v + g) =
¢()+ngforallveV,ged.

PROOF. Suppose first that V (k) contains a point P. Then
g—g+P.G—>V

is an isomorphism. Its inverse
¢:V -G

sends a point v of V to the unique point (v — P) of G such that P 4+ (v — P) = v. In this
case p(v+g) = ¢p(v) +ng withn = 1.

In the general case, because V is an algebraic variety, there exists a P € V' whose residue
field K & k(P) is a finite separable extension of k (of degree n, say). Let Pq,..., P, be the
k?-points of V' lying over P, and let K denote the Galois closure (over k) of K in k2. Then
the P; lie in V(K). Let I’ = Gal(K / k).

For each i, we have a morphism

$i:Vg > Gg vie>(v—P)

defined over K. The sum > ¢; is I'-equivariant, and so arises from a morphism ¢: V — G
over k. For g € G,

P+ =Y g+ = _ (#i(©)+g) =p@)+ng. .

PROPOSITION 10.21. Let A be an abelian subvariety of a connected group variety G. There
exists a regular map ¢:G — A and an integer n such that ¢(g +a) = ¢(g) + na for all
geGandae A.

PROOF. Because A is a normal subgroup of G (even central, see 10.11), there exists a
faithfully flat homomorphism 7: G — Q with kernel A. Because A is smooth, the map &
has smooth fibres of constant dimension and so is smooth. Let K be the field of rational
functions on Q, and let V' — Spm(K) be the map obtained by pullback with respect to
Spm(K) — Q. Then V is an Ag-torsor over K (see 9.21). The morphism ¢: V — Ak over
K given by the lemma extends to a rational map G --> Q x A over k. On projecting to A4,
we get a rational map G --> A. This extends to a morphism (see 10.16)

¢:G—> A

satisfying
¢(g+a)=d(g)+na

on a dense open subset of G, and hence on the whole of G. o
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The next theorem says that every abelian subvariety of an algebraic group has an almost-
complement. It is a key ingredient in Rosenlicht’s proof of the Barsotti-Chevalley theorem.

THEOREM 10.22 (ROSENLICHT DECOMPOSITION THEOREM). Let A be an abelian sub-
variety of a connected group variety G. There exists a normal algebraic subgroup N of G
such that the map

(a,n)r>an:AxN — G 47)

is a faithfully flat homomorphism with finite kernel. When k is perfect, N can be chosen to
be smooth.

PROOF. Let ¢p: G — A be the map given by (10.21). After we apply a translation, this will
be a homomorphism (10.17) whose restriction to A is multiplication by 7 .

The kernel of ¢ is a normal algebraic subgroup N of G. Because 4 is contained in the
centre of G (see 10.11), the map (47) is a homomorphism. It is surjective (hence faithfully
flat 5.17) because the homomorphism A — G/N =~ A is multiplication by 7, and its kernel
is N N A, which is the finite group scheme A, (apply 10.19).

When k is perfect, we can replace N with N4, which is a smooth algebraic subgroup
of N. O

f. Rosenlicht’s dichotomy

The next result is the second key ingredient in Rosenlicht’s proof of the Barsotti-Chevalley
theorem.

PROPOSITION 10.23. Let G be a connected group variety over an algebraically closed field
k. Either G is complete or it contains an affine algebraic subgroup of dimension > 0.

Suppose that G is not complete (so dim G > 0), and let X denote G regarded as a left
homogeneous space for G. We may hope that X can be embedded as a dense open subvariety
of a complete variety X i 1n such a way that the action of G on X extends to X . The action of
G on X then preserves EEX~X.LetP e E, and let H be the isotropy group at P. Then
H is an algebraic subgroup of G and

dim(G) —dim(H) = dim(G/H) < dimE <dimG — 1,

and so dim(H) > 1. As it fixes P and acts faithfully on X, it is affine (10.6).

The above sketch is essentially Rosenlicht’s original proof of the proposition, except
that, lacking an equivariant completion of X', he works with an “action” of G on X given by
a rational map G x X --> X (Rosenlicht 1956, Lemma 1, p.437). We refer to Milne 2013,
4.1, for the details; see also Brion et al. 2013, 2.3.

g. The Barsotti-Chevalley theorem

THEOREM 10.24. Every pseudo-abelian variety over a perfect field is complete (hence an
abelian variety).

PROOF. Let G be a pseudo-abelian variety over perfect field k. Let N be the greatest
connected affine normal subgroup variety of Gpa (10.3). Because N is unique, it is stable
under Gal(k®/ k), and hence defined over k (1.41). It is therefore trivial. We have shown
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that Ga is pseudo-abelian. It suffices to show that it is complete, and so we may assume
that k is algebraically closed. We use induction on the dimension of G.

Let Z be the centre of G. If dim(Z) = 0, then the representation of G on the k-vector
space O,/ m’e""1 has finite (hence affine) kernel for n sufficiently large (see 10.7), which
implies that G itself is affine (10.1a), and hence trivial. Therefore, we may assume that
dim(Z) > 0.

If Z..q is complete, then there exists an almost-complement N to Z.4 (10.22), which
we may assume to be smooth. A connected affine normal subgroup variety of N is normal
in G, and hence trivial. Therefore N is pseudo-abelian, and so, by induction, it is complete.
As G is a quotient of Z.q X NV, it also is complete (A.114d).

If Z..q is not complete, then it contains a connected affine subgroup variety N of
dimension > 0 (see 10.23). Because it is contained in the centre, N is normal in G, which is
a contradiction, and so this case doesn’t occur. o

THEOREM 10.25 (BARSOTTI 1955; CHEVALLEY 1960). Every connected group variety
G over a perfect field can be written as an extension

e—>N—->G—>A—e

of an abelian variety A by a connected affine normal subgroup variety N in exactly one way.
The formation of the extension commutes with extension of the base field.

PROOF. According to (10.5), G is (uniquely) an extension of pseudo-abelian variety by a
connected affine normal subgroup variety, but, because the base field is perfect, the pseudo-
abelian variety is abelian (10.24). This proves the first statement. As abelian varieties remain
abelian varieties under extension of the base field and connected affine normal subgroup
varieties remain connected affine normal subgroup varieties, the second statement follows
from the uniqueness. o

THEOREM 10.26. Let G be a connected group variety over a field k. There exists a smallest
connected affine normal algebraic subgroup N of G such that G/ N is an abelian variety.

PROOF. Let N1 and N, be connected affine normal algebraic subgroups of G such that
G/Ni and G/ N, are abelian varieties. There is a closed immersion G/ Ny N Ny < G/ Ny %
G/N,, and so G/N; N N, is also complete (hence an abelian variety). This shows that,
if there exists a connected affine normal algebraic subgroup N of G such that G/N is an
abelian variety, then there exists a smallest such subgroup.

We know that for some finite purely inseparable extension k’ of k, G’ e Gy contains a
connected affine normal algebraic subgroup N’ such that G’/ N’ is an abelian variety. By
induction on the degree of k” over k, we may suppose that k’? C k. Consider the Frobenius
map

F:G' — GPEG @ kAP,

Let N be the pull-back under F of the algebraic subgroup N'?) of G'P). If 7/ C Qg is
the sheaf of ideals defining N’, then the sheaf of ideals Z defining N is generated by the pth
powers of the local sections of Z'. As k’? C k, we see that 7 is generated by local sections
of Og, and, hence, that N is defined over k. Now N is connected, normal, and affine, and
G/ N is an abelian variety (because Ni» D N’ and so (G/N )y is a quotient of G//N’). o

COROLLARY 10.27. Every pseudo-abelian variety is commutative.
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PROOF. Let G be a pseudo-abelian variety. Because G is smooth and connected, so also is
its commutator subgroup G’ (8.21). Let N be as in Theorem 10.26. As G/ N is commutative
(10.16), G’ C N. Therefore G’ is affine. As it is smooth, connected, and normal, it is
trivial. o

EXAMPLE 10.28. Let R be a complete discrete valuation ring with field of fractions K
and perfect residue field k. Let A be an abelian variety over K. According to an important
theorem of Néron, there there exists smooth group scheme A over R with generic fibre A
such that the canonical map A(S) — A(Sk) is an isomorphism for all smooth R-schemes
S. Let Ay denote the special fibre of .4/ R — it is an algebraic group over k. If Ag is an
abelian variety over k, then A is said to have good reduction. Otherwise there is a filtration
Ao D Ag D N D e with Ag/ A finite, Aj/N an abelian variety, and N a commutative affine
algebraic group. It is an important theorem that, after K has been replaced by a suitable
finite extension, A will be a semi-abelian variety.

ASIDE 10.29. Opver an arbitrary base field, Totaro (2013) shows that every pseudo-abelian variety
G 1is an extension of a connected unipotent group variety U by an abelian variety A,

e—>A—->G—->U—e,
in a unique way.

ASIDE 10.30. The map G — A in (10.25) is universal among maps from G to an abelian variety
sending e to e. Therefore A is the Albanese variety of G and G — A is the Albanese map. In his
proof of (10.25), Chevalley (1960) begins with the Albanese map G — A of G, and proves that its
kernel is affine. The above proof follows Rosenlicht 1956. The first published proof of the theorem is
in Barsotti 1955.

ASIDE 10.31. Over a base ring other than a field, the Barsotti-Chevalley theorem (and much else
in this chapter) becomes false. For example, the Neron model over a discrete valuation ring of an
elliptic curve with bad reduction cannot be written as an extension of a proper group scheme by
an affine group scheme. As another example, consider the constant group scheme (Z/27)s over a
scheme S. As a scheme (Z/27)s = S U S, and for any open subscheme U of S, ithas G = SUU
as a subgroup scheme. If S = A% and U = A%~ {(0,0)}, then G is neither affine nor proper over S,
and it cannot be written as an extension of such group schemes.

h. Anti-affine groups

Let G be an algebraic scheme over k, and let A be a k-algebra. To give a regular map
Spm A — G of k-schemes is the same as giving a homomorphism of k-algebras O(G) — A:

Hom(Spm A4, G) ~ Hom(O(G), A) (48)

(A.13). Now assume that G has the structure m: G x G — G of an algebraic group, and that
A has the structure A: A — A ® A of a Hopf algebra. Then O(m): O(G) — O(G) @ O(G)
defines a Hopf algebra structure on O(G), and, under (48), homomorphisms of algebraic
groups correspond to homomorphisms of Hopf algebras. Once we have proved that O(G) is
finitely generated as a k-algebra, this will show that the G — G*T 4 Spm(O(G),O(m)) is
universal among homomorphisms from G to an affine algebraic group.

PROPOSITION 10.32. Every Hopf algebra over field k is a directed union of finitely gener-
ated sub-Hopf subalgebras over k.
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PROOF. Let A be a k-algebra (not necessarily finitely generated) and A:4 —- AQ A a
k-algebra homomorphism such that there exist k-algebra homomorphisms

eA—k, S:A— A,

for which the diagrams (20), (21) commute. By (4.6), every finite subset of A is contained in
a finite-dimensional k-subspace V' such that A(V) C V ® A. Let (e;) be a basis for V, and
write A(ej) =) ;e; ®a;;. Then A(a;;) = Y p aix @ag; (see (29), p.70), and the subspace
L of A spanned by the e; and a;; satisfies A(L) C L ® L. The k-subalgebra A’ generated
by L satisfies A(A") C A’ ® A’. Tt follows that A is a directed union A = [ J A of finitely
generated subalgebras A" such that A(A") C A’ ® A’.

Letae€ A. If A(a) =) _b; ®cj,then A(Sa) =) _Sc; ® Sh; (Exercise 3-2b). Therefore,
the k-subalgebra A" generated by L and SL satisfies S(A") C A’, and so it is a finitely
generated Hopf subalgebra of A. It follows that A is the directed union of its finitely
generated Hopf subalgebras. O

PROPOSITION 10.33. Let G be an algebraic group over k.
(a) The k-algebra O(G) is finitely generated; therefore G*T o Spm(O(G),O(m)) is an

algebraic group over k.

(b) The natural map ¢:G — G*T is universal for homomorphisms from G to affine
algebraic groups; it is faithfully flat.

(c) The kernel N of ¢ is anti-affine.

PROOF. (a) We saw in (10.32), that O(G) is a filtered union O(G) = |J; O; of Hopf
algebras with each O; finitely generated as a k-algebra. Correspondingly, we obtain a family
of homomorphisms f;: G — G; of algebraic groups over k with G; = Spm(QO;). Let N =
(; Ker(f;). Then N = Ker( f;,) for some ig (1.28), and G/N — G, is a closed immersion
(7.37). Therefore G/N is affine. Let i; be such that O;, C O;,. The homomorphism
G — Gj, factors through G;,. Thus, we have morphisms

b
Gi, = G/N - G,

with b o a faithfully flat (3.47) and b a closed immersion. Correspondingly, we have
homomorphisms

0(Gi) <= 0G/N) &= 0(Gyy)

with a’ surjective a’ o b’ faithfully flat (hence injective). Therefore O(G;,) >~ O(G/N).
Similarly, O(G;,) ~ O(G/N), and so O(G;,) = O(G;,) as a subalgebra of O(G). As this
is true for all iy with O;, C O;, we see that O(G) = O(G,,),which is therefore finitely
generated.

(b) We proved this above.

(c) This follows from the definition of N. o

Thus every algebraic group is an extension of an affine algebraic group by an anti-affine
algebraic group
1= Gat — G — G 1,

in a unique way; in fact, it is a central extension (10.11).

PROPOSITION 10.34. Every anti-affine algebraic group is smooth and connected.
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PROOF. Let G be an anti-affine algebraic group over a field k. Then Gja is anti-affine,
and so we may suppose that k is algebraically closed. The G, is an algebraic subgroup
of G (1.25). As G — G/G_,, is faithfully flat, the homomorphism O(G/G.,,) — O(G) is
injective. Therefore O(G/G.,) = k. As G/G_, is finite, it is trivial, and so G = G;. ©

COROLLARY 10.35. An algebraic group G is affine if Z(G°®) is affine.

PROOF. Let N = Ker(G — G*T). Because N is anti-affine, it is contained in G°, and hence
in Z(G°) (10.11). In particular, it is affine. The square

GxN —— G

affine

faithfully flat
G ——

G/N

is cartesian (9.19), and so the morphism G — G/N is affine (A.90). As G/N ~ G*T is
affine, this implies that G is affine. o

COROLLARY 10.36. Every algebraic group over a field of characteristic zero is smooth.

PROOF. As extensions of smooth algebraic groups are smooth (10.1), this follows from
(10.33, 10.34). u]

NOTES. The proof of 10.33 (resp. 10.34; 10.35) follows DG I1I, §3, 8.1, 8.2, p.357 (resp. DG, III,
§3, 8.3, p.358; DG, 111, §3, 8.4, p.359).

i. Extensions of abelian varieties by affine algebraic groups
(survey)

After the Barsotti-Chevalley theorem, the study of algebraic groups comes down to the study
of (a) abelian varieties, (b) affine algebraic groups, and (c) the extensions of one by the other.
Topic (a) is beyond the scope of this book while topic (b) occupies the rest of it. Here we
discuss (c¢). For simplicity, we take k to be algebraically closed.

Let A and H be algebraic groups over k. An extension of A by H is an exact sequence

e s H 3G 25 4 s e (49)

of algebraic groups. Two extensions (G,i, p) and (G',i’, p’) of A by H are equivalent if
there exists an isomorphism f: G — G’ such that the following diagram commutes

i P
e > H > G

> A > e
\ i’ \ / r \ \
e 7 H /G /A 7 €.

We let Ext(A, H) denote the set of equivalence classes of extensions of A by H.
For an exact sequence (49), the sequence

e —— 7z(H) 22 726) L5 4 — ¢ (50)
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is exact, and the map (49) — (50) defines a bijection
Ext(A,H) — Ext(A,Z(H))

where Ext(A, Z(H)) denotes the set of equivalence classes of extensions of A by Z(H) in
the (abelian) category of commutative algebraic groups. Hence Ext(A4, H) has the structure
of a commutative group, and every extension of A by H splits if Z(H) = e. See Wu 1986.

It remains to compute Ext(A, Z) where Z is a commutative affine algebraic group. Every
connected commutative group variety G over k is a product of copies of G, with a unipotent
group variety U; when k has characteristic zero, U is vector group V, (product of copies of
Gg) (see 17.19 below). There are the following results:

(a) Ext(4,G,,) ~ H(A, O7}), which is canonically isomorphic to the group of divisor
classes on A algebraically equivalent to zero (equal to the group of k-points of the
dual abelian variety of A) (Weil, Barsotti; Serre 1959, VIL.16).

(b) It remains to compute Ext(A4, U) where U is unipotent. In characteristic 0, we have
Ext' (A4, V,) ~ H (4,04 ® V) ~ yd4im(4)

(Barsotti; Serre 1959, VII.18). In characteristic p, the computation is more compli-
cated, and involves Ext(N, Z°), where N is the factor of A,~ which, together with its
Cartier dual, is local, and p™ is large enough to kill Z. However, when A is ordinary,
it is still true that Ext(A4,U) ~ U(k)%™4. See Wu 1986.

Exercises

EXERCISE 10-1. Let G be an algebraic group (not necessarily connected). Show that
G/Z(G) is affine if DG is affine.

We now concentrate on affine algebraic groups. By ‘“algebraic group” we shall
mean “affine algebraic group” and by “group variety” we shall mean “affine
group variety”. Also, we shall write O(G) for the coordinate ring of G.







CHAPTER 1 1

Tannaka duality; Jordan
decompositions

A character of a topological group is a continuous homomorphism from the group to the
circle group {z € C | zZ = 1}. A locally compact commutative topological group G can be
recovered from its character group GV because the canonical homomorphism G — GV
is an isomorphism of topological groups (Pontryagin duality). Moreover, the dual of a
compact commutative group is a discrete commutative group, and so, the study of compact
commutative topological groups is equivalent to that of discrete commutative groups.

Clearly, “commutative” is required in the above statements, because every character
is trivial on the derived group. However, Tannaka showed that it is possible to recover a
compact noncommutative group from the category of its unitary representations.

In this chapter, we prove the analogue of this for algebraic groups. Recall that all
algebraic groups are affine.

The tannakian perspective is that an algebraic group G and its category Rep(G) of
finite-dimensional representations should be considered equal partners.

a. Recovering a group from its representations

Let k be a ring (for the moment) and let A be an k-algebra (not necessarily finitely generated)
equipped with k-homomorphisms A: 4 — A® A and €: A — k for which the diagrams (20),
p-20, commute. Then the functor

G: R ~ Homy_gigebra(A, R)

is an affine monoid over k. There is a regular representation r4 of G on A in which an
element g of G(R) acts on f € A according to the rule:

(ra(g) fR)(x) = fr(x-g) all x € G(R). D

LEMMA 11.1. With the above notations, let u be a k-algebra endomorphism of A. If the
diagram

A2, 404

lu l@u (52)

A2 404

commutes, then there exists a g € G(k) such thatu = r4(g).

163
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PROOF. Let ¢:G — G be the morphism corresponding to u, so that

(uf)r(x) = fr(¢rx) all f € 4, x € G(R). (53)

We shall prove that the lemma holds with g = ¢ (e).
From (52), we obtain a commutative diagram

G +—— GxG

o e

G+ GxG.

Thus
$r(x-y) =x-¢r(y), allx,ye€G(R).

On setting y = e in the last equation, we find that ¢pg(x) = x - gg with gr = ¢r(e).
Therefore, for f € A and x € G(R),

e ) 2 fr(x-gr) € (ra0) Nr(),
and so u =r4(g). o

Let G be an algebraic monoid over a field k. Let R be a k-algebra, and let g € G(R).
For every finite-dimensional representation (V, ry) of G over k, we have an R-linear map

Ay & rv(g): Vr — VRg. These maps satisfy the following conditions:
(a) for all representations V, W,

Avew = Ay @ Aw,

(b) Aq is the identity map (here 1 = k with the trivial action)

(c) for all G-equivariant maps u: V — W,
AW OUR =UROAy,

THEOREM 11.2. Let G be an algebraic monoid over k, and let R be a k-algebra. Suppose
that, for every finite-dimensional representation (V,ry) of G, we are given an R-linear map
Av:VR — VRg. If the family (Ay ) satisfies the conditions (a,b,c), then there exists a unique
g € G(R) such that Ay = ry(g) forall V.

PROOF. Let V' be a (possibly infinite dimensional) representation of G. Recall (4.6) that V
is a union of its finite-dimensional subrepresentations, V = |_J;<; V;. It follows from (c) that

ViV = Aviay, = Ay, VNV

for all i, j € I. Therefore, there is a unique R-linear endomorphism Ay of Vg such that
Ay |W = Aw for every finite-dimensional subrepresentation W C V. The conditions (a,b,c)
will continue to hold for the enlarged family.

In particular, we have an R-linear map A4: A — A, A = O(G)R, corresponding to
the regular representation r4 of G on A. The map m:A® A — A is equivariant' for

Here are the details. For x € G(R),

(r(g)om) (f ® f)(x) = (r(@(ffNx) = (ff)(xg) = f(xg)- f'(xg)
(mor(g)®r(g)(f® f)(x) = ((r(g) ) (r(g) f)(x) = f(xg)- f'(xg)-
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the representations r4 ® r4 and r4, which means that A4 is a k-algebra homomorphism.
Similarly, the map A: 4 — A ® A is equivariant for the representations r4 on 4 and 1 ® r4
on A® A, and so the diagram in (11.1) commutes with u replaced by A 4. Now Lemma 11.1,
applied to the affine monoid G g over R, shows that there exists a g € G(R) such A4 = r(g).

Let (V,ry) be a finitely generated representation of G, and let Vj denote the underlying
k-module. There is an injective homomorphism of representations

oV > 1y0(G)

(4.9). By definition A and r(g) agree on O(G), and they agree on Vj by condition (b).
Therefore they agree on Vp ® O(G) by (a), and so they agree on V by (c).

This proves the existence of g. It is uniquely determined by Ay for any faithful represen-
tation (V,ry). 0

COMPLEMENTS

Let V be a finitely generated module over a k-algebra R. By a representation of G on
V, we mean a homomorphism r: Gg — GLy of group-valued functors. To give such a
homomorphism is the same as giving an R-linear map p: V — V ® O(G) satisfying the
conditions (28), p.69. We let Repr(G) denote the category of representations of G on
finitely generated R-modules. We omit the subscript when R = k.

11.3. Each g € G(R) defines a family as in the theorem. Thus, from the category Rep(G),
its tensor structure, and the forgetful functor, we can recover the functor R ~> G(R), and
hence the group G itself. For this reason, Theorem 11.2 is often called the reconstruction
theorem.

11.4. Let (Ay) be a family as in Theorem 11.2. If G is an algebraic group, then each Ay
is an isomorphism and Ayv = (Ay)VY, because this true of the maps ry (g).

11.5. For a k-algebra R, let wgr be the forgetful functor Repr(G) — Modg, and let
End®(wg) denote the set of natural transformations A:wg — wg commuting with tensor
products — the last condition means that A satisfies conditions (a) and (b) of the theorem.
The theorem says that the canonical map G(R) — End® (wg) is an isomorphism. Now let
End®(w) denote the functor R ~> End® (wg). Then G ~ End®(w). Because of (11.4), this
can be written G ~ Aut® ().

11.6. Suppose that k is an algebraically closed field, and that G is smooth, so that O(G)
can be identified with a ring of k-valued functions on G (k). For each representation (V,ry)
of G (over k) and u € V'V, we have a function ¢, on G(k),

Pu(g) = (u.ry(g)) €k.

Then ¢, € O(G), and every element of O(G) arises in this way (cf. Springer 1998, p.39,
and Exercise 3-1). In this way, we can recover O(G) directly as the ring of “representative
functions” on G.

11.7. In (11.2), instead of all representations of G, it suffices to choose a faithful represen-
tation V' and take all quotients of subrepresentations of a direct sum of representations of the
form ®" (V@& V") or V" @ det™ (apply 4.12). Here det™ ! is the dual of the representation
of G on /\dlmV V. Then (11.2) can be interpreted as saying that G is the subgroup of GLy
fixing all tensors in subquotients of representations V®”" ® det™* fixed by G.
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11.8. In general, we can’t omit “quotients of” from (11.7).> However, we can omit it if V' is
semisimple or if some nonzero multiple of every character H — G, extends to a character
G —> Gy of G.

b. Application to Jordan decompositions

THE JORDAN DECOMPOSITION OF A LINEAR MAP

In this subsection, we review some linear algebra.

Recall that an endomorphism « of a vector space V is diagonalizable if V has a basis of
eigenvectors for o, and that it is semisimple if it becomes diagonalizable after an extension
of the base field k. For example, the linear map x — Ax:k" — k™ defined by an n xn
matrix A is diagonalizable if and only if there exists an invertible matrix P with entries in k
such that PAP ! is diagonal, and it is semisimple if and only if there exists such a matrix
P with entries in some field containing k.

From linear algebra, we know that « is semisimple if and only if its minimum polynomial
my (T') has distinct roots; in other words, if and only if the subring ko] >~ k[T']/(mq(T))
of End (V') generated by « is étale.

Recall that an endomorphism « of a vector space V' is nilpotent if &' = 0 for some
m > 0, and that it is unipotent if idy —« is nilpotent. Clearly, if « is nilpotent, then its
minimum polynomial divides 7" for some m, and so the eigenvalues® of « are all zero, even
in k. From linear algebra, we know that the converse is also true, and so « is unipotent if
and only if its eigenvalues in k2 all equal 1.

Let o be an endomorphism of a finite-dimensional vector space V' over k. We say that o
has all of its eigenvalues in k if the characteristic polynomial Py (7T) of & splits in k[ X]:

Po(T) = (T —ay)" (T —ay)™. ai€k.
For each eigenvalue a of « in k, the primary space* is defined to be:
Vé={weV|(@—a)Nv=0, N sufficiently divisible’}.

PROPOSITION 11.9. Ifw has all of its eigenvalues in k, then V' is a direct sum of its primary

spaces:
— aj
V= @i Ve

PROOF. Let P(T) be a polynomial in k[T'] such that P(«) = 0, and suppose that P(T') =
Q(T)R(T) with Q and R relatively prime. Then there exist polynomials a(7) and b(T)
such that

a(T)Q(T)+b(T)R(T) = 1.

2Consider for example, the subgroup B = {(3 I)} of GL; acting on V' = k x k and suppose that a vector

ve (Ve VV)® s fixed by B. Then g — guv is a regular map GLy /B — (V @ VV)®" of algebraic varieties.
But GL, /B ~ P! and (V @ VV)®" is affine, and so the map is trivial. Therefore, v is fixed by GLj, and so
B’ = B.

3We define the eigenvalues of an endomorphism of a vector space to be the family of roots of its characteristic
polynomial in some algebraically closed field.

“4This is Bourbaki’s terminology (LIE VII, §1); “generalized eigenspace” is also used.

4By this I mean that there exists an N such that the statement holds for all positive integers divisible by
Ny, i.e., that N is sufficiently large for the partial ordering

M <N <= M divides N.
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Foranyv eV,
a(a) Q()v + b(a) R(@)v = v, (54)

which implies immediately that Ker(Q («)) N Ker(R(«)) = 0. Moreover, because

Q(@)R(a) =0 = R(a) Q(a),

(54) expresses v as the sum of an element of Ker(R(«)) and an element of Ker(Q («)). Thus,
V is the direct sum of Ker(Q(«)) and Ker(P («)).
On applying this remark repeatedly to the characteristic polynomial

(T —a)™ - (T —a;)"
of o and its factors, we find that
V= @i Ker(a —a;)",
as claimed. o

COROLLARY 11.10. An endomorphism « of a finite-dimensional k -vector space V has all
of its eigenvalues in k if and only if, for some choice of basis for V, the matrix of « is upper
triagonal.

PROOF. The sufficiency is obvious, and the necessity follows from proposition. O

An endomorphism satisfying the equivalent conditions of the corollary is said to be
trigonalizable.

THEOREM 11.11. LetV be a finite-dimensional vector space over a perfect field, and let «
be an automorphism of V. There exist unique automorphisms o and oy, of V' such that

(a) @ = azoay = oy oog, and
(b) oy is semisimple and oy, is unipotent.

Moreover, each of ag and oy, is a polynomial in «.

For example,
1 00 1 0 0\ /1 0 O 1 0 0\ /1 O O
0 2 4]1=10 2 0|0 1 2).=10 1 2J{0 2 O
00 2 0 0 2/\0 01 0 0 1J\0 O 2

PROOF. Assume first that o has all of its eigenvalues in k, so that V' is a direct sum of the
primary spaces of «, say, V = D <; ,, V% where the a; are the distinct roots of Py. Define

o to be the automorphism of V' that acts as a; on V% for each i. Then o is a semisimple
automorphism of V', and oy, oo ozs_l commutes with g (because it does on each V%) and
is unipotent (because its eigenvalues are 1). Thus o and o, satisfy (a) and (b).

Let n; denote the multiplicity of a;. Because the polynomials (7' —a; )™ are relatively

prime, the Chinese remainder theorem shows that there exists a Q(7T) € k[T] such that
O(T)=a; mod (T —a)", i=1,...,m.

Then Q(w) acts as a; on V% for each i, and so oy = Q(«), which is a polynomial in «.
Similarly, a;! € k[, and so o, o oa; ! € ko]
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It remains to prove the uniqueness of og and a,. Let @ = B o B, be a second decompo-
sition satisfying (a) and (b). Then S5 and 8, commute with «, and therefore also with o
and o, (because they are polynomials in «). It follows that 8; oy is semisimple and that
oy By ! is unipotent. Since they are equal, both must equal 1. This completes the proof in
this case.

In the general case, because k is perfect, there exists a finite Galois extension k’ of k
such that « has all of its eigenvalues in k’. Choose a basis for V, and use it to attach matrices
to endomorphisms of V and k' ®; V. Let A be the matrix of «. The first part of the proof
allows us to write A = AgA, = A, As with A a semisimple matrix and A4,, a unipotent
matrix with entries in k’; moreover, this decomposition is unique.

Let o € Gal(k'/ k), and for a matrix B = (b;;), define 0B to be (0b;;). Because A has
entries in k, 04 = A. Now

A= (045)(0Ay)

is again a decomposition of A into commuting semisimple and unipotent matrices. By
the uniqueness of the decomposition, cA; = Ay and 04, = A,. Since this is true for all
o € Gal(k’/ k), the matrices A and A,, have entries in k. Now a = o5 oy, where oy and
oy, are the endomorphisms with matrices Ay and A,,, is a decomposition of « satisfying (a)
and (b).

Finally, the first part of the proof shows that there exist ¢; € k’ such that

As=co+c1A++cp1 A" (n =dimV).
The ¢; are unique, and so, on applying o, we find that they lie in k. Therefore,
oy =co+cra 4+ 10"t e kfa].
Similarly, o, € k|o]. a)
The automorphisms «; and «,, are called the semisimple and unipotent parts of «, and
O = 05 00y = Oly Ol
is the (multiplicative) Jordan decomposition of o.

PROPOSITION 11.12. Let V and W be vector spaces over a perfect field k. Let o and B be
automorphisms of V and W respectively, and let ¢: V — W be a linear map. If poa = Bog,
then ooy = Bsop and poay = By 0.

PROOF. It suffices to prove this after an extension of scalars, and so we may suppose
that both @ and § have all of their eigenvalues in k. Recall that «g acts on each primary
space V4, a € k, as multiplication by a. As ¢ obviously maps V¢ into W¢, it follows that
@oas = Bsog. Similarly, poa;! = ;1 og, and so poay, = By 0g. 0

PROPOSITION 11.13. Let V be a vector space over a pertect field. Every subspace W
of V stable under « is stable under a5 and oy, and «|W = ag|W ooy |W is the Jordan
decomposition of o|W .

PROOF. The subspace W is stable under oy and o, because each is a polynomial in «.
Clearly the decomposition «|W = as|W ooy, |W has the properties (a) and (b) of (11.11),
and so is the Jordan decomposition o|W. o
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PROPOSITION 11.14. For any automorphisms « and 8 of vector spaces V and W over a
perfect field,

(@®pB)s = as ® Bs
(@ By = ay @ Pu.

PROOF. It suffices to prove this after an extension of scalars, and so we may suppose that
both « and B have all of their eigenvalues in k. For any a,b € k, V¢ Q Wb c (V @ W)a?,
and so a5 ® B and (o ® B)s both act on V; ® Wj, as multiplication by ab. This shows that
(¢ ® B)s = a5 ® Bs. Similarly, (O‘s_l ®ﬂs_1) = («a ®,8)s_1’ and so (¢ ® B)y = oy ® fu. o

EXAMPLE 11.15. Let k be a nonperfect field of characteristic 2, so that there exists an
ack~k? andlet M = (9 1). In the algebraic closure of k, M has the Jordan decomposition

=0 ) ()

(the matrix at right has eigenvalues 1,—1, and —1 = 1). These matrices do not have coeffi-
cients in k, and so, if M had a Jordan decomposition in M»(k), it would have two distinct
Jordan decompositions in M, (k®), contradicting the uniqueness of the decomposition.

INFINITE-DIMENSIONAL VECTOR SPACES

Let V be a vector space, possibly infinite dimensional, over a perfect field k. An endomor-
phism « of V' is locally finite if V is a union of finite-dimensional subspaces stable under
a. A locally finite endomorphism is semisimple (resp. locally nilpotent, locally unipotent)
if its restriction to every stable finite-dimensional subspace is semisimple (resp. nilpotent,
unipotent).

Let « be a locally finite automorphism of V. By assumption, every v € V' is contained
in a finite-dimensional subspace W stable under «, and we define a5(v) = (a|W)s(v).
According to (11.11), this is independent of the choice of W, and so in this way we get a
semisimple automorphism of V. Similarly, we can define «,. Thus:

THEOREM 11.16. Let«a be a locally finite automorphism of a vector space V. There exist
unique automorphisms o and o, such that

(a) @ = agoay = oy oog, and
(b) oy is semisimple and oy, is locally unipotent.

For any finite-dimensional subspace W of V' stable under «,
a|W = (as|W)o(au|W) = (ou|W) o (as|W)

is the Jordan decomposition of a|W .

JORDAN DECOMPOSITIONS IN ALGEBRAIC GROUPS
Finally, we are able to prove the following important theorem.

THEOREM 11.17. Let G be an algebraic group over a perfect field k. For every g € G(k),
there exist unique elements gs, g, € G(k) such that, for all representations (V,ry) of G,
rv(8s) = rv(g)s and ry (gu) = rv(g)u. Furthermore,

8 = 8s8u = 8ufs- (55)
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PROOF. In view of (11.12) and (11.14), the first assertion follows immediately from (11.2)
applied to the families (ry(g)s)y and (ry(g)u)y. Now choose a faithful representation ry .
Because

rv(g)stv(&u =rv(gs)rv(gu) = rv(gs&u)

rv(@urv(g)s = rv(gu)rv(gs) = rv(gugs)

(55) follows. o

rv(g) =

The elements g and gy, are called the semisimple and unipotent parts of g, and g =
gs8u 18 the Jordan decomposition (or Jordan-Chevalley decomposition) of g.

11.18. Let G be an algebraic group over a perfect field k. An element g of G(k) is said
to be semisimple (resp. unipotent) it g = g5 (resp. g = gy). Thus, g is semisimple (resp.
unipotent) if 7(g) is semisimple (resp. unipotent) for one faithful representation (V,r) of G,
in which case r(g) is semisimple (resp. unipotent) for all representations r of G.

11.19. To check that a decomposition g = gsgy is the Jordan decomposition, it suffices
to check that r(g) = r(gs)r(gy) is the Jordan decomposition of r(g) for a single faithful
representation of G.

11.20. Homomorphisms of algebraic groups preserve Jordan decompositions. To see this,
let u:G — G’ be a homomorphism and let g = g5g,, be a Jordan decomposition in G (k). If
¢:G’ — GLy is a representation of G’, then ¢ ou is a representation of G, and so

(pou)(g) = ((pou)(gs))-((pou)(gu))

is the Jordan decomposition in GL(V'). When we choose ¢ to be faithful, this implies that
u(g) = u(gs)-u(gy) is the Jordan decomposition of u(g).

11.21. Let G be a group variety over an algebraically closed field. In general, the set
G(k)s of semisimple elements in G (k) will not be closed for the Zariski topology. However,
the set G(k),, of unipotent elements is closed. To see this, embed G in GL, for some n.
A matrix A is unipotent if and only if its characteristic polynomial is (7 — 1)". But the
coefficients of the characteristic polynomial of A are polynomials in the entries of 4, and so
this is a polynomial condition on A.

ASIDE 11.22. We have defined Jordan decompositions for algebraic groups G which are not nec-
essarily smooth. However, as we require the base field to be perfect, G4 is a smooth algebraic
subgroup of G such that Gq(k) = G (k). Therefore everything comes down to smooth groups.

ASIDE 11.23. Our proof of the existence of Jordan decompositions (Theorem 11.17) is the standard
one, except that we have made Lemma 11.1 explicit. As Borel has noted (1991, p. 88; 2001, VIII 4.2,
p. 169), the result essentially goes back to Kolchin 1948b, 4.7.

ASIDE 11.24. “... there is a largely separate line of work on linear algebraic groups, which owes
even more to Chevalley and certainly merits the label ‘Jordan-Chevalley decomposition’. Actually, a
couple of papers by Kolchin in 1948 started in this direction, but Chevalley’s 1951 book and his famous
1956-58 classification seminar made the results basic to all further work. The striking fact is that the
semisimple and unipotent parts in the multiplicative Jordan decomposition are intrinsically defined in
any connected linear algebraic group (over any algebraically closed field, though Chevalley’s early
work started out over arbitrary fields). Adaptations to fields of definition then follow.” (Humphreys
mo152239.)
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c. Characterizations of categories of representations

Pontryagin duality identifies the topological groups that arise as the dual of a locally compact
commutative group — they are exactly the locally compact commutative groups.

Similarly, Tannakian theory identifies the tensor categories that arise as the category of
representations of an algebraic group. We briefly explain the answer.

In this section, k-algebras are not required to be finitely generated, and we ignore set-
theoretic questions. An abelian category together with a k-vector space structure on every
Hom group said to be k-linear if the composition maps are k-bilinear.

By an affine group over k we mean a functor G from k-algebras to groups whose
underlying functor to sets is representable by a k-algebra O(G):

G(R) = Homk—algebra(O(G)» R).

When O(G) is finitely generated, G is an affine algebraic group.

Let w: A — B be a faithful functor of categories. We say that a morphism w X — oY
lives in A if it lies in Hom(X,Y) C Hom(wX,wY).

For k-vector spaces U, V, W, there are canonical isomorphisms

duywUQVAW)—>URV)QW, u(vw)—> uU®v)Qw

Yur: UV =V eU, URV > VR U. (56)

THEOREM 11.25. LetC be a k -linear abelian category and let ®:C x C — C be a k -bilinear
functor. The pair (C, ®) is the category of representations of an affine group G over k if and
only if there exists a k -linear exact faithful functor w:C — Vecy, such that

@ o XRY)=w(X)Qw(Y) forall X,Y;

(b) the isomorphisms ¢y, x,wy,0z and Y, x oy live in C forall X, Y, Z;

(¢c) there exists an (identity) object 1 in C such that w(1) = k and the canonical isomor-
phisms

() @w(X) ~w(X) ~w(X)@w(l)

live in C;

(d) for every object X such that w(X) has dimension 1, there exists an object X! in C
suchthat X ® X! ~ 1.

PrROOF. If (C,®) = (Rep(G), ®) for some affine group scheme G over k, then the forgetful
functor has the required properties, which proves the necessity of the condition. We defer
the proof of the sufficiency to the final section of this chapter (Section e). O

NOTES

11.26. The group scheme G depends on the choice of w. Once w has been chosen, G has
the same description as in (11.2), namely, for a k-algebra R, the group G(R) consists of
families (Ax )x eob(c)» Ax € End(X) ® R, such that

(a) forall X,Y in C,
Axey = Ax ®Ay;

(b) Ap is the identity map;

(c) for all morphisms u: X — Y,

Ay oUR =uUgroAx.
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In other words, G = Aut®(w). Therefore (11.2) shows that, when we start with (C, ®) =
(Rep(G), ®), we get back the group G.

11.27. Let C be a k-linear abelian category equipped with a k-bilinear functor ®:C x C —
C. The dual of an object X of C is an object XV equipped with an “evaluation map”
ev: XV ® X — 1 having the property that the map

o+ evo(a ®idy):Hom(T,X") — Hom(T ® X, 1)

is an isomorphism for all objects 7" of C. If there exists a functor w as in (11.25), then duals
always exist, and the affine group G attached to w is algebraic if and only if there exists
an X such that every object of C is isomorphic to a subquotient of a direct sum of objects
Q™ (X & XV). The necessity of this condition follows from (4.12).

EXAMPLES

11.28. Let M be a commutative group. An M -gradation on a finite-dimensional k-vector
space V is a family (V"),ep of subspaces of V such that V = @D, V™. If V is graded
by a family of subspaces (V™),, and W is graded by (W"),,, then V ® W is graded by the
family of subspaces

mi+moy=m

For the category of finite-dimensional M -graded vector spaces, the forgetful functor satisfies
the conditions of (11.25), and so the category is the category of representations of an affine
group. When M is finitely generated, this is the algebraic group D (M) defined in (14.3)
below.

11.29. Let K be a topological group. The category Repg (K) of continuous representations
of K on finite-dimensional real vector spaces has a natural tensor product. The forgetful
functor satisfies the conditions of (11.25), and so there is an affine algebraic group K over
R, called the real algebraic envelope of K, for which there exists a natural equivalence

Repg(K) — Repg(K).

This equivalence is induced by a homomorphism K — K (R), which is an isomorphism
when K is compact (Serre 1993, 5.2).

11.30. Let G be a connected complex Lie group, and let C be the category of complex-
analytic representations of G on finite-dimensional complex vector spaces. With the obvious
functors ®:C x C — C and w: C — Vecg, this satisfies the hypotheses of Theorem 11.25, and
so it is the category of representations of an affine group A(G). Almost by definition, there
exists a homomorphism P:G — A(G)(C) with the property that, for each complex-analytic
representation (V, p) of G, there exists a unique representation (V, p) of A(G) such that
p=poP.

The group A(G) is sometimes called the Hochschild-Mostow group (for a brief exposi-
tion of this work of Hochschild and Mostow (1957—-69), see Magid, Andy, Notices AMS,
Sept. 2011, p.1089). Hochschild and Mostow also studied A(G) for G a finitely generated
(abstract) group.
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d. Tannakian categories

In this subsubsection, we review a little of the abstract theory of Tannakian categories. See
Saavedra Rivano 1972 or Deligne and Milne 1982 for the details.

A k-linear tensor category is a system (C, ®,¢,¥) in which C is a k-linear category,
®:C x C — C is a k-bilinear functor, and ¢ and ¥ are functorial isomorphisms

dxyz XY RZ) - (X®Y)®Z
WX,Y2X®Y—>Y®X

satisfying certain natural conditions which ensure that the tensor product of every (unordered)
finite family of objects of C is well-defined up to a well-defined isomorphism. In particular,
there is an identity object 1 (tensor product of the empty family) such that X »» 1 ® X:C —
C is an equivalence of categories.

For example, the category of representations of an affine monoid G over k on finite-
dimensional k-vector spaces becomes a k-linear tensor category when equipped with the
usual tensor product and the isomorphisms (56).

A k-linear tensor category is rigid if every object has a dual (in the sense of 11.27). For
example, category if rigid if G is an affine group. A rigid abelian k-linear tensor category
(C,®) is a Tannakian category over k if End(1) = k and there exists a k-algebra R and an
exact faithful k-linear functor w: (C, ®) — (Vecg, ®) preserving the tensor structure. Such
a functor is said to be a R-valued fibre functor for C.

A Tannakian category over k is said to be neutral if there exists a k-valued fibre functor.
The first main theorem in the theory of neutral Tannakian categories is the following (Deligne
and Milne 1982 Theorem 2.11).

THEOREM 11.31. Let (C,®) be a neutral Tannakian category over k, and let w be a k-
valued fibre functor. Then,

(a) the functor Aut® (w) (see 11.5) of k-algebras is represented by an affine group scheme
G;

(b) the functor C — Rep(G) defined by w is an equivalence of tensor categories.

(c) For an affine group scheme G over k, the obvious morphism of functors G —

Aut® (Wrorget) 1s an isomorphism.

PROOF. The functor w satisfies the conditions of Theorem 11.25. For (a), (b), and (c), this is
obvious; for (d) one has to note that if w(X) has dimension 1, then the mapev: XY ® X — 1
is an isomorphism. O

The theorem gives a dictionary between the neutralized Tannakian categories over k and
the affine group schemes over k. To complete the theory in the neutral case, it remains to
describe the fibre functors for C with values in a k-algebra R.

THEOREM 11.32. LetC, ®, w, G be as in Theorem 11.31, and let R be a k-algebra.

(a) For every R-valued fibre functor v on C, the functor
R ~ Isom®(w @ R,v)

is represented by an affine scheme Isom® (wg,v) over R which, when endowed with
the obvious right action of G g, becomes a G g-torsor for the flat (fpqc) topology.
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(b) The functor v ~> Isom® (wg,v) establishes an equivalence between the category of
R-valued fibre functors on C and the category of right G g-torsors on Spec(R) for the
flat (fpqc) topology.

PROOF. The proof is an extension of that of Theorems 11.25 and 11.31 — see Deligne and
Milne 1982, Theorem 3.2. o

e. Proof of Theorem 11.25

CATEGORIES OF COMODULES OVER A COALGEBRA
A coalgebra® over k is a k-vector space C equipped with a pair of k-linear maps

AC—>CQC, eC—k

such that the diagrams (20), p.56, commute. The linear dual C¥ of C becomes an associative
algebra over k with the multiplication

can. AY
CVeCY=(CxC)Y —CY, (57)
and the structure map
k~kV <>V (58)

We say that C is cocommutative if C" is commutative (resp. étale).

Let (C,A,€) be a coalgebra over k. A C-comodule is a k-linear map p:V — V ® C
satisfying the conditions (28), p.69. In terms of a basis (e;);ey for V, these conditions
become

Aliy) = 2kercik®u gy g (59)
€(cij) = 6ij
These equations show that the k-subspace spanned by the c;; is a subcoalgebra of C, which
we denote Cy . Clearly, Cy is the smallest subspace of C such that p(V) C V ® Cy, and so
it is independent of the choice of the basis. When V is finite dimensional over k, so also is
Cy. If (V, p) is a sub-comodule of the C-comodule (C, A), then V C Cy.

An additive category C is said to be k-linear if the Hom sets are k-vector spaces and
composition is k-bilinear. Functors of k-linear categories are required to be k-linear, i.e., the
maps Hom(a,b) — Hom(Fa, Fb) defined by F are required to be k-linear.

For example, if C is k-coalgebra, then Comod(C) is a k-linear category. In fact,
Comod(C) is a k-linear abelian category, and the forgetful functor w: Comod(C) — Vecy
is exact, faithful, and k-linear. The next theorem provides a converse to this statement.

THEOREM 11.33. Let C be an essentially small’ k-linear abelian category, and let w:C —
Vecy, be an exact faithtul k-linear functor. Then there exists a coalgebra C such that C is
equivalent to the category of C -comodules of finite dimension.

6Sometimes this is called a co-associative coalgebra over k with co-identity.

"This hypothesis is essential. Let S be a proper class, and let C be the category of finite-dimensional vector
spaces over k equipped with an S-gradation. The coalgebra C has an idempotent for each element of S, and so
its underlying “set” is a proper class.
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The proof will occupy the rest of this subsection.

Because w is faithful, w(idy) = w(0) if and only if idy = 0, and so w(X) is the zero
object if and only if X is the zero object. It follows that, if w(u) is a monomorphism (resp. an
epimorphism, resp. an isomorphism), then so also is u. For objects X, Y of C, Hom(X,Y)
is a subspace of Hom(w X, wY '), and hence has finite dimension over k.

For monomorphisms X X5 ¥ and X’ =5 Y with the same target, we write x < x’ if
there exists a morphism X — X’ (necessarily unique) giving a commutative triangle. The
lattice of subobjects of Y is obtained from the collection of monomorphisms by identifying
two monomorphisms x and x” if x < x’ and x’ < x. The functor @ maps the lattice of
subobjects of Y injectively® to the lattice of subspaces of wY . Hence X has finite length.

Similarly w maps the lattice of quotient objects of Y injectively to the lattice of quotient
spaces of wY .

For X in C, we let (X) denote the full subcategory of C whose objects are the quotients
of subobjects of direct sums of copies of X. For example, if C is the category of finite-
dimensional comodules over a coalgebra C, then (X ) is the category of finite-dimensional
comodules over Cy (see above).

Let X be an object of C, and let S be a subset of w(X). The intersection of the subobjects
Y of X such that w(Y) D S is the smallest subobject with this property — we call it the
subobject of X generated by S.

An object Y is monogenic if it is generated by a single element, i.e., there exists a
y € w(Y) such that

Y'CcY,yewl) = Y' =Y.

PROOF OF (11.33) IN THE CASE THAT C IS GENERATED BY A SINGLE OBJECT

In the next three lemmas, we assume that C = (X') for some X.

LEMMA 11.34. For every monogenic objectY of C,
dimg w(Y) < (dimg o(X))?.

PROOF. By hypothesis, there are maps Y & Y1 < X™. Let y; be an element of w(Y7)
whose image y in w(Y') generates Y, and let Z be the subobject of Y7 generated by y;. The
image of Z in Y contains y and so equals Y. Hence it suffices to prove the lemma for Z,
i.e., we may suppose that ¥ C X for some m. We shall deduce that ¥ — X ™’ for some
m’ < dimy w(X), from which the lemma follows.

Suppose that m > dimy w(X). The generator y of Y lies in w(Y) C w(X™) = w(X)™.
Let y = (¥1,...,ym) in @(X)™. Since m > dimy w(X), there exist a; € k, not all zero,
such that ) "a;y; = 0. The a; define a surjective morphism X” — X whose kernel N
is isomorphic to X712 As y € w(N), we have Y C N, and so Y embeds into X1,
Continue in this fashion until ¥ C X™ with m’ < dimy w(X). O

8If w(X) = w(X’), then the kernel of
(3):XxX' >Y

projects isomorphically onto each of X and X’ (because it does after @ has been applied).

.....

of N onto X1, because w(A) is an isomorphism w(N) — (X)L,
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As dimg w(Y) can take only finitely many values when Y is monogenic, there exists a
monogenic P for which dimy w(P) has its largest possible value. Let p € w(P) generate
P.

LEMMA 11.35. (a) The pair (P, p) represents the functor .

(b) The object P is a projective generator for C, i.e., the functor Hom(P,—) is exact and
faithtul.

PROOF. (a) Let X be an object of C, and let x € w(X); we have to prove that there exists a
unique morphism f: P — X such that w( f) sends p to x. The uniqueness follows from the
fact p generates P (the equalizer E of two f is a subobject of P such that w(E) contains p).
To prove the existence, let Q be the smallest subobject of P x X such that w(Q) contains
(p,x). The morphism Q — P defined by the projection map is surjective because P is
generated by p. Therefore,

dimy (Q) > dimy w(P),

but because dimy (w(P)) is maximal, equality must hold, and so Q — P is an isomorphism.
The composite of its inverse with the second projection Q — X is a morphism P — X
sending p to x.

(b) The object P is projective because w is exact, and it is a generator because  is
faithful. o

Let A = End(P) — it is a k-algebra of finite dimension as a k-vector space (not
necessarily commutative) — and let 2¥ be the functor X ~> Hom(P, X).

LEMMA 11.36. The functor h* is an equivalence from C to the category of right A-modules
of finite dimension over k. Its composite with the forgetful functor is canonically isomorphic
ow.

PROOF. Because P is a projective generator, h¥ is exact and faithful. It remains to prove
that it is essentially surjective and full.
Let M be aright A-module of finite dimension over k, and choose a finite presentation
for M,
A" 54" > M >0

where u is an m x n matrix with coefficients in A. This matrix defines a morphism P™ — P”"
whose cokernel X has the property that 1 (X) ~ M. Therefore h* is essentially surjective.
We have just shown that every object X in C occurs in an exact sequence

P" L P X 0.
Let Y be a second object of C. Then
Hom(P™,Y) ~ hf (Y)™ ~ Hom(4™,h* (Y)) ~ Hom(h¥ (P™),hT (Y)),
and the composite of these maps is that defined by 4. From the diagram

0 —— Hom(X,Y) ———  Hom(P",Y) —— Hom(P™,Y)

| I I

0 —— Hom(h? (X),h? (Y)) —— Hom(A",hf (Y)) —— Hom(A™,hF(Y))
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we see that Hom(X,Y) — Hom(h® (X),h* (Y)) is an isomorphism, and so A% is full.
For the second statement,

o(X) ~ Hom(P, X) ~ Hom(h? (P),h? (X)) = Hom(4,hT (X)) ~ h? (X). 5

As A is a finite k-algebra, its linear dual C = AV is a k-coalgebra, and to give a right
A-module structure on a k-vector space is the same as giving a left C-comodule structure.
Together with (11.36), this completes the proof in the case that C = (X). Note that

def

A= End(P) ~ End(h?) ~ End(w),

and so
C ~End(w)",

i.e., the coalgebra C is the k-linear dual of the algebra End(w).

EXAMPLE 11.37. Let A be a finite k-algebra (not necessarily commutative). Because A
is finite, its dual AV is a coalgebra, and the left A-module structures on k-vector space
correspond to right AY-comodule structures. If we take C to be Mod(A), w to the forgetful
functor, and X to be A regarded as a left A-module, then

End(w|(X))Y ~ AY,

and the equivalence of categories C — Comod(A4") in (11.38 below) simply sends an A-
module V' to V with its canonical AY-comodule structure. This is explained in detail in
(11.42) and (11.43).

PROOF OF (11.33) IN THE GENERAL CASE

We now consider the general case. For an object X of C, let Ay = End(w|{X)), and
let Cx = A)\g. For each Y in (X), Ax acts on w(Y) on the left, and so w(Y) is a right
Cx -comodule; moreover, Y ~» w(Y) is an equivalence of categories

{(X) — Comod(Cy).
Define a partial ordering on the set of isomorphism classes of objects in C by the rule:
[X]=[Y]if (X) C ().

Note that [X],[Y] < [X @ Y], so that we get a directed set, and that if [X] < [Y], then restric-
tion defines a homomorphism Ay — Ax. When we pass to the limit over the isomorphism
classes, we obtain the following more precise form of the theorem.

THEOREM 11.38. Let C be an essentially small k -linear abelian category and let w:C —
Vecy, be a k-linear exact taithful functor. Let C(w) be the k-coalgebra li_r)n[X] End(w|(X))V.

For each object Y in C, the vector space w(Y) has a natural structure of a right C(w)-
comodule, and the functor Y ~> w(Y') is an equivalence of categories C — Comod(C (w)).

ASIDE 11.39. 1t is essential in Theorems 11.25 and 11.38 that C be essentially small, because
otherwise the underlying “set” of C(w) may be a proper class. For example, let S be a proper class
and let C be the category of finite dimensional vector spaces graded by S. In this case C(w) contains
an idempotent for each element of S, and so cannot be a set.
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BIALGEBRAS

DEFINITION 11.40. A bi-algebra over k is a k-module with compatible structures of an
associative algebra with identity and of a co-associative coalgebra with co-identity. In detail,
a bi-algebra over k is a quintuple (A4,m, e, A,€) where

(a) (A,m,e) is an associative algebra over k with identity e;

(b) (A4, A,e€) is a co-associative coalgebra over k with co-identity «;

(c) A:A— A® A is a homomorphism of algebras;

(d) €: A — k is a homomorphism of algebras.
A homomorphism of bi-algebras (4,m,...) — (A’,m’,...) is a k-linear map A — A’ that
is both a homomorphism of k-algebras and a homomorphism of k-coalgebras.
The next proposition shows that the notion of a bi-algebra is self dual.
PROPOSITION 11.41. For a quintuple (A,m,e, A, ¢€) satistfying (a) and (b) of (1.7), the
following conditions are equivalent:

(a) A and € are algebra homomorphisms;

(b) m and e are coalgebra homomorphisms.

PROOF. Consider the diagrams:

A® A A A® A
lA@A Tm@m
ARARARA 48164 ARARAR A
A9d 2 4 A4 —" 54 Y

A

k@k ek k@k —= 5k k— Sk

The first and second diagrams commute if and only if A is an algebra homomorphism, and the
third and fourth diagrams commute if and only if € is an algebra homomorphism. On the other
hand, the first and third diagrams commute if and only if m is a coalgebra homomorphism,
and the second and fourth commute if and only if e is a coalgebra homomorphism. Therefore,
each of (a) and (b) is equivalent to the commutativity of all four diagrams. O

CATEGORIES OF COMODULES OVER A BIALGEBRA

11.42. Let A be a finite k-algebra (not necessarily commutative), and let R be a commuta-
tive k-algebra. Consider the functors

R

Mod(4) —2— Vec(k) ———— Mod(R).
forget V>RV

For M € ob(Mod(A)), let My = w(M). An element A of End(¢g ow) is a family of R-linear
maps
AM2R®k My — R®k Moy,
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functorial in M. An element of R ®; A defines such a family, and so we have a map
u:R®; A — End(¢row),

which we shall show to be an isomorphism by defining an inverse 8. Let B(1) = A4(1 ® 1).
Clearly B ou = id, and so we only have to show u o 8 = id. The A-module A ®; My is a
direct sum of copies of A, and the additivity of A implies that Ay@nm, = A4 ®idp,. The
map a @ m +— am: A Qi My — M is A-linear, and hence

R®kA®kM0 > R®kM

l/AA ®idMO l/AM

R AQr My —— RQ M
commutes. Therefore
Av(l@m)=24(1)@m=(uof(A)py(1@m)forl®me RKM,
ie,uof =id

11.43. Let C be a k-coalgebra, and let w be the forgetful functor on Comod(C). When C
is finite over k, to give an object of Comod(C) is essentially the same as giving a finitely
generated module over the k-algebra A = CV, and so (11.42) shows that

C ~End(w)".

In the general case,
~ i ~ 11 \4
Cx~ lg_)nCX ~ llr_>nEnd(a)C|(X)) . (60)
[x] [x1

Let u: C — C’ be a homomorphism of k-coalgebras. A coaction V — V ® C of C on
V defines a coaction V — V ® C’ of C' on V by composition with idy ®u. Thus, u defines
a functor F:Comod(C) — Comod(C’) such that

wc'oF =owc. (61)

LEMMA 11.44. Every functor F:Comod(C) — Comod(C") satisfying (61) arises, as above,
from a unique homomorphism of k -coalgebras C — C’.

PROOF. The functor F defines a homomorphism

limEnd(wc/[{FX)) — limEnd(oc [(X)),
[X] [X]

and h_IT)l[X] End(wc/|{FX)) is a quotient of h_n)q[Y] End(wc/|{Y}). On passing to the duals,

we get a homomorphism
. \V2 . A\
limEnd(wc [(X))" — limEnd(wc/|[(Y))

and hence a homomorphism C — C’. This has the required property. 0
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Let C be a coalgebra over k. Then (C ® C,Ac ® Ac,ec ® €c) is again a coalgebra
over k, and a coalgebra homomorphism m:C ® C — C defines a functor

¢™:Comod(C) x Comod(C) — Comod(C)
sending (V, W) to V ® W with the coaction

® Vw
Veaw 2 vecoweC ~VeweCeC ' X" VewecC.

PROPOSITION 11.45. The map m +— ¢™ defines a one-to-one correspondence between the
set of k-coalgebra homomorphisms m:C ® C — C and the set of k-bilinear functors

¢:Comod(C) x Comod(C) — Comod(C)

such that ¢ (V,W) =V ® W as k-vector spaces.

(a) The homomorphism m is associative if and only if the canonical isomorphisms of
vector spaces

URRW)—~ uURV)QWUR(VRIW)—>UQV)QW

are isomorphisms of C -comodules for all C-comodules U, V, W.
(b) The homomorphism m is commutative (i.e., m(a,b) = m(b,a) for alla,b € C) if and
only if the canonical isomorphisms of vector spaces

VRIWHHWRUVVRIW ->WRV

are isomorphisms of C -comodules for all C -comodules W,V .
(¢) There is an identity map e:k — C if and only if there exists a C -comodule U with
underlying vector space k such that the canonical isomorphisms of vector spaces
UQV V>~V U

are isomorphisms of C -comodules for all C -comodules V.

PROOF. The pair (Comod(C) x Comod(C),w ® w), with (0w ® w)(X,Y) = w(X) @ w(Y)
(as a k-vector space), satisfies the conditions of (11.38), and li_n)lEnd(a) Qu|{(X,Y))Y =
C ® C. Thus

(Comod(C) x Comod(C),wc ® wc) ~ (Comod(C ® C),wcgc),

and so the first statement of the proposition follows from (11.44). The remaining statements
involve only routine checking. O

THEOREM 11.46. Let C be an essentially small k -linear abelian category, and let ®:C x
C — C be a k-bilinear functor. Let w:C — Vecy be a k -linear exact faithful functor such
that

(@) w(X®Y)=w(X)®w(Y) forall X,Y;
(b) the isomorphisms ¢y, x,wY,wz and Yy x oy live in C forall X, Y, Z;

(c) there exists an (identity) object 1 in C such that w(1) = k and the canonical isomor-
phisms
() Rw(X) ~w(X) ~w(X)Rw(l)

live in C.
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Let C(w) =limEnd(w|(X))V, so that w defines an equivalence of categories C — Comod(C (w))
(Theorem 11.38). Then C(w) has a unique structure (m,e) of a commutative k -bialgebra

such that ® = ¢™ and w(1) = (k — C(0) ~ k ® C(w)).

PROOF. To give a bialgebra structure on a coalgebra (A, A, €), one has to give coalgebra
homomorphisms (7, ) such that m is commutative and associative and e is an identity map.
Thus, the statement is an immediate consequence of Proposition 11.45. O

CATEGORIES OF REPRESENTATIONS OF AFFINE GROUPS

THEOREM 11.47. Let C be an essentially small k -linear abelian category, let :CxC — C
be a k-bilinear functor. Let @ be an exact faithful k -linear functor C — Vecy, satisfying the
conditions (a), (b), and (c) of (11.46). For each k -algebra R, let G(R) be the set of families

(Av)veob(c): Av €Endpr.ipear(@(V)R).

such that
o Ayew = Ay ® Aw forall V,W € ob(C),
¢ Apy = idg(n) for every identity object of 1 of C, and
o Awow(u)r = w(u)goAy forall arrows u in C.

Then G is an affine monoid over k, and w defines an equivalence of tensor categories,
C — Rep(G).

When w satisfies the following condition, G is an affine group:

(d) for any object X such that w(X) has dimension 1, there exists an object X! in C
suchthat X ® X! ~ 1.

PROOF. Theorem 11.46 allows us to assume that C = Comod(C) for C a k-bialgebra, and
that ® and w are the natural tensor product structure and forgetful functor. Let G be the
affine monoid corresponding to C. Using (11.42) we find that, for any k-algebra R,

End(0)(R) = End(¢g o) = limHomyjjn (Cx , R) = Homy 1, (C, R).

An element A € Homy_j;,(Cx, R) corresponds to an element of End(w)(R) commuting with
the tensor structure if and only if A is a k-algebra homomorphism; thus

End® () (R) = Homy_y4(C, R) = G(R).

We have shown that End® (w) is representable by the affine monoid G = Spec C and that w
defines an equivalence of tensor categories

C — Comod(C) — Repy (G).

On applying (d) to the highest exterior power of an object of C, we find that End® (w) =
Aut®(w), which completes the proof. O
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f. Properties of G versus those of Rep, (G): a summary

11.48. An algebraic group G is finite if and only if there exists a representation (V,r) such
that every representation of G is a subquotient of V" for somen > 0 .

If G is finite, then the regular representation X of G is finite-dimensional, and has the
required property. Conversely if Repy (G) = (X)), then G = Spec(B) where B is the linear
dual of the finite k-algebra Ay = End(w). See Section e.

11.49. An algebraic group G is strongly connected if and only if, for every representation
V on which G acts nontrivially, the tull subcategory of Rep(G) of subquotients of V", n > 0,
is not stable under ®. In characteristic zero, a group is strongly connected if and only if it is
connected.

This follows from (11.48).

11.50. An algebraic group G is unipotent (i.e., isomorphic to an algebraic subgroup of Uy,
for some n) if and only if every simple representation is trivial (15.5).

11.51. An algebraic group G is trigonalizable (i.e., isomorphic to an algebraic subgroup of
T}, for some n) if and only if every simple representation has dimension 1 (17.2).

This is the definition (17.1).

11.52. A connected group variety G over an algebraically closed field is solvable if and
only if it is trigonalizable (Lie-Kolchin theorem (17.33)).

11.53. Let G be a connected group variety. If Rep(G) is semisimple, then G is pseudore-
ductive (22.19). In characteristic zero, Rep(G) is semisimple if and only if G is reductive
(22.138).
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The Lie algebra of an algebraic
group

Recall that all algebraic groups are affine. In this chapter, a k-algebra is (as in Bourbaki)
a k-vector space A equipped with a bilinear map A x A — A (not necessarily associative,
commutative, or finitely generated unless it is denoted by R).

a. Definition

DEFINITION 12.1. A Lie algebra over a field k is a vector space g over k together with a
k-bilinear map
[.l:gxg—>g
(called the bracket) such that
(@) [x,x] =0forall x € g, and
(®) [x.[y.zl]+[y.[z.x]l + [z.[x. y]| = O forall x, y,z € g.

A homomorphism of Lie algebras is a k-linear map u:g — g’ such that

u(fx,y]) = [u(x),u(y)] forallx,yeg.

A Lie subalgebra of a Lie algebra g is a k-subspace s such that [x, y] € s whenever x,y € s
(i.e., such that [s,5] C 5).

Condition (b) is called the Jacobi identity. Note that (a) applied to [x + y,x + y] shows
that the Lie bracket is skew-symmetric,

[x,y] =—[y,x], forall x,y € g, (62)
and that (62) allows us to rewrite the Jacobi identity as

[x. [y, 2l] =[x, y]. 2] + [y, [x. 2]] (63)

or
[, ¥ 2] =[x, [, 21 = [y, [, 2] (64)

We shall be mainly concerned with finite-dimensional Lie algebras.

183
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EXAMPLE 12.2. Let A be an associative k-algebra. The bracket [a,b] = ab —ba is k-
bilinear, and it makes A into a Lie algebra because [a,a] is obviously 0 and the Jacobi
identity can be proved by a direct calculation. In fact, on expanding out the left side of the
Jacobi identity for a, b, ¢ one obtains a sum of 12 terms, 6 with plus signs and 6 with minus
signs; by symmetry, each permutation of @, b, ¢ must occur exactly once with a plus sign
and exactly once with a minus sign. When A is the endomorphism ring Endg_jear (V) of a
k-vector space V/, this Lie algebra is denoted gly, and when A = M,,(k), it is denoted gl;,.
Let ¢;; denote the matrix with 1 in the i; th position and O elsewhere. These matrices form a
basis for gl,;, and

[el-j,eifj/] = Sj,'/e,'j/ —8j/,'€i/j (51"/ = Kronecker delta).

EXAMPLE 12.3. Let A be a k-algebra (not necessarily associative or commutative). A
derivation of A is a k-linear map D: A — A such that

D(ab) = D(a)b+aD() foralla,be A.
The composite of two derivations need not be a derivation, but their bracket
[D,E|=DoE—EoD
is, and so the set of k-derivations A — A is a Lie subalgebra Der (A) of gl4.
DEFINITION 12.4. Let g be a Lie algebra. For a fixed x in g, the linear map
yelylg—g

is called the adjoint map of x, and is denoted adg(x) or ad(x). The Jacobi identity (specifi-
cally (63)) implies that ady(x) is a derivation of g:

ad(x)([y.z]) = [ad(x)(y). z] + [y.ad(x)(z)].
Directly from the definitions, one sees that
(lad(x).ad(y)])(2) = ad([x. y])(2).

and so
ady:g — Derg (g)

is a homomorphism of Lie algebras. It is called the adjoint representation.

b. The Lie algebra of an algebraic group

12.5. The Lie algebra of an algebraic group G can be defined to be the tangent space of G
at the neutral element e (A.47):

L(G) = Ker(G(k[e]) — G(k)), &*>=0. (65)

Thus, an element of L(G) is a homomorphism ¢: O(G) — k[e] whose composite with &
0:k[e] — k is the co-identity map €: O(G) — k. In particular, ¢ maps the augmentation ideal

I £ Ker(e) into (¢). As &2 = 0, ¢ factors through O(G)/I2. Now O(G) /1% ~ k & (1/1?)
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(3.37), and ¢ sends (a,b) € k @ 1/1? to a + D(b)e with D(b) € k. The map ¢ — D is a
bijection, and so
L(G) ~Hom(I/I%.k) (k-linear maps). (66)

For definiteness, we define the Lie algebra of G to be
Lie(G) = Homy jinear (I /12, k). (67)

Note that Lie(G) is a k-vector space.
Following a standard convention, we write g for Lie(G), b for Lie(H), and so on.

12.6. For example,
L(GL,) ={l +A4e| A e M,(k)}.

On the other hand, O(G) is the k-algebra of polynomials in the symbols X11, X12, ..., Xun
with det(Xj;;) inverted, and the ideal / consists of the polynomials without constant term; it
follows that the k-vector space 1 /12 has basis

X11+12,X12+12,...,Xnn+12.

Therefore
Homk-linear(l/lz’k) = Mﬂ (k)
The isomorphism Lie(GL,) — L(GL,) is A+ [ + As.
We define the bracket on Lie(GL;,) to be
[A,B] = AB— BA. (68)

Thus Lie(GL,) ~ gl,. Regard I + Ae and [ + Be as elements of G(k[e]) where now
k[e] = k[X]/(X3); then the commutator of I + Ae and I + Be in G(k|e]) is
(I 4+ As)(I + Be)(I + Ae)~'(I + Be)™!
= (I + Ag)(I + Be)(I — As + A%£%)(I — Be + B%&?)
= [ 4+ (AB — BA)&?
and so the bracket measures the failure of commutativity in GL,, (k[¢]) modulo &3. Shortly,

we shall see that there is a unique functorial way of defining a bracket on the Lie algebras of
all algebraic groups that gives (68) in the case of GL,,.

12.7. For example,

1 ecr2 -+ &cip—1  &Cin

0 1 &Crn—1 ECan
L(Up) = )

0 O 1 &Cn—1n

0 0 0 1

and
Lie(Up) ~ n, & {(cij) | cij =0ifi > j} (strictly upper triangular matrices).

12.8. Let IV be a finite-dimensional k-vector space. The Lie algebra of the algebraic group
Vyis V itself:
Lie(V,) = V.
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12.9. We write eX for the element of L(G) C G(k[g]) corresponding to an element X of
Lie(G) under the isomorphism (66):

L(G) ~ Lie(G).
For example, if G = GL,,, so Lie(G) = gl,, then
X =T +eX (X € My(k),e®X € GL,(k[g])).
We have
EXFX) = oo X X' ¥ X' € Lie(G),
efX) = X ek X eLie(G).

The first equality expresses that X > e®X:Lie(G) — L(G) is a homomorphism of abelian
groups, and the second that multiplication by ¢ on Lie(G) corresponds to the multiplication
of ¢ on L(G) induced by the action a + be — a + bce of ¢ on k[g] (Exercise 12-1).

DEFINITION 12.10. Let G be an algebraic group over k, and let U be a vector group over
k (2.11). An action of G on U defines an action of G on Lie(U). The action is said to be
linear if there exists a G-equivariant isomorphism of algebraic groups U ~ Lie(U).

Let V be a finite-dimensional vector space. An action of G on Vj is linear if and only if
it arises from a linear representation of G on V.

ASIDE 12.11. In characteristic zero, all actions are linear. Let G be a smooth algebraic group over a
field k of characteristic p # 0, and let U be a vector group on which G acts. If the unipotent radical
k is defined over k and the representation of G° on Lie(U) is simple, then the action of G on U is
linear. Without these conditions, there may be nonlinear representations McNinch 2014.

c. Basic properties of the Lie algebra
12.12. The functor Lie maps finite inverse limits to finite inverse limits. For example, if
e—->G —-G—->G"
is exact, then so also is
0 — Lie(G') — Lie(G) — Lie(G").

Indeed, with Lie replaced by L, the required sequence is the sequence of kernels in the exact
commutative diagram

e — G'(k[e]) — G(k[e]) —— G"(k[e])

| | |

e — G'(k) s G(k) s G (k).

Similarly, if G’ < G, then Lie(G’) < Lie(G). Moreover, Lie commutes with fibred
products:
Lie(H1 XG Hz) x>~ Lle(Hl) XLie(G) Lle(Hz)

For example, if H and H; are algebraic subgroups of an algebraic group G, then Lie(H)
and Lie(H>) are subspaces of Lie(G) and

Lie(Hy N Hy) = Lie(H1) N Lie(H>).
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PROPOSITION 12.13. Let H C G be algebraic groups such that Lie(H) = Lie(G). If H
is smooth and G is connected, then H = G.

PROOF. Recall that dim(g) > dim(G), with equality if and only if G is smooth (1.23). We
have
dim(H) = dim(h) = dim(g) > dim(G) > dim(H).

Because H is smooth, there is equality throughout. Now G is smooth because dim(g) =
dim(G), and it equals H because dim(G) = dim(H) and G is smooth and connected. o

12.14. AsLie(G) = Lie(G°), we need G to be connected in (12.13). In characteristic p,
Lie(ap) = Lie(G4), and so we need H to be smooth in (12.13).

12.15. Let Hy and H be algebraic subgroups of an algebraic group G. We say that H;
and H; cross tranversally in G if their Lie algebras cross transversally in the Lie algebra of
G,ie,if

dim (Lie(H1) NLie(H,)) = dim (Lie(H1)) + dim (Lie(H>)) —dim (Lie(G)).

PROPOSITION 12.16. Let Hy and H» be smooth algebraic subgroups of an algebraic group
G. If Hy and H; cross transversally in G, then Hy N H5 is smooth.

PROOF. We have

dim(H1) + dim(H3) —dim(G) < dim(H; N H3) (AG 5.36)
<dimLie(H1 N H>) (1.23)
= dimLie(H) NLie(H>) (12.12)
= dimLie(H) + dimLie(H,) —dimLie(G) (hypothesis).

As Hj and H, are smooth,

dim(H1) +dim(H;) —dim(G) > dimLie(H;) + dimLie(H) —dimLie(G),
and so equality holds throughout. In particular, dim(H N H») = dimLie(H; N H3), and so
Hi N H» is smooth. o
d. The adjoint representation; definition of the bracket

12.17. Let G be an algebraic group over k, and let R be a k-algebra. Define g(R) by the
exact sequence

1 = g(R) = G(R[e]) =3 G(R) — 1. (69)

Thus g(k) = L(G). For example, let V be a k-vector space, and let G = GLy. Let
V(e) = R[e]® V. Then V(e) = Vg ® Vg as an R-module, and

g(R) = {id+ea | « € End(VR)}
where id +ea acts on V(g) by

(id+ea)(x +ey) = x +ey +ea(x). (70)
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12.18. Recall (3.37) that we have a split-exact sequence of k-vector spaces
0—>I—>O(G)i>k—>0

where [ is the augmentation ideal (maximal ideal at e in O(G)). On tensoring this with R,
we get an exact sequence of R-modules

0—Ig = OG)r -5 R—0.

By definition, an element of g(R) is a homomorphism ¢: O(G)g — R[e] whose composite

0
with R[e] =5 R is eg. As in (12.5), ¢ factors through O(G)g/I2 ~ R @ Ig/I2, and
corresponds to an R-linear homomorphism /g /1 1%. Hence

g(R) = HomR—linea.r(IR/IIZQ’ R) ~ Homk-linear(l/lzak) ® R~ g(k) ® R.

As in (12.9), we write X — e®X for the isomorphism g ® R — g(R). For a homomorphism
f:G—>H, .
f(e®X) = et - for X e g R. (71)

This expresses that the isomorphism g ® R >~ g(R) is functorial in g.

12.19. The group G(R[e]) acts on g(R) by inner automorphisms. As G(R) is a subgroup
of G(R[g]), it also acts. In this way, we get a homomorphism

G (R) — AUtk jinear (g(R)),

which is natural in R, and so defines a representation

Ad:G — GL,. (72)
This is called the adjoint representation (or action) of G.
By definition,
x X xTl = efAX for x € G(R), X € gQ R. (73)

For a homomorphism f:G — H,

G xg (. X)>Ad(x) X ' g

f xLie( f)l Lie(f) (74)
0, Y)»Ad(Y)Y

H xb

~
Nay)

commutes, i.e.,
Lie( f)(Ad(x)X) = Ad(f(x))Lie(f)(X) forx € G(R), X € g® R.

Indeed,
esLHS (2) f(esAd(x)X) (7=3) f(x '€8X '.X_l)

and . .
oeRHS ) f(x).eaLle(f)(X) fo)7L,

which agree because of (71).
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12.20. On applying the functor Lie to Ad, we get a homomorphism of k-vector spaces
ad: g — End(yg).

For x,y € g, define
[x, y] = ad(x)(y). (75)
This is the promised bracket.

THEOREM 12.21. There is a unique functor Lie from the category of algebraic groups over
k to the category of Lie algebras such that:

(a) Lie(G) = Homy _jipear(IGg /1 é,k) as a k-vector space;

(b) the bracket onLie(GL,) =gl, is[X,Y]= XY —-YX.
The action of G on itself by conjugation defines a representation Ad: G — GLg of G on g
(as a k-vector space), whose differential is the adjoint representation adg:g — Der(g) of g.

PROOF. The uniqueness follows from the fact that every algebraic group admits a faithful
representation G — GL,, (4.8), which induces an injection g — gl,, (12.12). We have to
show that the bracket (75) has the property (b). An element / + A € Lie(GL,) acts on
M, (k[e]) as

X+eY > +eA)(X+eY)I —eA)=X+¢eY +e(AX — XA). (76)

On taking V' to be M, (k) in (12.17), and comparing (76) with (70), we see that ad(A)
acts as id+eu with u(X) = AX — XA, as required. That Lie is a functor follows from the
commutativity of (74). This completes the proof of the first statement.

The second statement is immediate from our definition of the bracket. O

e. Description of the Lie algebra in terms of derivations

DEFINITION 12.22. Let A be a k-algebra and M an A-module. A k-linear map D: A — M
is a k-derivation of A4 into M if

D(fg)= f-D(g)+g-D(f) (Leibniz rule).

For example, D(1) = D(1x1) = D(1) + D(1), and so D(1) = 0. By linearity, this
implies that
D(c) =0forall c k.

Conversely, every additive map A — M satistying the Leibniz rule and zero on k is a
k-derivation.
Let u: A — k|e] be a k-linear map, and write

u(f) =uo(f)+eur(f).

Then
uo(fg) =uo(fuo(g)
ur(fg) =uo(fHui(g) +uo(g)ui(f).

The first condition says that u¢ is a homomorphism A — k and, when we use u¢ to make k
into an A-module, the second condition says that u; is a k-derivation A — k.

Recall that O(G) has a co-algebra structure (A,€). By definition, the elements of
L(G) are the k-algebra homomorphisms u: O(G) — k|[e] such that the composite of u with
e 0:k[e] = O is €, i.e., such that ug = €. Thus, we have proved the following statement.

u(fg) =u(fHHu(g)
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PROPOSITION 12.23. There is a natural one-to-one correspondence between the elements
of L(G) and k-derivations O(G) — k (where O(G) acts on k through €), i.e.,

L(G) ~ Dery ((O(G),k).
The correspondence is € + D <> D, and the Leibniz condition is

D(fg) =¢€(f)-D(g) +€(g)-D(f).

Let A = O(G), and consider the space Dery (A4, A) of k-derivations of A into A. The
bracket
[D,D'|=DoD'—D'oD

of two derivations is again a derivation. In this way, Dery (A4, A) becomes a Lie algebra.
A derivation D: A — A is left invariant if

AoD =(1d®D)o A.
If D and D’ are left invariant, then

Ao[D,D'l=Ao(DoD'—D’oD)
=(id®D)oAoD' —(id®D")oAo D
= ({d®(DoD")oA—(id®(D oD))o A
— (d®[D, D))o A

and so [D, D] is left invariant.
PROPOSITION 12.24. The map
D+ €o D:Dery (A, A) — Derg (A, k)
defines an isomorphism from the subspace of left invariant derivations onto Dery ¢ (A, k).
PROOEF. If D is a left invariant derivation 4 — A, then
D =(d®e)oAoD = (id®e)o(id®D)o A = (id®(co D))o A,

and so D is determined by € o D. Conversely, if d: A — k is a derivation, the D = (id®d) o
A is a left invariant derivation A — A. 0

Thus L(G) is isomorphic (as a k-vector space) to the space of left invariant derivations
A — A, which is a Lie subalgebra of Derg (A, A). In this way, L(G) acquires a Lie algebra
structure, which is clearly natural in G. We leave it as an exercise to the reader to check that
this agrees with the previously defined Lie algebra structure for G = GL,,, and hence for all
G.

f. Stabilizers

Let (V,r) be a representation of an algebraic group G, and let W be a subspace of V. Recall
(4.3) that there exists an (unique) algebraic subgroup Gy of G such that

Gw(R) ={a € G(R) |a(WR) = WR}

for all k-algebras R.
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PROPOSITION 12.25. With the above notations,
Lie(Gw) = {x € Lie(G) | Lie(r)(x)W C W}.

PROOF. It suffices to prove this with G = GLy . Letid +a¢ € gly. Then id +ae € Lie(Gw)
if and only id+ae € Gw (k[e]), i.e.,

(id+ae) Wie] € We].

But
(id +ae) (wo + wie) = wo + (w1 + awog)e,

which lies in W [e] if and only if cwg € W. o

REMARK 12.26. Let g — gl(V) be a representation of the Lie algebra g, and let W be a
subspace of V. Define
Stabg(W) ={xeg|xW C W}.

A representation r: G — GLy defines a representation dr:g — gl(1'), and (12.25) says that
Lie(Stabg (W)) = Stabg(W).
For example, in the situation of Chevalley’s Theorem 4.19, on applying Lie to
H = Stabg (L)

we find that
b = Stabg(L).

PROPOSITION 12.27. Let G be an algebraic group over k, let S be a k-algebra, and let J
be an ideal in S such that J? = 0. The kernel of

G(S) > G(S/J)
is canonically isomorphic to g ® J.
PROOF. When S = k[¢] and J = (¢), this is the isomorphism (66)
Ker(G(k[e]) — G(k)) ~ Hom(I /12 k).

In the general case, an element of the kernel is a homomorphism ¢: O(G) — S making the
diagram

0G) —2— s
[
k — S)J

commute. Because J? = 0, such a homomorphism factors uniquely through O(G)/1? ~
k @ 1/1?. Thus, to give an element of the kernel is the same as giving a homomorphism
¢':k @®1/1? — S making the diagram

kol/12 —2 s

]

k —— S/J
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commute. This condition means that ¢’(c,x) = ¢ + D(x) with D € Homy_jinear(1 /12, J).
The map ¢ — D is an isomorphism of the kernel onto

Hom(I/I?,J) ~Hom(I/I%.k)®J =g J. -

COROLLARY 12.28. Let G be an algebraic group over k, let S be a k-algebra, and let J be
an ideal in S with J? = 0. There is an exact sequence

0>JR®IR—>G(S®R) -5 G(SQR/J®R)
natural in the k -algebra R.
PROOF. Apply (12.27) to the ideal / ® Rin S ® R. o

COROLLARY 12.29. LetG/k, S, and J be as in the statement of the proposition. If G is
smooth or there exists a section to S — S/ J, then there is a canonical exact sequence

0— (g®])a—>ns/kG5 — H(S/J)/kGS/J — 0.

PROOF. Let R be a k-algebra. If G is smooth or there exists a section to S — S/J, then
the canonical map G(S ® R) = G(S ® R/J ® R) is surjective. Thus the statement follows
from (12.28). o

g. Centres

The centre z(g) of a Lie algebra is the kernel of the adjoint map:
z(g) ={x €g|[x,g] =0}
PROPOSITION 12.30. Let G be a smooth connected algebraic group. Then
dimz(g) > dim Z(G).
If equality holds then Z(G) is smooth and Lie(Z(G)) = z(g).
PROOF. There are maps

Ad:G — Aut(g), Ker(Ad) D Z(G) (77)
ad:g — Der(g), Ker(ad) =z(g). (78)

The second map is obtained by applying Lie to the first (see 12.21), and so (see 12.12)
Ker(ad) = Lie(Ker(Ad)).

Therefore

(1.23) an
dimz(g) = dimKer(ad) = dimLie(Ker(Ad)) > dimKer(Ad) > dimZ(G), (79)

which proves the first part of the statement.
If dimz(g) = dim Z(G), then

dimKer(ad) = dimKer(Ad) = dim Z(G).

The first equality implies that Ker Ad is smooth (1.23), and the second equality implies that
Z(G)° = (KerAd)°. Hence Z(G)° is smooth, which implies that Z(G) is smooth. Finally,
Lie(Z(G)) C z(g), and so they are equal if they have the same dimension. O
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h. Normalizers and centralizers

PROPOSITION 12.31. Let G be an algebraic group, and let H be an algebraic subgroup of
G. The action of H on G by conjugation defines an action of H on Lie(G), and
Lie(Cg(H)) = Lie(G)?
Lie(Ng(H))/Lie(H) = (Lie(G)/Lie(H))".

PROOF. We prove the first statement. Let C = Cg(H) and ¢ = Lie(C). Clearly,
c={X eg|eX € Ck[e])}.
Let X € g. The condition that X € c is that
x-(e*X)g-x71 = (e*%)g for all k[g]-algebras S and x € H(S), (80)

where (%X )g is the image of e#X in C(S). On the other hand, the condition that X € g is
that
y-e® XR.y~1 = & XR for all k-algebras R and y € H(R), (81)

where Xpg is the image of X in g® R.

We show that (80) = (81). Let y € H(R) for some k-algebra R. Take S = R[e]. Then
y € H(R) C H(S), and (80) for y € H(S) implies (81) for y € H(R).

We show that (81) = (80). Let x € H(S) for some k[e]-algebra S; there is a k[e]-
homomorphism ¢: S[¢'] — S acting as the identity on S and sending &’ to ¢l g. On taking
R = § in (81), and applying ¢, we obtain (80).

The proof of the second statement uses similar arguments (SHS, Exposé 4, 3.4, p.185).0

COROLLARY 12.32. If H is commutative and g™ — (g/h)H is surjective, then Lie(Cg (H)) =
Lie(Ng(H)).

PROOF. Because H is commutative, (81) holds for all X € by, and so h = h# < g¥. From
the exact sequence
0—>h—>g—g/h—0,

we get an exact sequence
0— b7 —g" — (g/p).

Using (12.31), we can rewrite this as
0—bh—Lie(Cg(H)) — Lie(Ng(H))/H.
Therefore the surjectivity of g — (g/h)H implies that of Lie(Cg (H)) — Lie(Ng (H)).o

COROLLARY 12.33. Let H be a commutative algebraic subgroup of an algebraic group G.
If g — (g/b)? is surjective and Cg (H) is smooth, then Cg (H) is open in Ng (H).

PROOF. The hypothesis implies that Lie(Cg(H)) = Lie(Ng(H)) (12.32), and therefore
Cg(H)° = Ng(H)° (12.13). o
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i. An example of Chevalley

The following example of Chevalley shows that the Lie algebra of a noncommutative
algebraic group may be commutative. It also shows that the centre of a smooth algebraic
group need not be smooth, and that Ad: G — GL4 need not be smooth.

12.34. Let k be an algebraically closed field of characteristic p # 0, and let G be the
algebraic group over k such that G(R) consists of the matrices

a 0 O
A(a,b)=10 a? b]|, abeR, acR”.
0O 0 1

Define regular functions on G by

X:A(a,b)—>a—1
Y:A(a,b) —b.
Then O(G) = k[X,Y, (X 4+ 1)~!], which is an integral domain, and so G is connected and

smooth. Note that
-1

a 0 O\ /ad 0 O a 0 O a o0 0
0 a? b 0 a? b ||l0 a? b =10 ad? b—aPb+aPb' |,
0 0 1 0O O 1 0O 0 1 0O O 1

and so the centre of G consists of the elements A(a,b) with a? = 1 and » = 0. Therefore
O(Z(G)) = 0(G)/(X? = 1.Y) ~ k[X]/(X? - 1),

which is not reduced (it equals up). In particular, G is not commutative. However Lie(G)
is commutative. The kernel of Ad: G — GL4 consists of the elements A(a,b) with a? =1,
and so equals Spm (k[G]/(X? — 1)), which is not reduced; therefore Ad is not smooth. In
this case,

dimz(g) =2 > dim(Ker(Ad)) =1 > dim(Z(G)) =0

— all of the inequalities in (79) are strict.

J.-  The universal enveloping algebra

Recall (12.2) that an associative k-algebra A becomes a Lie algebra [A] with the bracket
[a,b] = ab—ba. Let g be a Lie algebra. Among the pairs consisting of an associative

k-algebra A and a Lie algebra homomorphism g — [A], there is one, (U(g), ¢ 2, [U(g))),
that is universal:

9 —— Ul
| Hom(g,[A]) =~ Hom(U(g),A).

Lie 3! associative axop <« «

A

In other words, every Lie algebra homomorphism g — [A] extends uniquely to a homo-
morphism of associative algebras U(g) — A. The pair (U(g), p) is called the universal
enveloping algebra of g. The functor g »> U(g) is a left adjoint to A »> [A4].
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The algebra U(g) can be constructed as follows. The tensor algebra 7' (V') of a k-vector
space V is

TWV)=keVaV®2eVv®3g..., V® =V ®...QV (1 copies),
with the k-algebra structure defined by
(X1®®x) (y1®+®ys) =X1® - QX @Y1 Q-+ ys.

It has the property that every k-linear map V' — A from V' to an associative k-algebra
extends uniquely to a k-algebra homomorphism 7' (V) — A. We define U(g) to be the
quotient of T'(g) by the two-sided ideal generated by the tensors

XQy—yQ®x—[x,y], x,yeg. (82)

The extension of a k-linear map «: g — A to a k-algebra homomorphism 7T'(g) — A factors
through U(g) if and only if « is a Lie algebra homomorphism g — [A]. Therefore U(g) and
the map g — [U(g)] have the required universal property.

When g is commutative, (82) becomes x ® y — y ® x, and so U(g) is the symmetric
algebra on g; in particular, U(g) is commutative.

The k-algebra U(g) is generated by the image of any k-vector space basis for g (because
this is true for 7(g)). In particular, U(g) is finitely generated if g is finite-dimensional.

THEOREM 12.35 (POINCARE, BIRKHOFF, WITT). Let (¢;);c; be an ordered basis for g
as a k-vector space, and let ¢; = p(e;). Then the ordered monomials

Ei1Eiy " Eiy, 11 S <+ Slp, (83)

form a basis for U(g) as a k-vector space.

For example, if g is finite-dimensional with basis {e1,...,e,} as a k-vector space, then
the monomials
mi mz my N
g1 &y ey, my,...,mp €N,

form a basis for U(g) as a k-vector space. If g is commutative, then U(g) is the polynomial
algebra in the symbols €1, ..., &;.

As U(g) is generated as a k-algebra by (¢;), it is generated as a k-vector space by the
monomials &;, &, ---€&;,,, m € N. The relations implied by (82),

xy =yx+[x,y]
allow one to “reorder” the factors in such a term, and deduce that the ordered monomials
(83) span U(g); the import of the theorem is that the set is linearly independent. The proof
of this can’t be too easy — for example, it must use the Jacobi identity.

PROOF OF THE PBW THEOREM

Choose a basis B for g and a total ordering of B. The monomials
XI®X2® - Qxpm, x;€B, meN, (34)

form a basis for T(g) as a k-vector space. We say that such a monomial is ordered if
x1 < Xxp <--- < x;;. We have to show that the images of the ordered monomials in U(g)
form a basis for U(g) regarded as a k-vector space.
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From now on “monomial” means a monomial S = x; ® --- ® x5, with the x; € B. The
degree of S is m. An inversion in § is a pair (i, j) withi < j but x; > x;. We say that a
monomial “occurs” in a tensor if it occurs with nonzero coefficient.

By definition, U(g) is the quotient of 7'(g) by the two-sided ideal /(g) generated the
elements (82). As a k-vector space, /(g) is spanned by elements

ARX®Y®B-ARYRXxR®B—-AQ[x,y]®B

with x,y € B and A, B monomials. In fact, because [x, y] = —[y, x], the elements with
x < y already span I(g).

Let T € T(g). We say that T is reduced if all the monomials occurring in it are ordered.
We define a partial ordering on the elements of 7T'(g) by requiring that 7 < 7" if

(a) the greatest degree of an unordered monomial occurring in 7 is less than the similar
number for 7’, or

(b) both T and T’ contain unordered monomials of the same largest degree n, but the
total number of inversions in monomials of degree n occurring in 7 is less than the
similar number for 7.

For example, if x < y < z, then
YRIXFzZR®X+ZRY<YRXRZH+XRZRY<ZIRYRXX.

The ordering measures how nonreduced a tensor is.
For r,s > 0, we define a k-linear map o, 5:T(g) — T'(g) by requiring that o, 5 fix all
monomials except those of the form

ARXxR®y® B, deg(A)=r, deg(B)=s, x>y,
and that it maps this monomial to
ARY®x® B+ AR®[x,y]® B.

Note that o, 5 fixes all reduced tensors.

Let 7,7’ € T(g). We write T — T’ if T’ is obtained from 7 by a single map oy s, and
T -5 T if T' is obtained from T by zero of more such maps. In the first case, we call T’ a
simple reduction of T, and in the second case, a reduction of T'. Note that if T S T and
T is reduced, then T = T".

After these preliminaries, we are ready to prove the theorem.

STEP 1. LetT € T(g).Theno,s(T)—T € 1(g) and 0,5(T) < T for all r,s € N; moreover,
T < ors(T) for some r,s unless T is reduced.

PROOF. The first part of the assertion is obvious from the definitions. Let 7' be nonreduced,
and let S be a nonreduced monomial of highest degree occurring in 7. Then o0, 4(S) < S
for some r,s € N. As 0,4(S") < §’ for all monomials S” # S occurring in 7', we have
ors(T)<T. O

STEP 2. LetT € T(g). Then there exists a reduction T 2 T’ with T’ reduced. Therefore
the images of the ordered monomials span U(g).
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PROOF. Let T € T(g). According to Step 1, there exists a sequence of simple reductions
T—>T—->T,— .- withT > T > T,---. Clearly, the sequence stops with a reduced tensor
T’ after a finite number of steps. Moreover, T = Ty = T, = --- = T’ modulo /(g), and so
T’ represents the image of T in U(g). O

STEP 3. No nonzero element of 1(g) is reduced.
PROOF. The elements
X®y—y®x—[x,y], x,yeB, x>y

of T'(g) are linearly independent over k. Let T be a nonzero element of /(g). Then T is a
linear combination of distinct terms

ARXR®YR®B—ARy®x®B—-AQ[x,y]®B, x,yeB, x>y, A,B monomials.
By considering the terms with deg(A) a maximum, one sees that 7 cannot be reduced.

STEP 4. (PBW confluence) Let A = By and A = B, be reductions of a monomial A.
Then there exist reductions B SN Cq and B, N Cy with C1 —C, € I(g).

. . * * . .
PROOF. First suppose that the reductions A —> By and A —> B, are simple. If the pairs
x ® y and x’ ® y’ involved in the reductions to By and B, don’t overlap, the statement is
obvious, because

Or,s OO0y’ .57 = Oy’ s/ OOp,s

if ' #r—1, r + 1. Otherwise, A4 has the form
A=A/®x®y®z®B/, xX>y>z,
and the reductions A — Bj and A — B; have the form

XRY®z—>yR®xQ®z+[x,y|®z
XRYR®zZ—>xRzQy+x®|[y,z].

But,

YRIRZH[X,V]®z—>yYRzQ®x+y®[x,z]+[x,y]®z
- z®y®x+[y.zZl®@x+y®[x,z]+[x,y]®2

and

XQ®zZR®Y+xQ[y,z] >zRxQy +[x,z2]®y +xQ[y,z]
—-zQy®x+z®[x,y]+[x.z]®y+x®[y,z].

The terms on the right differ by

[y 2] x]+ [y, [x. 2] + [[x, ], 2],

which, because of the Jacobi identity (12.1b), lies in /(g).
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Next suppose only that A = B; is simple. This case can be proved by repeatedly
applying the simple case:

>
N
~
>
w
~

The deduction of the general case is similar. o

Let T € T(g). In Step 2 we showed that there exists a reduction T 2 T with T
reduced. If 7’ is unique, then we say that T is uniquely reducible, and we set red(T) = T'.

STEP 5. Every monomial A is uniquely reducible.

PROOF. Suppose A = Bjand A = B, with By and B, reduced. According to Step 4,
B1— B> € I(g), and hence is zero (Step 3). o

STEP 6. If S and T are uniquely reducible, so alsois S + T, andred(S + T') = red(S) +
red(T).

PROOF. Let W = ¢(S + T) be a reduced reduction of S + 7. It suffices to show that
W =red(S) + red(T).
There exists a reduction o’ such that ¢/(c(S)) = red(S). Now
o 0(S+T)=c'W)y=W
because W is reduced, and
o' (0(S+T))=0"(c(S))+0'(c(T)) =red(S) + (6'0)(T).
Let o” be such that 6" (¢'0)(T) = red(T). Then
W =o"(W)=0c"(red(S)) +0"(6'0(T)) = red(S) +red(T). 0
An induction argument now shows that every 7" in 7'(g) is uniquely reducible.

STEP 7. The map T + red(T): T (g) — T (g) is k-linear and has the following properties:
(@) T —red(T) € I(g):
(b) red(T) =T if T is reduced;
(c) red(T) =0ifT € I(g).
PROOF. The map is additive by definition, and it obviously commutes with multiplication
by elements of k; hence it is k-linear. Both (a) and (b) follow from the fact that red(7") is a

reduction of T (see Step 1). For (c), if T € I(g) then red(7) is reduced and lies in /(g), and
so is zero (Step 3). o

STEP 8. Completion of the proof.
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PROOF. Let T(g)req denote the k-subspace of T'(g) consisting of reduced tensors. The map
red is a k-linear projection onto 7'(g)eq With kernel 7(g):

T(g) ~1(g) DT(g)rea (as k-vector spaces). O

REMARK 12.36. The proof shows that the universal enveloping algebra U(g) of g can be
identified with the k-vector subspace 7T (g)req equipped with the multiplication

T-T'=red(TRT').

ASIDE 12.37. From Bergman 1978:

[This proof] is quite close to Birkhoff’s original proof ... Birkhoff 1937. Witt’s proof
looks rather different. He considers a certain action of the permutation group S, upon
the space spanned by monomials of degree < n. The Jacobi identity turns out to
correspond to the defining relations ((i,i 4+ 1)(i +1,i +2))3 = 1 in a presentation of
Sy in terms of generators (i,i + 1). Poincaré’s 1899 proof is more or less by “brute
force”, and appears to have a serious gap, but it is a surprisingly early example of the
idea of constructing a ring as the [quotient] algebra of a free associative algebra by (in
effect) the ideal generated by a system of relations.

ASIDE 12.38. It is an open question whether U(g) ~ U(g’) implies g ~ g’ (Bergman 1978).

NOTES. The above proof of the PBW theorem follows notes of Casselman (Introduction to Lie
Algebras, www.math.ubc.ca/~cass/) and Bergman 1978.

k. The universal enveloping p-algebra

Throughout this section, char(k) = p # 0. Let xo and x; be elements of a Lie algebra g.
For0 <r < p, let

1
sr(x0,X1) = - Zadxu(l)adxu(Z) -adxy (p—1)(x1)
u
where u runs over the maps {1,2,..., p—1} — {0, 1} taking the value O exactly r times. For

example, s1(xg,x1) equals [xg,x] for p = 2 and [x1, [x1,x0]] for p = 3.

PROPOSITION 12.39. Let A be an associative k -algebra (not necessarily commutative). For
a,b e A, write
ad(a)b = [a,b] = ab—ba.

Then the Jacobson formulas hold fora,b € A:
(a) ad(a)? = ad(a?)
(b) (a+b)P =aP +bP +3 o . ,5r(a,b).

PROOF. When we put
La(b) =ab = Ry(a),

we find that
ad(a?)(b) = (LY — RD)(b) = (Lg — Ra)? (b) = ad(a)? (b),

which proves (a).
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We claim that, for ay,...,ap € A,

D agyraspy = Y ad(asy)--ad(@s(p-1))(@p). (85)

SESy teSp_1

The right hand side equals

_1_
Yo D DT ay )iy gy e

i,j tESp_l
where (i1,...,ir) runs over the strictly increasing sequences of integers in the interval
[1, p —1], and where (j1,..., jp—1—r) denotes the strictly increasing sequence whose values
are integers in [1, p — 1] distinct from iy, ...,i,. This sum equals
—1— pP— 1
Z(—l)p " (p i r) Z Ay(1) " Ay(r)ApQy(r+1) *** dy(p—1)-
r veESH_1
But the identity
o _Ir-1 -1 -2

in k[T], shows that
_1\p—1-r r—1 —
o ()=
which proves (85).

We now prove (b). If xo,x1 € A4, then

(XO+X1)p=X(I)’+x1p+ Z Z Xw(1) " Xw(p)s
O<r<pwekF(r)

where F(r) is the set of maps from [1, p] into {0, 1} taking the value O exactly r times.
For s € Sp, let wy € F(r) denote the map such that w;1(0) = {s~1(1),...,s71(r)}. Then
s > wg is a surjective map such that the inverse image of each w € F(r) contains of
r!(p —r)! elements. Putting

ay=--=dar=xo
dr41 =+ =dp = X1
we therefore have
Xws(1) " Xwg(p) = ds(1) """ As(p)

and

1
Z Xw() " Xw(p) = P(p—r)! Z As(1) """ As(p)-
weF(r) sESy

By the same method, we obtain

1 1
et = (1) o X )@ p)ap)

r)ri(p—r—1)! resy

The required formula now follows from (85). o
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DEFINITION 12.40. A p-Lie algebra is a Lie algebra g equipped with a map
x> xtPlig g

such that
(@) (cx)Pl=cPxlPl allc ek, x eg;
(b) ad(x!?l) = (ad(x))?, all x € g;
© (o) =2l gyl 4 5307 (x ).

The term r - 5, (x, y) is the coefficient of ¢” in ad(cx + y)?~!(y). Note that (12.39) says
that [A] becomes a p-Lie algebra with alPl = ¢?.

Let g be a p-Lie algebra, and let ¢:g — U(g) be the universal map. The elements
¢(x)[P1 — o(x[P1) lie in the centre of U(g), and we define UPl(g) to be the quotient of
U(g) by the ideal they generate. Regard U[P1(g) as a p-Lie algebra, and let j denote the
composite g — U(g) > U (] (g). Then j is a homomorphism of p-Lie algebras, and the pair
(U'Pl(g), j) is universal: every k-linear map a: g — A with A associative extends uniquely
to a k-algebra homomorphism 7'(g) — A, which factors through ULP](g) if and only if it is
a p-Lie algebra homomorphism,

g 25 ylel(g)
/ Hom(g, [A]) Hom(U'?)(g), 4).

p-Lie 3! associative aoj <« «

A

The functor g ~» U vd (g) is left adjoint to the functor sending an associative k-algebra to its
associated p-Lie algebra.

THEOREM 12.41. Let (e;);e1 be an ordered basis for g as a k-vector space, and let &; =
j(ei). Then the set consisting of 1 and the monomials

niy nj, . . .
g g I < <lp, O<n,j<p

forms a basis for UP1(g) as a k-vector space.

PROOF. Identify g with its image in U(g), and let ¢; = elp - el[p ] The ¢; lie in the centre of

U(g), and generate the kernel of the map U(g) — U (7] (g9). Let Uy—1 denote the subspace
of U(g) generated by the monomials []e;" with Y m; <r. As ¢; = e” modulo U,_1, the
PBW theorem (12.35) implies that the monomials

n; m;

form a basis for U(g), from which the statement follows. o

COROLLARY 12.42. If g is finite-dimensional as a k -vector space, so also if UP1(g), and
the map j:g — UP1(g) is injective.

PROOF. Obvious from the theorem. o

NOTES. The exposition in this section follows that in DG 11, §7, especially 3.2, p.275; 3.5, p.277.
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Exercises

EXERCISE 12-1. A nonzero element ¢ of k defines an endomorphism of k[g] sending 1 to
1 and ¢ to ce, and hence an endomorphism of L(G) for any algebraic group G. Show that

this agrees with the action of ¢ on Lie(G) & Hom(I/12%,k) ~ L(G).
EXERCISE 12-2. Let G be the orthogonal group, so that
G(R)y={XeM,(R)| X" - X =1}
Show that the Lie algebra of G is
g={l+e¥Y e M,(k)|Y' +Y =0}
and that the adjoint representation is given by

Ad(g)(Y)=gYg "

Show that
X>{UI-X)I+X)!

defines a birational isomorphism A: G --> g and that it is equivariant for the action of G on
G by conjugation and the adjoint action of G on g, i.e.,

AMgXg™") = Ad(g)(A(X))

for all g and X such that both sides are defined. (Assume k has characteristic zero. The
partial inverse is Y + (I —Y)(I +Y)7 1)

ASIDE 12.43. Let G be a connected group variety with Lie algebra g over a field k of characteristic
zero. A rational map A: G --»> g is called a Cayley map if it is birational and equivariant for the action
of G on G by conjugation and the adjoint action of G on g. The Cayley map for the orthogonal group
(12-2) was found by Cayley (J. Reine. Angew. Math. 32 (1846), 119-123). It is known that Cayley
maps exist for SL,, SL3, SOy, Sp,,, and PGL,, and that they do not exist for SL,, n > 4, or G,. See
Lemire, Popov, Reichstein, J. Amer. Math. Soc. 19 (2006), no. 4, 921-967 (also mo101322). The
Cayley map, when it exists, gives an explicit realization of the group as a rational variety. See also:
Borovoi, Mikhail; Kunyavskii, Boris; Lemire, Nicole; Reichstein, Zinovy Stably Cayley groups in
characteristic zero. Int. Math. Res. Not. IMRN 2014, no. 19, 5340-5397.


http://mathoverflow.net/questions/101322

CHAPTER 1 3

Finite group schemes

In this chapter we study finite algebraic groups. As a finite algebraic group is étale unless
the base field has characteristic p # 0 and p divides the order of the group, this is largely a
study of p-phenomena in characteristic p. Those not interested in such things can skip the
chapter.

Recall that “algebraic group” is short for “algebraic group scheme”. Thus “finite
algebraic group” is short for “finite algebraic group scheme”; but finite implies algebraic,
and so we prefer to write this as “finite group scheme”.

a. Generalities

PROPOSITION 13.1. The following conditions on a finitely generated k-algebra A are
equivalent: (a) A is artinian; (b) A has Krull dimension zero; (c) A is finite; (d) spm(A) is
discrete (in which case it is finite).

PROOF. (a)<(b). A noetherian ring is artinian if and only if it has dimension zero (CA
16.6).

(b)&(c). According to the Noether normalization theorem, there exist algebraically
independent elements xp,...,x, in A such that A is finite over k[x1,...,x,]. Clearly

A is finite over k <= r =0 <= A has Krull dimension 0.

(d)=(b). Let m be such that {m} is open in spm(A). There exists an f € A such that
spm(Ays) = {m}. Now A is again a finitely generated k-algebra, and so every prime ideal
in Ay is an intersection of maximal ideals (CA 13.10). But Ay has only one maximal ideal
m, and s0 Ay has no prime ideals except m. It follows that no prime ideal of A is properly
contained in m. Since this is true of all maximal ideals in A, it follows that A has dimension
Zero.

(a)=>(d). Because A is artinian, it has only finitely many maximal ideals my,..., m;,
and some product m'fl --.m}” = 0 (CA §16). Now the Chinese remainder theorem shows
that

A~ A/m]" X x A/mlr

and so
nj; « .. . .
spm(A4) = | |spm(A Jmt) = | |{m,~} (disjoint union of open one-point sets).

Therefore, spm(A) is discrete. O

203
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PROPOSITION 13.2. The following conditions on an algebraic group G over k are equiv-
alent: (a) G is affine and O(G) is artinian; (b) G has dimension zero; (c) the morphism
G — Spmk is finite; (d) |G| is discrete (in which case it is finite).

PROOF. The implications (a)=(b)=>(c)=(d) follow immediately from (13.1). It remains
to prove (d)=>(a). Assume that |G| is discrete, and write G as a finite union of open affines,
G =J; U;. Then U; is discrete, and so U; = Spm(A4;) with A; artinian. It follows that |G|
is a finite of open-closed one-point subsets u;, and that Og (1;) is a local artinian ring A4;.
Now G = Spm(] ] A;), which is affine with coordinate ring the artinian ring [] 4;. o

DEFINITION 13.3. An algebraic group G over k is finite if G is finite as a scheme over k.
This means that G is affine and O(G) is a finite k-algebra. The dimension of O(G) as a
k-vector space is called the order o(G) of G.

PROPOSITION 13.4. Let G be a finite group scheme over k. There is a unique exact
sequence
e—>G°—>G—>mp(G)—e

with G° connected and 7wo(G) étale. If k is perfect, then this sequence splits, and realizes G
is a semidirect product G° x 7o(G).

PROOF. For the connected-étale exact sequence, see Proposition 5.51. If k is perfect, then
Gireq is a subgroup scheme of G (1.25), and the map G — 7o(G) induces an isomorphism
Greqa — m0o(G) (5.53). o

EXAMPLE 13.5. Let k be a nonperfect field of characteristic p, and let c € k ~k?. Let
p—1 .
G=|1", G Gi=Spmk[T/(T?~c).
Fora € G;(R) and b € G;(R), define

ah =) 40 €Givj(R) ifi+j<p
- ab/c € Giyj—p(R) ifi+j=>p.

This makes G(R) into a group, and G into a finite algebraic group. Its identity component is
Go = lp, and there is an exact sequence

0—pup—>G—(Z/pZ) — 0.
This is nonsplit, because G; ~ Spm(k[c!/P]) if i # 0 and Go ~ Spm(k).
EXAMPLE 13.6. Let k and ¢ be as in (13.5). Let
r—1 .
G = |_|l_:0 Gi, G;=Spm(k[T]/(T?—ic)).
Fora € G;(R) and b € G;(R), define

a+beGiyj(R) ifi+j<p
ab = e
a+b—ceGiyj—p(R) ifi+j>p.

This makes G(R) into a group, and G into a finite algebraic group. Its identity component is
Go = ap, and there is a nonsplit exact sequence

0—ap—>G—(Z/pZ) — 0.



b. Etale group schemes 205

PROPOSITION 13.7. A finite group scheme G over k is étale if k has characteristic zero, or
if it has characteristic p # 0 and p does not divide o(G).

PROOF. When k has characteristic zero, Cartier’s theorem (3.38) shows that G is smooth,
and hence étale. Let k have characteristic p # 0. If p does not divide o(G), then the
Frobenius map Fj:G — G is injective, and its image G(?") is smooth for r large
(3.46). o

In other words, a finite group scheme G over k is étale if 0(G) is invertible in k.

LOCALLY FREE FINITE GROUP SCHEMES OVER A BASE SCHEME

The most important finite group schemes over a ring (or base scheme) are those that are
locally free, whose definition we now review.

13.8. Let Rp be a commutative ring, and let M be an Rp-module. Recall (7.12) that we
say that M is locally free of finite rank if there exists a finite family ( f;);es of elements of
Ro generating the unit ideal Rg and such that, for all i € I, the R s,-module My, is free of
finite rank. This is equivalent to M being finitely presented and flat (CA 12.5). Therefore,
when Ry is noetherian, an Rg-module is locally free of finite rank if and only if it is finite
and flat.

We say that an Rg-algebra is locally free of finite rank if it is so an Rp-module. A finite
Ryp-algebra A is locally free of finite rank if and only if it is locally free (equivalently, flat
when R is noetherian).

13.9. Let S be a scheme. Recall that a morphism of schemes ¢: X — § is finite if, for all
open affines U of S, ¢! (U) is an open affine of X and Oy (¢~} (V)) is a finite Og(U)-
algebra. It suffices to check the condition for enough U to cover S. A group scheme G over
S is finite (resp. locally free and finite) if it is finite (resp. locally free and finite) as a scheme
over S.

13.10. Let G be a finite group scheme over S. If S is locally noetherian, then G is locally
free if and only if it is flat. We say that G is locally free of finite order r over S if G is of the
form S pec(A) where A is a sheaf of Og-algebras that is locally free of constant rank r. If
S is locally noetherian and connected, then G is of finite order over .S’ (for some r) if and
only if it is finite and flat.

13.11. Let Ry be a noetherian ring. To give a locally free finite group scheme over
Ry is the same as giving a flat finite Rg-algebra A together with an Rp-homomorphism
A:A — A®R, A such that (A4, A) is a Hopf algebra over Ry.

b. Etale group schemes

13.12. Recall that a k-algebra A is diagonalizable if it is isomorphic to the product algebra
k" for some n € N, and it is étale if kK’ ® A is diagonalizable for some field &’ containing k.
In particular, an étale k-algebra is finite.

13.13. The following conditions on a finite k-algebra A are equivalent: (a) A is étale;
(b) A is a product of separable field extensions of k; (¢) k' ® A is reduced for all fields &’
containing k; (d) k%P ® A is diagonalizable. See Chapter 8 of my notes Fields and Galois
Theory.
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13.14. The quotient k[T]/(f(T)) of k[T] by the ideal generated by a polynomial f is
étale if and only if f is separable, i.e., has only simple roots in k. Every étale k-algebra is
a finite product of such quotients.

13.15. The following conditions on a scheme X finite over Spm(k) are equivalent: (a) the
k-algebra O(X) is étale (recall that X is affine); (b) X is smooth; (c) X is geometrically
reduced; (d) X is an algebraic variety. This is an immediate consequence of (13.13).

13.16. A scheme finite over Spm(k) satisfying the equivalent conditions of (13.15) is said
to be étale.

13.17. Choose a separable closure kP of k, and let I = Gal(k*P/k). The functor
X ~ X (k*°P) is an equivalence from the category of étale schemes over k to the category
of finite discrete I'-sets. By a discrete I'-set we mean a set X equipped with an action
I' x X — X of I' that is continuous relative to the Krull topology on I" and the discrete
topology on X. An action of I on a finite discrete set is continuous if and only if it factors
through Gal(K/ k) for some finite Galois extension K of k contained in k%P. See Chapter 8
of my notes Fields and Galois Theory.

13.18. A group scheme (G,m) over k is said to be étale if the scheme G is étale over k.
Thus, an étale group scheme over k is just a group variety of dimension zero.

13.19. A group in the category of finite discrete I"-sets is a finite group together with a
continuous action of I" by group homomorphisms (i.e., for each y € I', the map x +—> yx is
a group homomorphism). Thus (13.17) implies the following statement.

The functor G »> G(k*P) is an equivalence from the category of étale group
schemes over k to the category of (discrete) finite groups endowed with a
continuous action of I" by group homomorphisms.

EXAMPLES

13.20. Let X be a group of order 1 or 2. Then Aut(X) = 1, and so there is exactly one
étale group scheme of order 1 and one of order 2 over any field k& (up to isomorphism).

13.21. Let X be a group of order 3. Such a group is cyclic and Aut(X) = Z/2Z. Therefore
the étale group schemes of order 3 over k correspond to homomorphisms I" — Z /27
factoring through Gal(K/ k) for some finite Galois extension K of k. A separable quadratic
extension K of k defines such a homomorphism, namely,

o—0o|K:I' > Gal(K/k) ~7/27

and all nontrivial such homomorphisms arise in this way. Thus, up to isomorphism, there is
exactly one étale group scheme G X of order 3 over k for each separable quadratic extension
K of k, plus the constant group Gg. For Gg, Go(k) has order 3. For GK, GX (k) has order
1 but GX(K) has order 3. There are infinitely many distinct quadratic extensions of Q, for
example, Q[v/~1], Q[v2], Q[v3], ..., Q[y/P]. ... As u3(Q) = 1 but u3(Q[V/1]) =3, 3
must be the group corresponding to Q[/1].
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REMARKS

13.22. For an étale group scheme G, the order of G is the order of the (abstract) group
G (k*P).

13.23. Let K be a subfield of k%P containing k. Then K = (ksep)Gal(K /®), and it follows
that
G(K) — G(ksep)Gal(K/k).

13.24. Not every zero-dimensional algebraic variety X over a field k can be made into an
group scheme. For example, it must have a k-point. Beyond that, it must be possible to endow
the set X (k*°P) with a group structure for which Gal(k*°P/ k) acts by group homomorphisms.
In such an action, an orbit consists of elements of the same order.

Consider the scheme X = Spm(k x k') with k’/k a field extension of degree 5. The
action of Gal(k’/ k) on X (k*°P) has only two orbits, but a group of order 6 has elements of
order 1, 2, and 3, and so there must be at least three orbits for in any group action by group
homomorphisms.

c. Finite group schemes of order n are killed by n

Let G be a finite (abstract) group of order n. Lagrange’s theorem says that every subgroup
of G has order dividing n. When applied to the subgroup generated by an element x of G, it
implies that x” = e. Both statements extend to finite group schemes.

PROPOSITION 13.25. Let G be a locally free finite group scheme of rank o(G) over a ring
Ry, and let H be a locally free finite subgroup scheme of G of rank o(H). Then

0(G) =0(H) -rank(G/H).
In particular, the order of H divides the order of G. If H is normal, then
0(G)=o0(H)-0(G/H).

PROOF. The morphism G — G/H is locally free of rank o(H) (7.26), and the ranks in
G — G/H — Spm(R) multiply. o

Consider the algebraic group G = GL;, over a field k, and let
O(GLn) = k[Tll, ey Tnn, l/det].

Let U = (T;;) (n x n matrix with coefficients in O(G)). The augmentation ideal /g of G is
generated by the entries of the matrix

U—1In=(Tij —6ij).

Let [p]: O(G) — O(G) denote the homomorphism corresponding to the pth power map
x+>xP:G — G. Then [p]U = U?, and so

[pPI(U —1) =U? I, = (U~ 1In)?
— this matrix has (i, j )th entry (7;; —8;;)?. Therefore

[P)oL, CIE . (86)
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PROPOSITION 13.26. Let G be a finite group scheme over k of order n. Then, for all
k-algebras R, the order of every element of G(R) divides n. In other words, the nth power
mapng:G — G istrivial: ng = 1g.

PROOF. If G is étale, the statement is obvious (13.22). Also, if the statement is true for N
and Q, then it is true for any every extension G of Q by N, because 0(G) = 0o(N)-0(Q)
and the sequence

0— N(R)— G(R) —> O(R)

is exact. Thus, we may suppose that G is connected, and hence that n = p™ for some m
(13.4, 13.25).

The regular representation realizes G as a closed subgroup scheme of GL;, (4.8). There-
fore we have a surjective homomorphism of Hopf algebras, O(GL,) — O(G). This maps
the augmentation ideal of GL, onto that of O(G), and we can deduce from (86) that

[pllg C I

where [p] now denotes the homomorphism O(G) — O(G) corresponding to pg:G — G.
On iterating, we find that
[p™Ig C I} .

But in an artinian local ring of length p”* with maximal ideal /, one has /7 " = 0. Hence
[p"]Ig =0,and so [p™] f = f(1) =[1]f,all f € O(G), as claimed. 0

COROLLARY 13.27. Let G be a locally free finite group scheme of order n over a reduced
ring Rg. Thenng = lg.

PROOF. The equalizer of the homomorphisms ng, 1g: G = G is a closed subscheme Z
of G. As Ry is reduced, Ry, is reduced (hence a field) if p is minimal; moreover, the map
Ro = [ minimar Rop is injective (because Ro —> [ [, minimal Ro/p is injective). Consider the
diagram

0(G) == [ 0G),
l lb (p runs over the minimal primes of Ry).

oZ) —» HPO(Z)p

The map « is injective because O(G) is flat over Ry, and Proposition 13.26 applied to
GR,, shows that b is an isomorphism. It follows that O(G) — O(Z) is injective, hence an
isomorphism. o

ASIDE 13.28. Proposition 13.26 holds for locally free finite group schemes over reduced schemes
S (13.27), and for commutative locally free finite group schemes over arbitrary base schemes (Tate
and Oort 1970, p.4).

NOTES. The proof of (13.26) follows that in Tate 1997, p.142. See also SGA 3, VIly, 8.5.1, p.503;
8.5.2, p.505.
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d. Cartier duality

For a k-vector space V, we let V’ denote the dual vector space. If VV and W are finite-
dimensional, then the natural homomorphisms V — V" and V'@ W' — (V ® W)’ are
isomorphisms. Moreover, k" = k.

Let G be a finite algebraic group, and let A = O(G). We have k-linear maps

mARQA— A AA—> AR A
ek— A eA—k

defining the algebra and co-algebra structures respectively. On passing to the linear duals,
we obtain k-linear maps

m:A'—ARA ( AV:ARA — A

e A —>k ek — A
The duals of the diagrams (20) show that (A’,€") defines an algebra structure on A" (not

necessarily commutative), and one sees that (dually) (m’,e’) defines a co-algebra structure
on A’. The algebra (A4’, A, €’) is commutative if and only if G is commutative.

LEMMA 13.29. If G is commutative, then the system (A’, A’,€’,m’,e’) is a Hopf algebra.

PROOF. More precisely, we show that if S is an inversion for O(G), then S’ is an inversion
for O(G). We have to show that S’ is an algebra homomorphism, and for this we have to
check that A’ o (S’ ® S’) = §’ 0 A’, or, equivalently, that Ao S = (S ® S)o A. In other
words, we have to check that the diagram at left below commutes. This corresponds (under
a category equivalence) to the diagram at right, which commutes precisely because G is
commutative (the inverse of a product of two elements is the product of the inverses of the
elements):

O(G) -2 O(G)® O(G) G +™  GxG
lS lS ®S Tinv Tinv Xinv
0G) —2 0(G)® O(G) G <" GxG.

Thus, the category of commutative finite group schemes has an autoduality:
OG) = (A,m,e,Ae) < (A, A", e,m' e") = O(G).

The algebraic group G’ is called the Cartier dual of G. The functor G »> G’ is a contravari-
ant equivalence from the category of commutative algebraic groups over k to itself, and
(G ~G.

We now describe the functor R »> G’(R). For a k-algebra R, let G g denote the functor of
R-algebras R’ » G(R’), and let Hom(G, G,,)(R) denote the set of natural transformations
u:Gr — Gy, g of group-valued functors. This becomes a group under the multiplication

(u1-u2)(g) =u1(g)-u2(g). ge€G(R), R an R-algebra.

In this way,
R ~> Hom(G,Gp)(R)

becomes a functor from k-algebras to groups.



210 13. Finite group schemes

THEOREM 13.30. There is a canonical isomorphism
G’ ~ Hom(G,G,)
of functors from k-algebras to groups.
PROOF. Let R be a k-algebra. We have
G(R) = HOmR algebra(O(G), R) > HomR jinear(O(G), R) = O(G')R. (87)

The multiplication in O(G) corresponds to comultiplication in O(G’), from which it follows
that the image of (87) consists of the group-like elements in O(G’) g. On the other hand, we
know that Hom(G',, G,,) also consists of the group-like elements in O(G’) g (p.75). Thus,

G(R) ~ Hom(G",Gm)(R).

This isomorphism is natural in R, and so we have shown that G ~ Hom(G’, G,,). To obtain
the required isomorphism, replace G with G’ and use that (G') >~ G. O

From Theorem 13.30 we obtain a natural bimultiplicative morphism of schemes
GxG — Gy

that induces isomorphisms
G — Hom(G',G,)
G’ — Hom(G,Gy,).

This is called the Cartier pairing.

EXAMPLE 13.31. The action
(i,6) > LT X oy — Gy,
defines a isomorphisms of algebraic groups .

7./nZ — Hom(uy,, Gy,)
Un — Hom(Z/nZ,Gy,).

EXAMPLE 13.32. Let G = ap, so that O(G) = k[X]/(X?) = k[x]. Let 1, y, y2....,yp—1
be the basis of O(G’) = O(G)' dual to 1, x,...,x?~ L. Then y’ = i!y;; in particular, y? = 0.
In fact, G’ >~ o, and the pairing o X ot — Gy is

a,b > exp(ab):ap(R) xap(R) — R

where 5 )
. ab  (ab) (ab)P~
exp(ab)—l—kﬁ—i- 2 +---+m.

ASIDE 13.33. Let G commutative algebraic group that is either finite or of multiplicative type. Then
H'(k,G) ~Ext'(G'.G,,)
where G’ is the Cartier dual of G if G is finite and (I"); if G = D(I"). (Waterhouse 1971).

ASIDE 13.34. Everything in this section holds without change for locally free finite group schemes
over a ring (or scheme).
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e. Finite group schemes of order p

LEMMA 13.35. Let (A, A) be a finite cocommutative Hopf algebra over k, and let (A’, A”)
be its Cartier dual. Let d: A — k be a derivation, and regard d as an element of A’. Then

Ad)=d®1+1®d.
PROOF. By definition, A’(d) = d om, and so, for x,y € A,
Ad)(x®y)=dxy)=xd(y)+yd(x)=dR1+1Qd)(x® y). O

PROPOSITION 13.36. Let G be a finite group scheme of order p over an algebraically
closed field k. Either G is the constant group scheme (Z/ pZ)y., or k has characteristic p
and G = p or ap. In particular, G is commutative and the k-algebra O(G) is generated by
a single element.

PROOF. Recall (13.4, 13.25) that we have an exact sequence
e—>G°—>G—my(G) > e

with G° connected and 77 (G) étale, and that 0(G) = 0(G°) - 0(7to(G)). As 0(G) is prime,
G° is either e or all of G and, accordingly, G is either étale or connected. If G is étale,
then it is constant because k is algebraically closed, hence it is isomorphic to (Z/ pZ),
and O(G), the k-algebra consisting of all k-valued functions on Z/ pZ, is generated by any
function that takes distinct values at the points of Z/ pZ.

Suppose that G = Spm(A) is connected, i.e., the k-algebra A4 is a local artin ring. Its
augmentation ideal / C A is nilpotent. By Nakayama’s lemma I # 2, hence there exists a
non-zero k-derivation d: A — k. This means that the element d € I’ C A’ has the property
Ag(d)=d®1+18®d (13.35). Thus k[d] C A’ is a k-subbialgebra of A’, and as k[d] is a
commutative ring, we obtain a surjective k-bialgebra homomorphism A” >~ A — (k[d])’; as
the order p of G is prime, this implies that the rank of k[d] equals p, and hence k[d] = A'.
As before we conclude that G’ = Spm(A’) is either étale or connected. If G’ is étale this
means that G’ &~ (Z/pZ), and thus G ~ . As G was supposed to be connected this
implies char(k) = p. If G’ is connected, d is nilpotent, and, as k[d] is of rank p, we must
have d?~1 # 0 and d? = 0; as Ay is a ring homomorphism this implies that p = 0 in
k, hence char(k) = p; moreover we already know that Ag/(d) =d ® 1 +1® d, hence
G’ ~ ap, and thus G ~ o, which proves the result. Note that the last part of the proof could
have been given using p-Lie algebras (cf. SGA 3, VIl4, 7). O

REMARK 13.37. There exist noncommutative finite algebraic group of order p? (see 2.22,
13.5, 13.6).

NOTES. The proposition and proof are copied almost verbatim from Tate and Oort 1970.

f. Derivations of Hopf algebras

Let Ry be a commutative ring.

13.38. Let A be an Rp-algebra, and let M be an A-module. Recall (12.22) that an Rg-
derivation D: A — M is an Ryp-linear map such that

D(ab) =aD(b)+ bD(a).
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We say that an Rg-derivation d: A — §2 is universal if every Ro-derivation D: A — M is
of the form A o d for a unique A-linear map A:§2 — M:

A < Aod:Homy jinear(§2, M) > Derg, (A, M).
Such a pair (§2,d) is uniquely determined up to a unique isomorphism.

13.39. Let B be an Rp-algebra, and let N be a B-module. We can make the direct sum
B ® N into a commutative B-algebra with N2 = 0 by setting

(b,n)(D',n') = (bb,bn’ +b'n).

Let A be an Ry-algebra. A homomorphism A — B @ N is a pair (¢, D) with ¢ a homo-
morphism A — B and D an Ry-derivation for the A-module structure on N defined by

Q.

13.40. More generally, consider a diagram

C

A—2s B=C/J

of Ry-algebras with J an ideal in C such that J2? = 0. The action of C on J factors through
B. Write J, for J regarded as an A-module by means of ¢. Suppose that there exists an
Rp-algebra homomorphism yg: A — C making the diagram commute. Let y be another
Ro-linear map A — C lifting ¢. Then y = yo + D with D an Rp-linear map A — J, and y
is an Rg-algebra homomorphism if and only if D is an Ro-derivation A — J,,. Thus, the set
of liftings of ¢ is either empty of a principal homogeneous space under Derg, (A4, Jy).

13.41. Let A be an Rp-algebra and let e: A — Rg be an Rp-algebra homomorphism with
kernel I (so that A ~ Ro @ I). Let M be an Ry-module, and let M, denote M endowed
with the A-module structure defined by €. Every derivation D: A — M is zero on Ro and
12, and hence defines an Ry-linear map //I? — M. Every Ro-linear map 1/1% — M
arises from a unique derivation, and so

DCI‘RO (A, Me) =~ HomRo—linear(l/Izv M)

Let (A, A) be a Hopf algebra over Ry. Thus, A~ Ro@® I, and we let m: A — 1/1?
denote the map a = (ag,b) — b mod 2.

THEOREM 13.42. Let (A, A) be a Hopt algebra over Ry. Then
(1®m)oAA— ARQI/I?
is the universal derivation for A/ Ry.

We shall deduce this from a more explicit statement. Let M be an A-module. For an
Ro-linear map A: /1?2 — M, we define D = (id,Aom)o A:

, | .
AL A0 A% 4112 X84 g M 2812

Explicitly, if A(a) =) a; ®a;, then Dy (a) =Y a;-An(a}).
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PROPOSITION 13.43. The map A + D), is an Ry-linear isomorphism
Hom g, _jincar(A, M) — Derg, (A, M).

PROOF. Let B be an Rp-algebra and N an Rp-module. Make B @ N into a B-algebra with

N? =0 (see 13.39). Then G(B@® N) £ Hom(A, B @ N) acquires a group structure from

the Hopf algebra structure on A. This can be described as follows:
(0.D)(@".D")=(¢-¢'.¢-D'+¢'-D)

with
o9 =(p,¢)oA (productin G(B) = Hom(A4, B))

A / 'D/ 4
<p-D’:((p,D’)oA:(A—>A®A asa el b @) N)
¢'-D =(¢/.D)oA.

Let j: B&® N — B be the projection map. Then j.«:G(B & N) — G(B) projects
G(B & N) onto its subgroup G(B), and so

G(B®N)=HxG(B), H =Ker(j).

Let ¢: A — B be an element of G(B), and write N, for N regarded as an A-module by
means of . According to (13.39), the fibre j_ 1 (¢) over ¢ consists of the pairs (¢, D) with
D an Ro-derivation A — N:

Ji (@) ={(¢,D) € G(B® N)} = Derg, (4, Ny).
Letep: A LN Ro — B be the neutral element in G(B). Then
x> (9,0)-x: ) (ep) = ji ' (9)
is a bijection. Explicitly, this is the map (eg, D) — (¢, ¢ - D), and so we have a bijection
D+ (¢,D)o A:Derg, (A, Ney) — Dery(A, Ny).
On the other hand (13.41), we have a bijection
A+ Ao Homp jinear(I/1%, N) — Derg, (A, Neg).

On composing these maps, and taking B = A, N = M, and ¢ = id4, we obtain the required
isomorphism. O

For an A-module M,
DerR() (A’ M) = HomRo-lineaI(I/Iz’ M) =~ HomA-linear(A & 1/12, M),

which implies (13.42).
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g. Structure of the underlying scheme of a finite group scheme

LEMMA 13.44. Let (A, A) be a finitely generated Hopft algebra over k, and let I be its
augmentation ideal. Let n > 0 be an integer which is less than the characteristic of k if this is
nonzero. Let x1,...,x, be elements of I forming a basis for the k-vector space I /1%. Then
the monomials

mj

. mr
X X,

. mydeetmp=n

form a basis for the k-vector space 1" /"1,
The assumption on 7 is that n! # 0 in k.

PROOF. Clearly the monomials generate /" /1”1, and so it remains to prove that they are
linearly independent modulo /"1,

Let 7 be the projection A =k @I — I/1? killing k. Let d;: I /1% — k be the k-linear
map such that d; (x;) = J;; (Kronecker delta). According to (13.42), there exists a (unique)
derivation D;: A — k such that

Di(a) =Y _a;-di(w(b;))
J

if A(a) =) a;j ®b;. Then D;(x;) = §;;. More generally,
D DIt DY o) = ma ooy ),

while D} D;"_’l_ ! ---D’lnl applied to any other monomial of total degree m1 +---+m, =n
is zero. According to the assumption on #, the integer on the right is not zero in k. Therefore,
on applying the operators D" D;"_’f‘ ---D;’” to a linear relation among the monomials of
total degree n, we find that the relation is trivial. 0

Recall (2.16) that an algebraic group G is said to have height < 1 if the Frobenius map
Fg:G — GP) is trivial. This means that a? = 0 foralla € 1.

PROPOSITION 13.45. Let G be a connected finite group scheme of height 1 over a field k
of characteristic p. Then

O(G) ~ k[Ty.....T,)/(TP.....TP (88)
for some n > 1.
PROOF. Immediate consequence of the lemma. O

THEOREM 13.46. Let G be a connected finite group scheme over a perfect field k of
characteristic p. Then

O(G) ~k[Ty.....Tu] /(TE™"....TP™) (89)

n

for some integers ey, ...,e, > 1.

PROOF. Let A = O(G), and let [ = I4 denote its augmentation ideal. Because G is
connected, / is nilpotent. If x” = 0 for all x € 7, then G has height 1, and we just proved
the statement (13.45). In the general case, we argue by induction. Because k is perfect,

def

B=A7 ={a? |a e A}
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is a Hopf subalgebra of A (see 3.46). By induction,
B =klt1,....tn) = k[T1,..., T,)/(T{",....T"), q; = power of p.

For each i, choose a y; € A with yf =t;, and choose a set {z;} in A4 that is maximal with
respect to the requirement that zf = 0 and that the z; be linearly independent in / /1 2. We
shall complete the proof by showing that the homomorphism

Yieyi o kY1, Zy, P20 )~ A

is an isomorphism.

Embed B in C by ¢; —> Yl.p . Then C is a free B-module. By Theorem 3.47, A is
faithfully flat (hence free) over the local ring B. As in (3.47, Step 2), it suffices to show that
the map C/IgC — A/IgA is an isomorphism. Clearly,

C/IgC ~k[Y1,....Z1,..]/) (Y[ ..., Z},..)).

The quotient A/ Ip A is the Hopf algebra representing the kernel of Spm(A4, A) — Spm(A?, A)
(Section 1.e), which has height 1, and so it also is of the form (88). If a homomorphism
between two algebras of this form is an isomorphism modulo the squares of the maximal
ideals, then it is surjective (Nakayama), and then, by counting dimensions, an isomorphism.
As IpA C 12, it remains to show that the elements y; and z; form a basis for IA/I/%.

Let a be any element of /4, and write a? in Ip as a polynomial in the ;. As k is
perfect, we can take the pth root of this to get a polynomial u in the y; with u? = a?. Then
(a —u)? =0, and by maximality of the {z; }, we can express @ —u modulo Ij in terms of the
zj. We have shown that the elements y; and z; span I4/12. Suppose that Y o y; + Y f;z;
lies in [ j. On raising this to the pth power, we find that the element Zaf’ yf = Zozf ti
isin / l%. But the #; form a basis for /g /I3, and so this implies that all o; are zero. Now
> Bjzjisin Ij, which by definition of the z; implies that all 8; = 0. This completes the
proof that the elements y; and z; form a basis for 14/13. o

These results allow us to reprove Cartier’s theorem (3.38) and (13.7).

COROLLARY 13.47. Let G be an algebraic group over a field k.
(a) Ifk has characteristic zero, then G is smooth.

(b) Ifk has characteristic p # 0 and G is finite of order not divisible by p, then G is étale.

PROOF. (a) We may suppose that k is algebraically closed. Let x be a nilpotent element
of A= O(G). Certainly x € /. Suppose x ¢ I2. Then x is part of a basis for the k-vector
space I /1?2, and so, for all n > 0, x” is nonzero modulo /”*1 (13.44). Hence x is not
nilpotent. Therefore x € 2. Now Lemma 3.35 shows that G is smooth (3.35).

Alternatively, Lemma 13.44 shows that the graded ring gr; (A) is isomorphic to k[771,..., ;]
for r = dimg (1 /1?). Recall that [ is the maximal ideal in A at the neutral element e. When
we localize we get

grr(A) = gry, (Ae) = k[Th, ..., T;].

This implies that A, is a regular local ring (Atiyah and Macdonald 1969, 11.22).
(b) If G is connected and finite, then (13.46) shows that its order is a power of p. The
statement now follows from connected-étale exact sequence (13.4) . o



216 13. Finite group schemes

EXAMPLE 13.48. Let k be a nonperfect field of characteristic p, and let ¢ € k ~kP?. The
finite subgroup scheme G of G, x G, with

G(R) ={(x,y) | x”" =0, y? = cx?}

is connected, but O(G) is not of the form (89) (Waterhouse 1979, p.113).

h. Finite group schemes of height at most one

Let g be a p-Lie algebra over k. Recall that the universal enveloping p-Lie algebra j:g —
ULPl(g) has the following property: every p-Lie algebra homomorphism g — [A] with 4 an
associative k-algebra extends uniquely to a k-algebra homomorphism U?](g) — A. From
this universality we deduce that there is:

(a) aunique homomorphism of k-algebras
A:U(g) - Ul (g) x U7 (g)

such that A(j(x)) =1® j(x)+ j(x)®1 for x € g;
(b) aunique homomorphism of k-algebras €: U [Pl(g) — k such thateo j = 0;
(c) aunique homomorphism S': Ulrl(g) — UlPl(g) such that S(j(x))=—j(x)forx € g.
Let u € ULPl(g), and write Au = Y u; ® v;. Then

Zui@)vi = Zvi uj, Zm@Avi = Zﬂui@)vi,
Y eivi=u, Y Suivi =s).

It suffices indeed to check these equalities when u = 1 or j(x), x € g, in which case they
are obvious.

PROPOSITION 13.49. When g is commutative, the pair (UP1(g), A) is a Hopf algebra with
€ and S as co-identity and inversion.

PROOF. This is exactly what the above identities say. O

We now consider a general finite-dimensional p-Lie algebra g over k. Let U = ULPl(g).
For a k-algebra R, we let Ag and € denote the maps

AQ®R ~
UoREFUQU®R > (U®R) ®r(USR)
UsRE2jk@R~R.

PROPOSITION 13.50. Let g be a p-Lie algebra. The functor

def

R~ G(g)(R) = {x € (U[p](g)(X)R)X | ARx =xQ®x, €grx = 1}

is a finite group scheme of height < 1.
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PROOF. By definition, G(g)(R) is a monoid,; it is a group because x € G(g)(R) implies that
S(x)x =€(x) =1. Let
A = HomMy tnear(UP)(9). K).

When equipped with the multiplication

A\/
ARA~(UQU)" — U =4,

it becomes an associative commutative k-algebra with € as its identity element. Moreover,
as UP1(g) is finite dimensional (12.41), there is a canonical isomorphism

i U[p](g) ®R =~ Homk-linear(A’ R)

For x € U!Pl(g) ® R, one checks that i (x) is a homomorphism of k-algebras if and only if
x € G(g)(R). Consequently, i induces an isomorphism G(g) — Spm(A4), and so G(g) is a
finite scheme over k. Finally, the coproduct A4: A — A ® A defined by the group structure
on G(g) is the dual of the multiplication map U @ U — U (apply (19), p.56). See DG 11, §7,
3.8, p.279, for more details. O

PROPOSITION 13.51. The functor g ~> G(g) is an equivalence from the category of finite-

dimensional p-Lie algebras over k to the category of algebraic groups over k of height
<l

PROOF. Omiitted for the moment (DG 11, §7, 4.2, p.282). O

In particular, every algebraic group G of height < 1 is isomorphic to G(g) for some
p-Lie algebra g.

1. The Frobenius and Verschiebung morphisms

Let X be a scheme over [F,,. The absolute Frobenius morphism ox:X — X acts as the
identity map on | X | and as the map f +— f?:Ox(U) — Ox(U) on the sections over every
open subset U of X. For all morphisms ¢: X — Y of schemes over [,

OyoQp =@ooy
commutes, i.e., o is an endomorphism of the identity functor.

Now let k be a field of characteristic p. The morphism ogpyx): Spm(k) — Spm(k)
corresponds to the homomorphism a + a?:k — k. We write X ~ X @) ¢ v (P for
base change with respect to ogpm(k). If (G,m) is an algebraic group over k, then so also is
(GP) (P,

For a scheme X over k, the relative Frobenius morphism Fy: X — X (?) is defined by
the diagram

0'Spm(k)

Spm(k) «—— Spm(k)

in which the square is cartesian (cf. 2.16). The assignment X +— Fx has the following
properties.
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(a) Functoriality: for all morphisms ¢: X — Y of schemes over k,
Fyo(p = g{)(p)OFx.

(b) Compatibility with products: Fyxy is the composite of Fy x Fy with the canonical
isomorphism X P x Y (P) ~ (X x ¥)P).
(c) Base change: the formation of Fy commutes with extension of the base field.

In particular, if (G,m) is an algebraic group over k, then
GxG —"— G

lFGxG lFG

G g M7 o)

commutes, and so Fg:G — G@® isa homomorphism.
For example, if X is a closed subvariety of A” defined by polynomials f; (T1,...,T,) =

Za(,-)T(i ), then X (P) is the closed subvariety of A” defined by the polynomials fi(p ) =
Zag)T(i) andoy: X — X (P sends a point (¢q,...,¢p) to (cf’,...,c,ll’).

PROPOSITION 13.52. An algebraic group G is smooth if and only if the Frobenius map
Fg:G — GP) js faithfully flat.

PROOF. In general, a reduced finitely generated k-algebra A is geometrically reduced if
and only if A ® k'/? is reduced. On the other hand, Fg is faithfully flat if and only if the
corresponding map AP 5 Ais injective. To complete the proof, compare A ® k1P with
AWD) O

Let G be a commutative finite group scheme over k. Then Fg:G — G(P) induces a
homomorphism Vg: (GPY ~(GH)P) - G’ on the Cartier dual. This is the Verschiebung
(shift) morphism. We shall need another description of Vg, but first we give another
description of Fg.

Let V be a vector space over k. The symmetric group S, acts on @” V by

TV ® - QVp) = V(1) @+ @ Ve(p)»

and the Sym” V is the greatest quotient of Q¥ V' on which S, acts trivially: Sym? V =
(V®1’)Sp. Now let G be an algebraic group over k, and let A = O(G). The action of Fg
on A is the composite of the k-linear maps on the top row of the following diagram:

x-a? «—[x(@® - Qa)l «—a®@x

A Sl ARk (f(g)=ar)
multiplication T quotient
A®P

If A is finite, then we can form the above diagram for the dual A’ of A, and take its dual, to
get a diagram:

®p\Sy 4,
A —— (A®P)~r Ak, f k
comultiplication l inclusion

A®P
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Here A4 is the unique k-linear map sending x - (@ ® ---® @) to a ® x. In fact, it is easy to
see that this diagram exists for any 4.

DEFINITION 13.53. For an algebraic group G over a field k, the Verschiebung morphism'
is the morphism Vg:G‘?) — G corresponding to the homomorphism A ®p, f k — Ain the
above diagram.

The assignment G — Vg has the following properties.

(a) Functoriality: for all homomorphisms ¢: G — H of schemes over k,
Vir o) =goVg.

(b) Compatibility with products: Vgx g is the composite of Vg X Vg with the canonical
isomorphism G ) x HP) ~ (G x H)'P).
(c) Base change: the formation of Vg commutes with extension of the base field.
PROPOSITION 13.54. Let G be a commutative group scheme over k. Then:
(@ VgoFg = p-idg,
(b) FgoVg = p-idgw .

PROOF. (a) Let A = O(G). By construction, Fg and Vg correspond to the maps f4 and
v4 in the following diagram:

VA

/\

A= (A%P)Sr — 5 A®p ok

A
comultiplication inclusion fa

A®P 4
multiplication

The square at right commutes. In terms of the group schemes, the diagram becomes

Ve
G — G

multipli‘M 1\ Fg

GXxX---xG¢——G
diagonal

Hence
VG o Fg = (multiplication) o (diagonal) = p-idg

(b) Because of the functoriality of Fg,
FgoVg = (Vg)P o Fgum.

But (VG)(p) = Vs because Vg commutes with base change, and so the right hand side
equals Vg(» o Fg(», which (a) shows to p-idg . o

l“Verschiebung” means “shift”. Its name is perhaps explained by (90). The French usually translate it to
“décalage”. The notation V(g is universal.
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COROLLARY 13.55. A smooth commutative group scheme G has exponent p if and only
if Vg =0.

PROOF. If Vg =0, then p-idg = 0 because p-idg = Vg o Fg. Conversely, if G is smooth
and p-idg = 0, then Vg = 0 because Fg is faithfully flat (13.52). o

Jj.-  The Witt schemes W,

Fix a prime number p. Let Ty, T1, . ..be a sequence of symbols, and define (Witt) polynomials

wo = To
wi =T¢ +pTh

Wn = TOp" +pT1p_1 ++p" T

These are polynomials with coefficients in Z. If we invert p, then we can express that 7; as
polynomials in the w;,

To=wo, Ti=p "(wi—w),

Let Uy, Uy, ... be a second sequence of symbols.

PROPOSITION 13.56. There exist unique polyonomials S;, P; € Z[Ty, T1,...,Up,Uy,...],
i =0,1,..., such that

wn(S(),...,Sn,...) = wn(To,...)+wn(Uo,...)
wn(P(),...,Pn,...) = wn(To,...)-wn(Uo,...)

for alln > 0.
PROOF. Serre 1962, 11, §6, Thm 5. o
For example,

al + b8 —(ag +bo)?

p
Po(a,b) =ag-bo Pi(a,b) =bfa+bral + paib;.

So(a,b)y =ao+by Si(a,b)=ai+b1+

PROPOSITION 13.57. Let R be a commutative ring. For n > 0, the rules

a+b=(So(a,b),...,Sy(a,b))
a-b=(Py(a,b),..., Py(a,b)).

define the structure of a commutative ring on R (we denote this ring by Wy (R)).
PROOF. From the definition of the polynomials S; and P;, one sees that the map

a > (wo(a),...,wn(a)): Wy(R) — R"+!
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is a homomorphism. If p is invertible in R, then the map is a bijection, which proves the
proposition for such R.

Because W, is a functor, it suffices to prove the proposition for R = Z[Ty, .. .], and hence
for any ring containing Z[Ty,...]. But Z[Ty,...] can be embedded into C, and we know the
proposition for R = C. o

The ring W, (R) is called the ring of Witt vectors of length n with coefficients in R. For
example,
Wy (Fp) ~Z/p" 2.

Clearly, R » (W, (R),+) is an algebraic group scheme over Z. For example, Wy = G,.
We now fix a base field k of characteristic p, and regard W}, as an algebraic group over

k. The map
V:Wu(R) »> Wyr1(R), (ao,...,an) > (0,a9,...,an) (90)

is additive. This can be proved by the same argument as Proposition 13.57. Thus, we obtain
a homomorphism of algebraic groups

VW, — Wy,
PROPOSITION 13.58. For all n,r > 0, the sequence

vr truncate
O0—->Wy— Wyyy — Wy —0

1S exact.

PROOF. In fact, for all k-algebras R, the sequence

truncate

Vr
0— Wy(R) — Wy4r(R) — Wi (R)—0
is obviously exact. O

As Wy, is defined over F, C k, we have Wn(p ) ~ W,. The Frobenius morphism W,, —
Wn(p) ~ W, acts on W, (R) as (ag,...,an) — (a(’)’, ...,at) and the Verschiebung morphism
is the composite of the morphisms

|4 truncate
Wy — Wypt1 — W

In this case, it is easy to verify directly that VI = p = F'V. In particular, Vi, = 0.

k. Commutative group schemes over a perfect field

Let k be a perfect field of characteristic p. Finite group schemes over k of order prime to
p are étale (13.7), and so are classified in terms of the Galois group of k (13.19). In this
section, we explain the classification of commutative finite group schemes over k of order a
power of p (which we call finite algebraic p-groups).

Let W = W(k) be the ring of Witt vectors with entries in k,

def

W (k) = lim W (k).

Then W is a complete discrete valuation ring with maximal ideal generated by p = plw
and residue field k. For example, if k = Fj,, then W = Z,. The Frobenius automorphism
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o of W is the unique automorphism such that ca = a? (mod p). The Dieudonné ring
D = Wy[F, V] is defined to be the W -algebra of noncommutative polynomials in F and V
over W, subject to the relations (¢ € W):

F.c=o0c-F;
oc-V=V-c;
FV =p=VF.

Thus, to give a D-module amounts to giving a W-module M together with endomorphisms
F and V of M satisfying the following conditions (c € W, m € M):

F(c-m)=o0c-Fm
V(ioc-m)=c-Vm
FV = p-idy = VF.

Such a module is called a Dieudonné module. We say that M is finitely generated (resp.
finite) if it is finitely generated as a W -module.
For an algebraic group G over k, we define

M(G) = h7n)1Horn(G, Wh).

THEOREM 13.59. The functor M is a contravariant equivalence from the category of com-
mutative unipotent algebraic groups over k to the category of finitely generated Dieudonné
modules killed by a power of V. Such an algebraic group G is finite if and only it M(G) is
of finite length, in which case the order of G is the length of M(G).

PROOF. For algebraic groups killed by V, this is a special case of (13.51). See DGV, §1,
4.3, p.552 for the proof. O

THEOREM 13.60. Let G be a commutative finite group scheme of p-power order over k.
Then G has a unique decomposition

G =Gee XGee X Gee

where Go¢ (resp. Gec; Gee) is étale with connected dual (resp. connected with connected
dual; connected with etale dual).

PROOF. We know (13.4) that G can be written uniquely as G = G, x G, with G, connected
and G, étale. Now (G.)' = (G.).. x (G¢),, and s0o G = (G¢)"” = G¢e + Gee. On the other
hand, (G.)’ is connected, and so (G.)" = Ge. o

We want to extend the functor M to all finite group schemes over k killed by a power of
p. For G = G, we define
M(G) =M(G"Y

where the inner prime denotes the Cartier dual, and the outer ’ denotes dual as a Dieudonné
module (i.e., (M, F,V) = (M’,F',V') with M" = Homy jjnear (M, W) and F’ and V' the
maps induced by V' and F).
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THEOREM 13.61. There is a contravariant equivalence G ~> M(G) from the category of
commutative finite algebraic p-groups to the category of triples Dieudonné modules of
finite length. The order of G is p'e"¢h(M(®)) ' For any perfect field k' containing k, there is

functorial isomorphism
M(Gyr) ~ W(k/) QW (k) M(G).

PROOF. Immediate consequence of the preceding two theorems. O

For example:

M(Z/pZ)=W/pW, F =o,
M(pp) =W/pW, F=0
M(ap)=W/pW, F =0

0;
o*_l;
0.

SRR
Il

’
’

The theorem is very important since it reduces the study of commutative algebraic
p-groups over perfect fields to semi-linear algebra. There are important generalizations of
the theorem to Dedekind domains, and other rings.

ASIDE 13.62. For an extension of Theorem 13.59 (resp. Theorem 13.61) to nonperfect base fields,
see Schoeller 1972 (resp. Takeuchi 1975).

ASIDE 13.63. For more on finite group schemes, see Demazure 1972 and Tate 1997.






CHAPTER 1 4

Tori; groups of multiplicative type;
linearly reductive groups

Recall that algebraic groups are affine.

a. The characters of an algebraic group

Recall (p.75) that a character of an algebraic group G is a homomorphism y: G — Gy,.

Thus, to give a character y of G is the same as giving a homomorphism of k-algebras

O(G) = O(G) respecting the comultiplications. As O(G,,) = k[T, T~!] and A(T) =

T ®T, to give a character y of G is the same as giving a unit @ = a(y) of O(G) such

that A(a) = a ® a. Such elements are said to be group-like, and so there is a one-to-one

correspondence y <> a(y) between the characters of G and the group-like elements of O(G).
For characters y, y’, define

x+x:G(R) - R*

by
(x+ 1)@ =x©- 1.

Then y + x’ is again a character, and the set of characters is a commutative group, denoted
X(G). The correspondence y <> a(x) between characters and group-like elements has the
property that

a(x+x)=a(x)-ax).

b. The algebraic group D(M)

Let M be a finitely generated commutative group (written multiplicatively), and let k[M ] be
the k-vector space with basis M. Thus, the elements of k[M] are finite sums

Ziaimi, a; Ek, m; € M.

When we endow k[M ] with the multiplication extending that on M,

(X aimi) (Z,- bj”j) =21, aibjmin;.

225
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then k[M] becomes a k-algebra, called the group algebra of M . It becomes a Hopf algebra
when we set

Am)y=m@m, em)=1, Sm)=m"" (meM)
because, for m an element of the basis M,

[dRA)(AM) =mR(m®m) =(mm)dm = (AR®id)(A(m)),
(e®id)(A(m)) =1Q@m, (d®e)(A(m) =m®]1,
(S,idy(m®@m) =e(m) = (id, S)(m @ m),

as required ((20), (21), p.56). Note that k[M] is generated as a k-algebra by any set of
generators for M as an abelian group, and so it is finitely generated.

EXAMPLE 14.1. Let M be a cyclic group, generated by e.

(a) Case e has infinite order. Then the elements of k[M] are the finite sums Ziezaiei
with the obvious addition and multiplication, and A(e) = e®e, e(e) =1, S(e) = e~ L.
Therefore, k[M] ~ O(Gy,) as a Hopf algebra.

(b) Case e is of order n. Then the elements of k[M ] are sums ag +aje+---+an—1e
with the obvious addition and multiplication (using e” = 1), and A(e) = e ®e,
€(e) =1, and S(e) = e™~ L. Therefore, k[M] ~ O(ji,) as a Hopf algebra.

n—1

EXAMPLE 14.2. Recall that if W and V' are vector spaces with bases (e;);ey and (fj);es,
then W ® V' has basis (e; ® fj),j)erxs- It follows that, if M1 and M, are commutative
groups, then

(my1.,m2) < my @ma:k[My x Ma] < k[M]® k[M>]

is an isomorphism of k-vector spaces, which respects the Hopf k-algebra structures.
PROPOSITION 14.3. For every finitely generated commutative group M , the functor D(M)
R ~» Hom(M, R™) (homomorphisms of groups)

is represented by the algebraic group Spm(k[M]). The choice of a basis for M determines
an isomorphism of D (M) with a finite product of copies of G, and various [i.

PROOF. To give a k-linear map k[M ] — R is the same as giving a map of sets M — R. The
map k[M] — R is a k-algebra homomorphism if and only if M — R is a homomorphism
from M into R*. This shows that D(M) is represented by k[M], and is therefore an
algebraic group.

A decomposition of commutative groups

M~Z7& - PLOL/mZ&---DZL/nZ,
defines a decomposition of k-bialgebras
kM)~ O(Gm) @+ @ O(Gm) @ O(in,) @+ ® O(itn, )

(14.1, 14.2). Since every finitely generated commutative group M has such a decomposition,
this proves the second statement. O

LEMMA 14.4. The group-like elements of k[M] are exactly the elements of M .
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PROOF. Let e € k[M] be group-like. Then
e =) cje; forsomec; €k,e; € M.

The argument in the proof of Lemma 4.16 shows that, if the e; are chosen to be linearly
independent, then the ¢; form a complete set of orthogonal idempotents in k, and so one of
them equals 1 and the remainder are zero. Therefore e = ¢; for some i. O

Thus
X(D(M)) ~ M.

The character of D(M) corresponding to m € M is

D(M)(R) € Hom(M, R®) ST, px s m(R).

14.5. Let p be the characteristic exponent of k. Then:

D(M) is connected <= the only torsion in M is p-torsion
D(M) is smooth <= M has no p-torsion
D(M) is smooth and connected <= M is free.

To see this, note that D(Z) = G,,, which is connected and smooth, and that D(Z/nZ) = i,
which is connected and nonsmooth if n is a power of p, and is étale and nonconnected if
ged(n,p) =1 > 1).

Note that

D(M /{prime-to- p torsion}) = D(M)° (identity component of D(M))
D(M/{p-torsion}) = D(M)q (reduced algebraic subgroup)
D(M/{torsion}) = D(M);,; (reduced connected algebraic subgroup).

ASIDE 14.6. When the binary operation on M is denoted by +, it is more natural to define k[M ]
to be the vector space with basis the set of symbols {¢” | m € M}. The multiplication is then
e™.e" = ¢™ 1" and the comultiplication is A(e™) = ™ ® e™.

c. Diagonalizable groups

DEFINITION 14.7. An algebraic group G is diagonalizable if the group-like elements in
O(G) span it as a k-vector space.

THEOREM 14.8. An algebraic group G is diagonalizable if and only if it is isomorphic to
D (M) for some commutative group M .

PROOF. The group-like elements of k[M] span it by definition. Conversely, suppose that
the group-like elements M span O(G). Lemma 4.16 shows that they form a k-linear basis
for O(G), and so the inclusion M — O(G) extends to an isomorphism k[M] — O(G) of
vector spaces. This isomorphism is compatible with the comultiplications, because it is on
the basis elements m € M (obviously). o

THEOREM 14.9. (a) The tunctor M ~ D(M) is a contravariant equivalence from the
category of finitely generated commutative groups to the category of diagonalizable algebraic
groups (with quasi-inverse G ~ X(G)).
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(b) The functor M ~ D(M) is exact: if
l-M —>M-—>M"—1
is an exact sequence of commutative groups, then
l1-DM")—-DM)— DM —1

is an exact sequence of algebraic groups.
(c) Algebraic subgroups and quotient groups (but not necessarily extensions) of diagonaliz-
able algebraic groups are diagonalizable.

PROOF. (a) Certainly, we have a contravariant functor
D:{f.g. commutative groups} »> {diagonalizable groups}.
We first show that D is fully faithful, i.e., that
Hom(M,M") — Hom(D(M'), D(M)) 1)

is an isomorphism for all M, M’. The functor sends finite direct limits to inverse limits and
finite direct sums to products, and so it suffices to prove that (91) is an isomorphism when
M and M’ are cyclic. If, for example, M and M’ are both infinite cyclic groups, then we
may suppose that M = 7Z = M’, and

Hom(M,M’) = Hom(Z,Z) ~ 7Z,
Hom(D(M'), D(M)) = Hom(Gyy, G) = {X' | i € Z} ~ Z:

now (91) is i — X', which is an isomorphism. The remaining cases are similarly easy.

Theorem 14.8 shows that the functor is essentially surjective, and so it is an equivalence.

(b) The map k[M’] — k[M] is injective, and so D(M) — D(M’) is a quotient map
(5.15). Its kernel is represented by k[M ]/ I}, where I [p) is the augmentation ideal of
k[M']. But Iy[ps1 is the ideal generated the elements m — 1 form € M’, and so k[M ]/ Iy p11
is the quotient ring obtained by setting m = 1 for all m € M’. Therefore M — M" defines
an isomorphism k[M]/ Ixpr — k[M"].

(¢) If H is a subgroup of G, then the map O(G) — O(H) is surjective. Because it is
a homomorphism of Hopf algebras, it maps group-like elements to group-like elements.
Therefore, if the group-like elements of O(G) span it, then the same is true of O(H).

Let D(M) — Q be a quotient map, and let H be its kernel. Then H = D(M") for
some quotient M" of M. Let M’ be the kernel of M — M”. Then D(M) — D(M’) and
D(M) — Q are quotient maps with the same kernel, and so are isomorphic. O

EXAMPLE 14.10. Let G be the algebraic group of monomial 2 x 2 matrices (5.54). Then
G is an extension
e—>D) >G— S, —e

of diagonalizable groups, but it is not commutative, hence not diagonalizable. Later (14.27,
16.46) we shall see that an extension G of a diagonalizable group Q by a diagonalizable
group is diagonalizable if G is commutative, which is always the case if Q is connected.
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d. Diagonalizable representations

DEFINITION 14.11. A representation of an algebraic group is diagonalizable if it is a
sum of one-dimensional representations (according to (4.17), it is then a direct sum of
one-dimensional representations).

Recall that D, is the group of invertible diagonal n x n matrices; thus
n ~ Gm Xoeee XGm ~ D(Zn).
———
n copies

A finite-dimensional representation (V/,r) of an algebraic group G is diagonalizable if and
only if there exists a basis for V' such that r(G) C D,. In more down-to-earth terms, the
representation defined by an inclusion G C GL,, is diagonalizable if and only if there exists
an invertible matrix P in My (k) such that, for all k-algebras R and all g € G(R),

* 0
PgPle ,
0 *
THEOREM 14.12. The following conditions on an algebraic group G are equivalent:
(a) G is diagonalizable;
(b) every finite-dimensional representation of G is diagonalizable;
(c) every representation of G is diagonalizable;

(d) for every representation (V,r) of G,

- @xeX(T) Vx

(Vy is the eigenspace with character y, p.75).

PROOF. (a)=(c): Let p:V — V ® O(G) be the comodule corresponding to a representation
of G. We have to show that V' is a sum of one-dimensional representations or, equivalently,
that V' is spanned by vectors u such that p(u) € (u) ® O(G).

Let v € V. As the group-like elements form a basis (e;); ey for O(G), we can write

p(v) =3 icrui®ei, ui€V.
On applying the identities (28), p. 69,

(dy ®A)op = (pQidpG))op
(idy Qe)op = idy.

to v, we find that
Zl. Ui e Qe; = Zl. p(u;i) ®e;
V=) u;.
The first equality shows that

p(ui) =u; ®e; € (u;) @k O(G),
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and the second shows that the set of u; arising in this way span V.

(c)=(a): In particular, the regular representation of G is diagonalizable, and so O(G) is
spanned by its eigenvectors. Let f € O(G) be an eigenvector for the regular representation,
and let y be the corresponding character. Then

f(hg) = f(h)y(g) forh,g € G(R), R a k-algebra.

In particular, f(g) = f(e)x(g), and so f is a scalar multiple of y. Hence O(G) is spanned
by its characters.

(b)=(c): As every representation is a union of finite-dimensional subrepresentations
(4.7), (b) implies that every representation is a sum (not necessarily direct) of one-dimensional
subrepresentations.

(¢)=(b): Trivial.

(c)=(d): Certainly, (c) implies that V' =) vex(G) Vx- and Theorem 4.17 implies that
the sum is direct.

(d)=(c): Clearly each space V) is a sum of one-dimensional representations. O

ASIDE 14.13. Let M be a finitely generated abelian group, and let V' be a finite-dimensional k-
vector space. An M -gradation of V is a family of subspaces (V;;;)menm such that V = @meM Vin.
To give a representation of D(M) on V is the same as giving an M -gradation of V. This follows
from (d) of the theorem. See also (11.28).

e. Tori

DEFINITION 14.14. An algebraic group G is a split torus if it is isomorphic to a finite
product of copies of Gy, and it is a forus if Ty is a split torus.

Equivalently, a split torus is a connected diagonalizable algebraic group. Under the
equivalence of categories M ~> D(M) (see 14.9a), the split tori correspond to free com-
mutative groups M of finite rank. A quotient of a split torus is again a split torus (because
it corresponds to a subgroup of a free commutative group of finite rank), but an algebraic
subgroup of a split torus need not be a split torus. For example, p,, is a subgroup of G, (the
map i, —> Gy, corresponds to Z — Z/nZ.).

EXAMPLE 14.15. Let T be the split torus G, X G,. Then X(T') >~ Z & Z, and the character
corresponding to (m1,ms) € ZB 7 is

(t1,02) > 171152 T(R) = G (R).

Every representation V' of T' decomposes into a direct sum

V= @(m1,m2)erZ Vin,,mz)»

where V(;, m.) is the subspace of V' on which (¢1,1,) € T'(k) acts on as ¢{"! t;" 2 [not quite].
In this way, the category Rep(7’) acquires a gradation by the group Z x Z.

f.  Groups of multiplicative type

DEFINITION 14.16. An algebraic group G is of multiplicative type if G is diagonaliz-
able.
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A connected algebraic group of multiplicative type is a torus. Subgroups and quotient
groups (but not necessarily extensions) of groups of multiplicative type are of multiplicative
type because this is true of diagonalizable groups (14.9).

The terminology “of multiplicative type” is clumsy. Following DG IV, §1, 2.1, p.474,
we sometimes say that such a group is multiplicative (so the multiplicative group G, is a
multiplicative group).

Let I = Gal(k**P/ k) endowed with the Krull topology. An action of I" on a commuta-
tive group M is continuous for the discrete topology on M if every element of M is fixed by

an open subgroup of I, i.e.,
M = U MGal(ksel’/K)
K

where K runs through the finite extensions of k contained in k*°P.
For an algebraic group G, we define X *(G) = X(Ggse»); in other words,

X*(G) = Hom(Gksep, (Gm)ksep).

The group I" acts on X *(G), and because every homomorphism Gysep — Gy sep is defined
over a finite extension of K, the action is continuous. Now G ~> X *(G) is a contravariant
functor from algebraic groups over k to finitely-generated Z-modules equipped with a
continuous action of I". Note that

X*(G1xGa) = X*(G1) ® X" (G2).
The tori are the groups G of multiplicative type such that X *(7T') is torsion free.

THEOREM 14.17. The functor X* is a contravariant equivalence from the category of alge-
braic groups of multiplicative type over k to the category of finitely generated commutative
groups equipped with a continuous action of I'. Under the equivalence, short exact sequences
correspond to short exact sequences.

PROOF. To give a continuous semilinear action of I" on k%P[M] is the same as giving a
continuous action of I" on M by group homomorphisms: every action of G on k*P[M |
preserves M because it is the set of group-like elements in k*P[M]; conversely, an action of
I" on M extends semilinearly to an action of I" on k**P[M]. Thus, the theorem follows from
Theorem 14.9 and Galois descent (A.55, A.56). o

COROLLARY 14.18. For every algebraic group D of multiplicative type, there is an exact
segence
e—->G —-G—->G"—e

with G’ a torus and G” finite (of multiplicative type).
PROOF. Let D = D(M); then the sequence corresponds to
0—> Mys > M — M/ Mg — 0.
Let G be a group of multiplicative type over k. For every K C kP,
G(K) = Hom(X *(G), k*P) &

where [k is the subgroup of I of elements fixing K, and the notation means the G(K)
equals the group of homomorphisms X *(G) — k%P> commuting with the actions of I'k.
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EXAMPLE 14.19. Take k = R, so that I" is cyclic of order 2, and let X*(G) = Z. Then
Aut(Z) = Z* = {£1}, and so there are two possible actions of I" on X *(G).

(a) Trivial action. Then G(R) = R*, and G >~ Gy,.

(b) The generator ¢ of I" acts on Z as m +—> —m. Then G(R) = Hom(Z, C*)!" consists of
the elements of C* fixed under the following action of ¢,

1z=z"1,

Thus G(R) = {z € C* | zz = 1}, which is compact.

EXAMPLE 14.20. Let K be a finite separable extension of k, and let T be the functor
R » (R®j K)*. Then T is the group of multiplicative type corresponding to the I"-module
ZHomi (K.K*P) (families of elements of Z indexed by the k-homomorphisms K — k*P). See
14.39 below.

EXAMPLE 14.21. The algebraic group u, is of multiplicative type for all n. The constant
algebraic group Z/nZ is of multiplicative type if n is not divisible by the characteristic (in
nonzero characteristic p, the algebraic group Z/ pZ is unipotent and not of multiplicative

type).

g. Representations of a group of multiplicative type

When G is a diagonalizable algebraic group, Rep(G) is a semisimple abelian category'
whose simple objects are in canonical one-to-one correspondence with the characters of G
(14.12). When G is of multiplicative type, the description of Rep(G) is only a little more
complicated.

Let k°°P be a separable closure of k, and let I = Gal(kP/ k).

THEOREM 14.22. Let G be an algebraic group of multiplicative type over k. Then Rep(G)
is a semisimple abelian category whose simple objects are in canonical one-to-one corre-
spondence with the orbits of I" acting on X *(G).

PROOF. The group G is split by a finite Galois extension £2 of k — let I' = Gal(£2/k).
Then I” act on O(Gg) ~ 2 ® O(G) through its action on £2. Let (V,r) be a representation
of Gg, and let p be the corresponding co-action. By a semilinear action of I on (V,r), we
mean a semilinear action of I” on V fixing p. It follows from descent theory (A.54, A.55,
A.56) that the functor V ~> Vo from Repy (G) to the category of objects of Repo(Gg)
equipped with a semilinear action of I” is an equivalence of categories.

Let V be a finite-dimensional representation of G equipped with a semilinear action of

I". Then
V= @XEX(G.Q) i3

An element y of I” acts on V by mapping Vy isomorphically onto Vy,. Therefore, as a
representation of G o equipped with a semilinear action of I, V decomposes into a direct
sum of simple objects corresponding to the orbits of I” acting on X(Gg). As these are also
the orbits of I" acting on X *(G) >~ X(Gg,), the statement follows. o

ASIDE 14.23. Should add a description of the endomorphism algebra of each simple object, thereby
completing the determination of the category up to equivalence.

! An abelian category is semisimple if every object is semisimple, i.e., a finite direct sum of simple objects.
To describe a semisimple abelian category up to equivalence, it suffices to list the isomorphism classes of simple
objects and their endomorphism rings.
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h. Criteria for an algebraic group to be of multiplicative type
Recall that a coalgebra over k to be a k-vector space C together with a pair of k-linear maps
AC—->C®C, eC—k

such that the diagrams (20), p.56, commute. The linear dual C¥ of C becomes an associative
algebra over k with the multiplication

n. AY
CVeCYE (Ccec) =Y, (92)
and the structure map
k~k¥<scV., 93)

We say that C is cocommutative (resp. coétale) if CV is commutative (resp. étale). More
generally, we say that a cocommutative coalgebra over k is coétale if every finite-dimensional
subcoalgebra is coétale.

Let (C, A, €) be a coalgebra over k. A C-comodule is a k-linear map p:V — V& C
satisfying the conditions (28), p.69. In terms of a basis (e;);ey for V, these conditions
become

Alcij) = YkerCik ®Ckj
€(cij) = 8
These equations show that the k-subspace spanned by the c;; is a subcoalgebra of C, which
we denote Cy . Clearly, Cy is the smallest subspace of C such that p(V) C V ® Cy, and so
it is independent of the choice of the basis. When V is finite dimensional over k, so also is
Cy. If (V, p) is a sub-comodule of the C-comodule (C, A), then V C Cy.

alli,j e I. (94)

THEOREM 14.24. The following conditions on an algebraic group G over k are equivalent:
(a) G is of multiplicative type (14.16);
(b) G becomes diagonalizable over some field K D k;
(¢) G is commutative and Hom(G,G,) = 0;

(d) G is commutative and O(G) is coétale.

PROOF. (a)=(b): Trivial — by definition, G becomes diagonalizable over kP,
(b)=(c): Clearly

Hom(G,G,) ~{f €O0G) | A(f)=fR1+1Q f}. (95)
The condition on f is linear, and so, for any field K D k,
Hom(Gg,G,x) ~ Hom(G,G,) ® K.

Thus, we may extend k and suppose that G is diagonalizable. If u: G — G, is a nontrivial
homomorphism, then
1 u(g)
& (0 1

is a nonsemisimple representation of G, which contradicts (14.12). (Alternatively, applying
14.22 avoids extending the base field.)

(¢)=(d): We may assume that k is algebraically closed. Let C be finite-dimensional
subcoalgebra of O(G), i.e., a finite-dimensional k-subspace such that A(C) C C ® C. Let
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A = CV. Then A is a finite product of local Artin rings with residue field k¥ (CA 16.7). If one
of these local rings is not a field, then there exists a surjective homomorphism of k-algebras

A—kle], ¢2=0.
This can be written x — (x,a) + (x,b)e for some a,b € C with b # 0. For x,y € A,
(xy,a)+ (xy,b)e =(x®y,Aa)+ (x®y,Ab)e
(definition (92) of the product in A) and

((x,a) + (x,b)e) ((y,a) + (y,b)e = (x,a)(y.a) + ((x,a)(y,b) + (x,b)(y.a)) e
={(x®y,a®a)+(x®y,a®b+b®a)e.

On equating these expressions, we find that

Aa=aQa
Ab=a®b+b®a.

On the other hand, the structure map k — A is (¢|C)Y, and so €(a) = 1. Now
1= (co€)(a) = ((S.ids) o A)(@) = S(a)a
and so a is a unit in A. Finally,

Aba™ Y)Y =Ab-Aa ' =(@Rb+b®a)(a ' ®a™h)
=1®ba ' +ba '®1,

and so Hom(G, Gy) # 0 (see (95)), which contradicts (c). Therefore A is a product of fields.

(d)=(a): We may suppose that k is separably closed. Let C be a finite-dimensional
subcoalgebra of O(G), and let A = CV. By assumption, A is a product of copies of k. Let
ai,...,a, be elements of C such that

x> ((x,a1),....(x,ay)): A —> k"

is an isomorphism. Then the set {ai,...,a,} spans C and, on using that the map is a
homomorphism, one finds as in the above step that each a; is a group-like element of C.
This implies that O(G) is spanned by its group-like elements, because O(G) is a union
of finite-dimensional subcoalgebras (specifically, of the coalgebras Cy where V runs over
the finite-dimensional subcomodules of O(G); see (4.6) and the discussion preceding the
statement of the theorem). o

In particular, if an algebraic group over k becomes diagonalizable over an algebraic
closure of k, then it becomes diagonalizable over a finite separable extension of k.

Here is Tate’s short direct proof of this (from Borel and Tits 1965, 1.5): Let k% be an algebraic closure of
k. As X*(T) is finitely generated, it suffices to show that every element a€ X *(T) is defined over kP, But T’
is diagonalizable over k2, and so a is defined over k. Replacing k with k%P, we see that it suffices to prove
that, if a is defined over a purely inseparable extension of k, then it is defined over k.
There is nothing to prove if p = 0. Otherwise, let ¢ = p® (s € Z, s > 0) be a power of p sufficiently large
that a is defined over k'/9. We have a(t9) = a%(t) € k(¢) for t € T(K), and so

a(t?) € k(t) Nk ).

But if 7 is generic over k (i.e., k() = k(T)), then the field k(7) is linearly disjoint from k2!, and so k() N
k1/9(19) = k(t7) and a(t7) € k(19). The element 14 is also generic over k as x — x4 is a bijective morphism
from T onto itself; the inclusion a(¢9) € k(t9) shows that a is defined over k.
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COROLLARY 14.25. If a torus splits over a purely inseparable extension of k, then it is
already split over k. In particular, every torus over a separably closed field is split.

PROOF. The k-algebra O(G) is co-étale, and so O(G)Y is a union of étale subalgebras.
An étale algebra over k is diagonalizable over k if it becomes diagonalizable over a purely
inseparable extension of k. (In proving this, we may suppose that the étale algebra is a finite
separable field extension K of k. If K ® k' is diagonalizable for some purely inseparable
extension k’ of k, then there exists a k-algebra homomorphism K <> k', and so the extension
K/ k is both separable and purely inseparable, hence trivial.) O

COROLLARY 14.26. A smooth commutative algebraic group G is of multiplicative type if
and only if G (k™) consists of semisimple elements.

PROOF. We may suppose that k is algebraically closed. Choose a faithful finite-dimensional
representation (V,r) of G, and identify G with r(G).

If G is of multiplicative type, then there exists a basis of V for which G C D, from which
it follows that the elements of G (k) are diagonalizable (hence semisimple). Conversely,
if the elements of G(k) are semisimple, they form a commuting set of diagonalizable
endomorphisms of V', and we know from linear algebra that there exists a basis for V' such
that G(k) C D, (k). Because G is smooth, this implies that G C D,,. o

Later (18.29), we shall show that “commutative” can be replaced by “connected”: every
smooth connected algebraic group such that G (k) consists of semisimple elements is a
torus.

COROLLARY 14.27. An extension
e—>G -G—>G"—e (96)

of algebraic groups of multiplicative type is of multiplicative type if and only if it is commu-
tative.

PROOF. The condition is certainly necessary. On the other hand, the exact sequence (96)
gives rise to an exact sequence

0 — Hom(G”,G,) — Hom(G,G,) — Hom(G',G,)

of abelian groups, and we can apply the criterion (14.24c). O

i. Rigidity

For algebraic groups G,G’ and a k-algebra R, we let Hom(G, G’)(R) denote the set of
homomorphisms of R-algebras O(G’')g — O(G)g compatible with the comultiplications.
Then Hom(G, G') is a functor from k-algebras to sets. Because of the Yoneda lemma, this
agrees with the similar terminology for functors p.38, p.210, p.139. Note that

Hom(G,G")(k) = Hom(G,G').

When G and G’ are commutative, Hom(G, G’) is a functor to commutative groups.



236 14. Tori; groups of multiplicative type; linearly reductive groups

LEMMA 14.28. LetV be a k-vector space, and let M be a finitely generated commutative
group. Then the family of quotient maps

V®kM]—V&Kk[M/nM], n=>2,
is injective.
PROOF. An element f of V ® k[M] can be written uniquely in the form

f=2xem fx®x, freV.

Assume f #0,and let I = {x € M | fy # 0}. As [ is finite, for some n, the elements
of I will remain distinct in M/n M, and for this n, the image of f in V Qi k[M/nM] is
nonzero. O

THEOREM 14.29. Every action of a connected algebraic group G on an algebraic group H
of multiplicative type is trivial.

PROOF. We may suppose that k is algebraically closed. We first prove the theorem in the
case that H is finite. An action of G on H = u is a homomorphism

(13.31)
G — Aut(un) C Hom(un, un) ~ Hom(un, Gp) =~ Z/nZ,

which is trivial because G is connected. Every finite algebraic group H of multiplicative
type is a finite product of groups of the form p, (14.3). Therefore Hom(H, H) is an étale
scheme, and G — Aut(H) C Hom(H, H) is trivial.

We now prove the general case. As k is algebraically closed, the group H is diagonaliz-
able. We saw above, that G acts trivially on Hy, for all n. Let H = D(M) with M a finitely
generated commutative group. Then O(H) = k[M] and O(H,) = k[M/nM]. Let

p:k[M] — O(G) ® k[M]

be the homomorphism of k-algebras corresponding to the action G x D(M) — D(M). We
have to show that p(x) = 1 ® x for each x € k[M], but this follows from the fact that G acts
trivially on Hy, for all n > 2, and the family of maps

O(G) @ k[M] — O(G) @ k[M/nM], n=2,
is injective (14.28). O

COROLLARY 14.30. Every normal multiplicative subgroup N of a connected algebraic
group G is contained in the centre of G.

PROOF. The action G on N by inner automorphisms is trivial; hence N C Z(G). o

COROLLARY 14.31. Let T be a subtorus of an algebraic group G. Then Ng(T)° =
Cg(T)°.

PROOFE. Apply (14.30) to T C Ng(T)°. a

Hence, Ng(T)/Cg(T) is finite.
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COROLLARY 14.32. Let H be an extension of algebraic groups H' and H" of multiplica-
tive type:
e—-H —H—H"—e.

Every action of a connected algebraic group G on H preserving H' is trivial.

PROOF. The action of G on H is given by a map G — Hom(H, H), which (14.29) shows
takes values in the subfunctor Hom(H", H'). It therefore defines an action of G on H' x H”,
which is trivial by (14.29) again. =

When H is smooth, Lemma 14.28 can be replaced in the proof of Theorem 14.29 by the
following result (which we shall use in the proof of 16.3).

PROPOSITION 14.33. Let H be a smooth algebraic group of multiplicative type. The
family subschemes Hp, is schematically dense in H. In particular, | J,, H, (k) is dense in
| H|. Here n runs over the integers n > 1 prime to the characteristic of k.

PROOF. Let X be a closed subvariety of H containing | J H, (k). Then X contains every
étale algebraic subgroup of H. Moreover, X contains an infinite subset of every copy of G,
contained in H, and therefore contains G,,. As H is a product of an étale algebraic group
with some copies of G, (14.5), this proves the statement. =

REMARK 14.34. In (16.46) below, we prove that extensions of connected multiplicative
groups by multiplicative groups are multiplicative.

EXERCISE 14.35. Let R be a k-algebra with no idempotents except O and 1. Show that
Hom(Gy,, Gj)(R) >~ Z.

(Hint: let e; = T, and argue as in the proof of 4.16.) Deduce that, for all finitely generated
Z-modules I', I'’,
Hom(D(I"),D(I'')) ~ Hom(I"', ")

(sheaf associated with the constant presheaf R ~> Hom(I"", I")).

ASIDE 14.36. Let M be a finitely generated Z-module. Define M} to be the affine group scheme
(not necessarily algebraic) over k such that My (T') = Hom(7o(T'), M) for all algebraic schemes 7.
For finitely generated Z-modules M, M’

Hom(D(M),D(M")) ~Hom(M’, M)y.
See Exercise 14.35. Hence,
Hom(T,Hom(D (M), D(M'")) ~ Hom(mo(T),Hom(M', M)).

Explanation to be added.

J- Unirationality

14.37. For an irreducible variety X over k, we let k(X) denote the field of rational
functions on X . Recall that an irreducible variety X said to be rational (resp. unirational)
if k(X) is a purely transcendental extension of k (resp. contained in a purely transcendental
extension of k). Equivalently, X is rational (resp. unirational) if there exists an isomorphism
(resp. a surjective regular map) from an open subset of some affine space A” to an open
subset of X. If X is unirational and k is infinite, then X (k) is dense in X (because this is
true of an open subset of A").
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LEMMA 14.38. Letk’ be a finite extension of k. The Weil restriction (G )y g of Gy is
rational.

PROOF. Let (Al)* denote the Weil restriction of A!, so (Al)* (R) =k’ ® R for all k-
algebras R. Let (e;)1<i<n be a basis for k” as a k-vector space, and let R be a k-algebra.
Then

REKQR=Re; ® @ Rey.

Let ¢ € R’, and write @« = ajej + -+ 4+ aye,. Then
a > (ay,....an): (A1), (R) > A™(R)

gives an isomorphism of functors (Al ) , — A", and hence of algebraic varieties. There exists
a polynomial P € k[X1,..., X,] such that Nmp//g(a) = P(ay,...,ay). The isomorphism
(Al)jk — A" of algebraic varieties identifies (Gp,)x//x With the complement of the zero set
of P in A”. o

LEMMA 14.39. Let k' be a finite separable extension of k. Then
X () = 2R
(as Gal(k*°P / k)-modules).

PROOF. Here ZHomk (K'-k*?) s the free abelian group on the set of k-homomorphisms
k' — k*P. Under the isomorphism, an element of the right hand side corresponds to the
character y of ((Gm) k') k) g Such that, for each k*P-algebra R, y(R) is the map

CRF > (Ha(c)””)r: (k'® R)>< — R*.

LEMMA 14.40. Every torus T is a quotient of a product of tori of the form (Gp, )/ for
varying k’.

PROOF. Let I' = Gal(k*P/k), and let M be a continuous I"-module that is finitely gener-
ated (as a Z-module). The stabilizer A of an element e of M is an open subgroup of I", and
there is a homomorphism Z[I"/ A] — M sending 1 to e. On applying this remark to the ele-
ments of a finite generating set for M, we get a surjective homomorphism [ [; Z[I"/A;] - M
of continuous I"-modules (finite product; each A; open). On applying this remark to the
dual of X*(T), and using that the dual of Z[I"/ A] has the same form, we obtain an injective
homomorphism

X*(T) — P, ZIr/ Al (97)

of I"'-modules. Let k; = (k*P)4i. Then Z[I"/ A;] ~ X*((Gm)y, /1) (14.39), and so the map
(97) arises from a surjective homomorphism

Hl. Gmii e =T
of tori (14.17). o
PROPOSITION 14.41. Every torus is unirational.

PrROOF. Combine (14.38) with (14.40). o
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COROLLARY 14.42. For every torus T over a infinite field k, T (k) is dense in T .
PROOF. Combine (14.41) with (14.37). o

ASIDE 14.43. Let G be a group variety over an infinite field k. Later (in the final version) we shall
use (14.41) to show that G is unirational (hence G (k) is dense in G) if either G is reductive or k is
perfect.

ASIDE 14.44. A birational homomorphism of connected affine group varieties is an isomorphism
(5.19).

k. Actions of G, on affine and projective space
Let R* act continuously on R”, and let a € R™. If lim;—¢ fa exists, then it is a fixed point of

the action because ¢/ (lim;—qfa) = lims—q'ta = lim;—qfa. Similarly, if lim; oo fa exists,
then it is fixed by the action. We prove similar statements in the algebraic setting.

_ Let f/:Gp — X be aregular map from Gy, to a variety X. If' f extends to a regular map
e Al — X, then the extension is unique (because X is separated), and we letlim; ¢ f(¢) =
£(0). Similarly, if f extends to f:P!~{0} — X, we let lim;, o f(g) = f(00).

14.45. Let G, act on A" according to the rule
t(X1seeXp) = ("™ x1,...,t™x,), 1t €Guk), xi€k, m;el.
Assume that the m; are not all 0. Let v = (a1,...,a,) € A" (k), and let

a; if m; = 0
0 otherwise.

l'_
The orbit map
oGy —> A"t (™ ay,....t"ay)

corresponds to the homomorphism of k-algebras
k[Ti.....Ty] > k[T,T™', Ti+>a;T™. (98)

Suppose first that m; > 0 for all i. Because the m; lie in N, this homomorphism takes
values in k[T], and so j, extends uniquely to a regular map ji,: A! — A”, namely, to

t (ait™, .. apt™): Al > A",

Note that .
. def ~
lim Mv(t) = I’LU(O) = (bl’ s ’bn)’
t—0

which is fixed by the action of G,, on A”.
On the other hand, if m; <0 for all i, then the homomorphism (98) maps into k[T,
and so i, extends uniquely to a regular map fi,:P! ~ {0} — A”; moreover

def ~

lim [ty (1) = fiy(00) = (by,...,bn),
—00

which is a fixed by the action of G,, on A”.
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Let (V,r) be a finite-dimensional representation of G, and let V = P, o, V; be the de-
composition of V' into its eigenspaces. Note that Vo = V7 and that the vector (b1,...,by,)
in the above example is the component of (ay,...,a,) in Vy. The i for which V; # 0 are
called the weights of G,, on V.

PROPOSITION 14.46. Letv € V, and letv =) ; v;, v; € V;. If the weights of G,,, on V
are nonnegative, then the orbit map 1, extends uniquely to a regular map fi,: A' — V, and

. def ~
lim py (7) = fiy (0) = vo.
t—0

If the weights of G, on V are nonpositive, then the orbit map (4, extends uniquely to a
regular map ji,:P' ~ {0} — V, and

lim p1() € fi(00) = vo.
PROOF. Choose a basis of eigenvectors for V', and apply (14.45). O
A finite-dimensional representation (V, r) of G, defines an action
GmxP(V)—=>P(V), t,[v]—[r@)W)],
of Gy, on P(V). Here [v] denotes the image in P(V') of an element v of V.

PROPOSITION 14.47. Let (V,r) be a finite-dimensional representation of G,,, and let
vel.

(a) The point [v] is a fixed point for the action of G,, on P(V) if and only if v is an
eigenvector for G, in V.

(b) The orbit map p[y):t +> t[v]: Gy — P(V) extends to a regular map /l[v]:IP’l —P(V);
either [v] is a fixed point, or the closure of the orbit of [v] in P(V') has exactly two

fixed points, namely, lim; o ft[,](?) ] fp1(0) and lim; — o0 pe[y1(7) & fp1(00).

PROOF. The statement (a) is obvious.
Write V' as a sum of eigenspaces, V = @, , Vi. Let

U=vr+vr+1+"'+vs UZEI/Z

The statement (b) is obvious if [v] is fixed, and so we assume that it isn’t. Then r < s.

Let e be an eigenvector in V,.. Extend e to a basis {¢ = ey,...,e,} of eigenvectors for V,
and let {e¥ =e¢(,...,e, } be the dual basis. Then G, acts on the affine space
D(e¥) = {[v] e P(V) | e¥ (v) # 0} ~ A"

with nonnegative weights 0,...,s —r. Therefore (14.46) the orbit map wup,) extends to a
regular map ji:A! — A,, and j1(0) = [v,] is a fixed point of G, acting on A, .

Let eg be an eigenvector in V. Then G, acts on the affine space Ay = {[v] € P(V) |
ey (v) # 0} with nonpositive weights, and so i, extends uniquely to a regular map fi: P!~
{0} — Ay, and fi(00) = [vs] is a fixed point of G, acting on Ay (14.46).

It is now obvious that the closure of the orbit of [v] has exactly two boundary points,
namely, [v,] and [vs], and that these are exactly the fixed points in the closure of the orbit.
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L. Linearly reductive groups

DEFINITION 14.48. An algebraic group is linearly reductive if every finite-dimensional
representation is semisimple, i.e., a sum (hence a direct sum 4.14) of simple subrepresenta-
tions.

REMARK 14.49. If G is linearly reductive, then every representation of G (not necessarily
finite-dimensional) is a direct sum of simple representations. To prove this, it suffices to
show that the representation is a sum of simple representations (4.14), but as it is a union of
its finite-dimensional subrepresentations (4.7), this is obvious.

PROPOSITION 14.50. A commutative algebraic group is linearly reductive if and only if it
is of multiplicative type.

PROOF. We saw in (14.22) that Rep(G) is semisimple if G is of multiplicative type. Con-
versely, if Rep(G) is semisimple, then Hom(G,U,) = 0. But Uy >~ G, and so G is of
multiplicative type by (14.24). O

EXAMPLE 14.51. Over a field of characteristic 2, the representation

4 b 1 ac bd
( d).—> 0 a* b?]:SL, — GL3
¢ 0 ¢% d2

is not semisimple because ac and hd are not linear polynomials in a2, b2, ¢2, d2.

ASIDE 14.52. An algebraic group G over a field of characteristic zero is linearly reductive if
and only if G° is reductive. We deduce this later from Weyl’s theorem on the semisimplicity of
representations of semisimple Lie algebras. Alternatively, over C, the reductive algebraic groups
are precisely those of the form G¢ with G a compact algebraic group over R (i.e., G(R) is compact
and each connected component of G contains an R-point); the representations of G are obviously
semisimple, and they essentially coincide with those of G¢.

An algebraic group G over a field of characteristic p # 0 is linearly reductive if and only if G°
is a torus and p does not divide the index (G:G°). This was proved by Nagata (1962) for group
varieties, and is often referred to as Nagata’s theorem. See DG 1V, §3, 3.6, p.509, or Kohls 2011.

Let G be a linearly reductive group, and let (V,r) be a representation of G. Then
V has a unique decomposition V = VG @ V' with VV/ equal to the sum of all simple
subrepresentations on which G acts nontrivially. The Reynolds operator is the unique linear
map p:V — VO with p|VC =id and p(V') = 0.

The group GL,, (k) acts linearly on k[T7, ..., Ty] as follows: let g = (a;;) € GL, (k) and
let f € k[T1,...,Ty]; then (gf) (T1,...,Tn) = f(T},...,T,) with Tj/ =Y ia;;T;.

THEOREM 14.53 (HILBERT 1890). Let G be a linearly reductive subgroup of GL,, and
let A=k[T\,...,Ty]. Then A9 is a finitely generated k -algebra.

PROOF. Let a be the ideal of A generated by the invariant polynomials of degree > 0.
According to the Hilbert basis theorem, the ideal a4 is finitely generated, say,

ad=(g1,.--,8&m),

and we may choose the g; to be homogeneous elements of a. Let f € A% be homogeneous
of degree d > 0. We shall prove by induction on d that f € k[g1,...,gm]. Let

f=a1g1+-+amgm, ai€A.
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On applying p, we find that

f=p(f)=plrgi+:+p(rm)gm.
By induction, the p(r;) lie in k[g1,...,gm], and so f € k[g1,...,gm]. o
ASIDE 14.54. Discuss the history of the finite generation of A%, and the applications of these results

to geometric quotients and geometric invariant theory.

m. The smoothness of fixed subschemes

THEOREM 14.55. Let G be a linearly reductive group variety acting on a smooth variety
X. Then the fixed-point scheme X ¢ is smooth.

We shall need to use some basic results on regular local rings. This section can be
skipped as we give a different proof of Theorem 14.55 later.

14.56. Let A be a local ring with maximal ideal m and residue field k = A/m. Let d
denote the Krull dimension of A. Every set of generators for m has at least d elements. If
there exists a set with d elements, then A is said to be regular, and a set of generators with
d elements is called a regular system of parameters for A.

(a) Alocal ring A is regular if and only if the canonical map

Sym,(m/m?) > gr(A) P m"/m"*!

is an isomorphism (Atiyah and Macdonald 1969, 11.22).

(b) Assume that A is regular. Let #1,...,t; be a regular system of parameters for A, and
let a = (t1,...,ts) for some s < d. Then A/a is local of dimension d — s, and its
maximal ideal m/a is generated by {¢5+1 +b,...,#7 + b}, and so A/b is regular (CA
22.2). Every regular quotient of A is of this form.

We require several lemmas.

LEMMA 14.57. Let A be a regular local ring of dimension d, and let m be the maximal
ideal in A. Let a be an ideal in A, and let s € N. If, for every n € N, there exists a regular
system of parameters t1,...,tg for A such that

a=(f1,....t;) modm"t! (99)
then A/a is regular (of dimension d —s).

PROOF. Let B = A/a, and let n denote the maximal ideal m/a of B. In order to show that
B is regular, we have to show that, for every n > 1, the canonical map

Sym} (n/n?) — n”* /n"* 1

is an isomorphism (14.56a). Fix an n. Let t1,...,¢; be a regular system of parameters for A
such that (99) holds for n, and let b = (¢1,...,%5). Then

a+m' Tl =pm't!



m. The smoothness of fixed subschemes 243

forall i <n, and so
(b+m”)/(b+m"+1) ~ (a+m”)/(a+m”+1) :nn/nn-i-l
(b+m)/(b+m?) ~n/n.
The quotient ring A/b is regular (14.56b), and so the canonical map
Symp (6 +m) /(b +m?)) > (b+m") / (b+m" 1)

is an isomorphism (14.56a). The same is therefore true with a for b. As n was arbitrary, this
completes the proof. o

Let S be a set of automorphisms of a separated algebraic scheme X over k. The functor
R~ {x e X(R)|sx=xforalls € S}

is represented by the closed subscheme
S def , 1
X° = mses Equalizer(s,id: X = X)

of X. When S is a subgroup of Aut(X), this is the fixed subscheme of the constant group
functor R »> § (see 9.1).

LEMMA 14.58. Let S be a set of automorphisms of a smooth variety X, and let x € X (k)
be a fixed point of §. Then Oys ,, = Ox,x/a where

a={f—fos|femseS}

PROOF. Let R be a local k-algebra. Obviously, a local homomorphism Oy » — R is fixed
by the automorphisms in S if and only if it factors through Ox x/a, i.e.,

Hom(Ox x, R)S = Hom(Ox . /a. R) C Hom(Ox . R).
From this the statement follows. o

LEMMA 14.59. Let G be a group variety acting on an algebraic variety X. Let S C G(k)
be dense in |G|. If XS is smooth, then X © is smooth, and equals X .

PROOF. It suffices to prove that X = X©. Clearly, X c X5, and so it remains to show
that G fixes X5. Let u:G x X — X denote the action of G on X. We have to show that
w and p, agree on G x X5 Certainly, they agree on the k¥-points of G x XS because S
is Zariski-dense in G(k®), but this implies that they agree on G x X because G x X5 is
reduced. O

LEMMA 14.60. Let G be a linearly reductive group variety acting on a smooth variety X,
and let S C G(k) be dense in |G|. Then X is smooth.

PROOF. We may suppose that k is algebraically closed. Let x € X(k)S, and let m be the
maximal ideal in Ox x. As G (k) fixes x, itacts on Oy x by k-algebra automorphisms leaving
m invariant. For all n > 0, the action of G(k) on Oy ,/m" arises from a representation of
G on the k-vector space Oy, x/m" (cf. the proof of 10.6).

Decompose V & m/m? into a direct sum V = Vo ® V1 & --- @ V, with Vj a trivial
representation of G and V;, i > 1, a nontrivial simple representation of G (here we use that
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G is linearly reductive). Because V; (i > 1) is simple, the subset {v —sv |v € V;, s € S} of
Vi spans it, and so this subset contains a basis (v;;); for V;. Choose any basis (vo;); for Vo.
We shall apply Lemma 14.57 to the ideal

a={f—fos|fem, seGk)}

in Ox x. Letn > 0. Fori =0,1,...,r, choose a G-stable subspace W; C m/m” mapping
isomorphically onto V;. Let w;; € W; map to v;;, and choose u;; € m such that u;; = w;;
mod m"*1. Now {u;; | i >0, j arbitrary} is a regular system of parameters for A, and
{ujj | i >0, j arbitrary} generates a modulo m" 1. Therefore Oy ,/a is regular, and we
know (14.58) that

Oxs x = Ox x/a. O

On combining the last two lemmas, we obtain the following variant of (14.55).

THEOREM 14.61. Let G be a linearly reductive group variety acting on a smooth variety
X, and let S C G(k) be dense in |G|. Then X® is smooth and equals X © .

This implies (14.55) because we can take k to be separably closed, and then S = G (k)
is dense in |G|.

THEOREM 14.62 (SMOOTHNESS OF CENTRALIZERS). Let H be a linearly reductive group
acting on a smooth algebraic group G. Then G is smooth.

PROOF. Special case of Theorem 14.55. o

COROLLARY 14.63. Let G be a smooth algebraic group, and let H be an algebraic sub-
group of G of multiplicative type. Then Cg(H) and Ng(H ) are smooth, and Cg(H) is
openin Ng(H).

PROOF. Recall (14.22) that an algebraic group of multiplicative type is linearly reductive.
Let H act on G be inner automorphisms. Then G¥ = Cg(H), and so Cg(H) is smooth.
As an H-module, b is a direct factor of g, and so the quotient map g — g/h induces a
surjection g — (g/h)H . Therefore Cg(H) is open in Ng (H) (12.33). Hence Ng (H) is
also smooth. m

COROLLARY 14.64. Let G be a smooth algebraic group, and let H be a multiplicative
algebraic subgroup of G.

(a) Ng(H) is the unique smooth algebraic subgroup of G such Ng(H)(k*%®P) is the
normalizer of H(k*P) in G (k5°P).

(b) Cg(H) is the unique smooth algebraic subgroup of G such Cg(H)(k*P) is the
centralizer of H(k*°P) in G (k*°P).

PROOF. As Ng(H) is smooth, Ng(H )(k*P) is dense in Ng(H ) and so (1.60) implies that
NG (H)(k*P) = Ngksery (H (K>P));
if N is a second smooth algebraic subgroup of G with this property, then
N(k*P) = (N N Ng(H))(k*P) = N (H)(k*P),

and so
N =NNNg(H)= Ng(H).

Similarly, Cg (H )(k*¢P) is dense in Cg (H ) and we can apply (1.69). O
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ASIDE 14.65. Let H be a subgroup variety of a group variety G over an algebraically closed field
k. Then Cg(H) is smooth if and only if b is separable in g, i.e., dim Cg)(h) = dimcy(h) (Herpel
2013, Lemma 3.1).

ASIDE 14.66. Let G be a connected algebraic group over a field k. If k& has characteristic zero, then
every algebraic group is smooth (3.38); in particular, the centralizers of all algebraic subgroups of G
are smooth. If k has characteristic p # 0 and G is reductive, then this is still true provided p is not in
a specific small set of primes depending only on the root datum of G (Bate et al. 2010, Herpel 2013).
For example, it is true for GLy and all p, and it is true for SLy and all p not dividing the dimension
of V.

NOTES. The proof of (14.55) follows Iversen 1972.

n. Maps to tori

LEMMA 14.67. Let X and Y be connected algebraic varieties over an algebraically closed
field k. Every regular map u: X x Y — Gy, is of the formu = uy -up with uy (resp. uz) a
regular map X — Gy, (resp. Y — Gy,).

PROOF. Let x¢ and y¢ be smooth points on X and Y. We shall, in fact, show that
u(x,y) =u(x,yo) - u(xo,y) u(xo,y0)” 1, x,y€X.7Y. (100)

It suffices to prove this on an open neighbourhood of (x¢, y¢), and so we may assume that
X is normal, and that Y is a dense open subset of a normal projective variety Y. We regard
u as a rational function # on X x Y, and let D denote its (Weil) divisor. Then D = pJ E
for some divisor E on Y (if Z is a prime divisor in supp(D), then po«Z is not equal to ¥
because (Z N X)NY is empty, and so it is a divisor on Y). Consider the rational function

y > di(x,y) i (xg, y) "

on Y its divisoris E — E = 0. As Y is complete, this function is constant, and so

u(x,y) =1u(xo,y) v(x)

with v a nowhere vanishing function on X. On putting y = yq, we see that v(x) = u(x, yo)-
u(x()a YO)_I . [m]

PROPOSITION 14.68. Let G be a connected group variety, and let T be a torus. Every
regular map ¢: G — T such that ¢(e) = e is a homomorphism of algebraic groups.

PROOF. We may suppose, first that k is algebraically closed, and then that T = G,,. Ac-
cording to the lemma, there exist regular maps ¢1,¢2: G — Gy, such that p om = @1 - @2,
ie.,

¢(8182) = ¢1(81)¢2(g2). all g1.82 € G.

Then ¢ (e)@2(e) = e, and so we can normalize the ¢; to have ¢; (¢) = ¢ = ¢, (e). On taking
g1 (resp. g2) to be e in the equation, we find that ¢ = @5 (resp. ¢ = ¢1), and so

9(g182) = ¢(g1)p(g2), all g1,82 € G. o

NOTES. The above proof of (14.67) is due to Oort (see Fossum and Iversen 1973, 2.1).
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ASIDE 14.69. For a variety X over a field k, let U(X) = I'(X,0x)/ k™. Lemma 14.67 shows that
UX)eUY)~UX xY)

when k is algebraically closed. In fact, this is true over arbitrary fields (cf. SGA 7, VIII, 4.1): let
(x0,y0) € X(k) x Y (k); it suffices to prove that the identity (100) holds, and, for this, we may extend
the base field and then normalize.

ASIDE 14.70. Note the similarity of (14.68) and (10.17). Rosenlicht 1961 defines a connected group
variety G (not necessarily affine) over an algebraically closed field k to be foroidal if it satisfies the
following equivalent conditions:

(a) the maximal connected affine group subvariety of G is a torus;
(b) G contains no algebraic subgroup isomorphic to G,;

(c) for every connected group subvariety H of G, the torsion points of H (k) of order prime to
char(k) are dense in H.

Tori and abelian varieties are toroidal; connected subgroup varieties, quotients, and extensions of
toroidal groups are toroidal; all toroidal groups are commutative. Rosenlicht (ibid. Thm 2, Thm
3) proves Lemma 14.67 for all toroidal algebraic groups, and deduces Proposition 14.68 for such
groups.

o. Central tori as almost-factors

DEFINITION 14.71. An algebraic group G is perfect if it equals its derived group, i.e., has
no nontrivial commutative quotient.

For example, a noncommutative algebraic group having no proper normal subgroup is
perfect. A smooth connected algebraic group is perfect if it has no commutative quotient of
dimension > 1.

PROPOSITION 14.72. Let T be a central torus in a connected group variety G.
(a) The algebraic subgroup T N'D(G) is finite.
(b) If G/ T is perfect, then there is an exact sequence

e—>TNDG)—>TxD(G)—>G —e. (101)
In particular, G/D(G) is a torus.
Note that T is central if it is normal (14.30).

PROOF. (a) To show that an algebraic group N is finite, it suffices to show that N (k) is
finite. Note that
(T NDG) (k) = T(k™) N (DG) (k™).

Choose a faithful representation Gga — GLy of Gra (which exists by 4.8), and regard Ga
as an algebraic subgroup of GLy . Because T is diagonalizable, V' is a direct sum

V=V, ®&Vy. xi#x. xeX(T),

of eigenspaces for the action of 7" (see 14.12). When we choose bases for the V), the group

T (k™) consists of the matrices
A; 0 0
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with A; of the form diag(y; (¢),..., xi (1)), t € k*. As y; # y; fori # j, we see that the
centralizer of T'(k*) in GL(V') consists of the matrices of this shape but with the A; arbitrary.
Because (DG) (k™) is generated by commutators, its elements have determinant 1 on each
summand V. But SL(V, ) contains only finitely many scalar matrices diag(«;,...,a;), and
so T(k*™) N (DG) (k™) is finite.

(b) Note that 7 - DG is a normal subgroup of G. The algebraic group G/(T -DG) is a
quotient both of G/DG and of G/ T, and so it is both commutative and perfect, hence trivial.
Therefore,

G =T-DG,

and there exists an exact sequence
e—>TNDG)—>DG)xgT > G —e
(5.34). Because T is central, 0 is trivial, and D(G) xg T = D(G) x T. O

EXAMPLE 14.73. The centre of GL, equals G, (nonzero scalar matrices). As GL,, /G, =
PGL,, is simple and noncommutative, it is perfect. The derived group of GL,, is SL;, and
the sequence (101) is

1 - un - Gy xSL, > GL, — 1.

ASIDE 14.74. We shall see in Chapter 22 that G = DG and X(G) = 0if G is semisimple. If G is
reductive, then its radical RG is a torus and G/RG is semisimple, and so ZG NDG is finite and
there is an exact sequence

1-RGNDG - RGxDG — G —>1

Therefore the composite DG — G — G/ RG is an isogeny of semisimple groups, and the composite
RG — G — G/DG is an isogeny of tori.

p. Etale slices; Luna’s theorem

Throughout this section, k is algebraically closed.

The Zariski topology is too coarse for many purposes: for example, the implicit function
theorem fails, and smooth varieties of the same dimension need not be locally isomorphic.
However, these statements become true when the Zariski topology is replaced by the étale
topology (see my notes Algebraic Geometry, Chapter 5).

Let Y and X be smooth varieties over k. A regular map ¢:Y — X is étale at P € Y if
the map (d¢)p:Tp(Y) — T,(p)(X) on tangent spaces is an isomorphism. If ¢ is étale at
P, then it is étale in an open neighbourhood of P.

LEMMA 14.75. Let x be a smooth point of an atfine algebraic variety X of dimension d .
Then there exists a regular map ¢: X — A étale at x.

PROOF. Let m C O(X) be the maximal ideal corresponding to x. Because x is smooth,
there exist regular functions fi,..., f; € m whose images in m/m? o Ty (V)Y span it
as a k-vector space. This means that (df})x.,...,(dfz)x form a basis for Tx(V)Y. The
map (f1..... f1):U — A% is étale at x because Ty (U) — T(o’.__,o)(Ad) is dual to the map
(dTi)o,...,0) = (dfi)x- o
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The proof of (14.75) can be stated more abstractly as follows: let W be a finite-
dimensional k-subspace of m mapping isomorphically onto m/m? = Ty(X)V, and let
a:(TxX)Y — W be the inverse isomorphism; the inclusion of W into O(X) extends
uniquely to a homomorphism of k-algebras Sym(W) — O(X), and the composite of this
with Sym(«) is a homomorphism of k-algebras

Sym((Tx X)") — O(X),
which defines a regular map ¢: X — (Tx X), (see 2.6). This is étale at x.

LEMMA 14.76 (LUNA 1972, LEMMA 1). Let G x X — X be an action of an algebraic
group G on an affine algebraic scheme X over k. Let x € X(k)° be a smooth point of

X such that the isotropy group G is linearly reductive. Then there exists a regular map
¢: X — (Tx X), such that

(a) ¢ commutes with the actions of G,
(b) ¢ is étale at x, and
(©) ¢(x)=0.

PROOF. Let m C O(X) be the maximal ideal corresponding to x. The quotient map m —
m/m? commutes with the action of G. Because G, is linearly reductive, it has a section.
This means that there exists a k-subspace W of m, stable under G, mapping isomorphically
onto m/m2. The map ¢: X — (T X ). defined by W (as above) has the required properties.o

An étale slice at x is a pair (N, ¢) where ¢ is regular map as in the lemma and N is a
complement to 7 G, in Ty X stable under Gy. If G is linearly reductive, then there always
exists an N, and hence an étale slice at x. The Luna slice theorem says that, under some
hypotheses, it is possible to “integrate” an étale slice.

THE LUNA SLICE THEOREM

Let H be an algebraic subgroup of an algebraic group G. Let H x W — W be an action of H
on an algebraic variety W with fixed point 0. Let H acton G x W by h(g,w) = (gh™!, hw),
and let

GAT W =H\GxW.

Then G actson X = G AH Wby g-[¢’.w] = [gg’.w] and H is contained in the isotropy
group of [e,0]. The Luna slice theorem says, that under some hypotheses on G and X, every
algebraic G-scheme X is étale-locally of this form near a point x (and H = Gy).

LEMMA 14.77. Let G x X — X be an action of a reductive algebraic group G on an affine
algebraic variety X over a field k of characteristic zero. Let x be a point of X whose orbit is
closed. Then the isotropy group Gy at x is reductive.

PROOF. Matsushima 1960; Luna 1973, p.84. o

THEOREM 14.78 (LUNA SLICE THEOREM). Let G x X — X be an action of a reductive
algebraic group G on an affine algebraic variety X over a field k of characteristic zero. Let
x € X(k) be a smooth point of X whose orbit Oy is closed. Then there exists a G -stable
smooth affine subvariety Y of X containing x such that

(@ Tx(X)=Tx(Y)®Tx(Ox);
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(b) the G-equivariant map

¥
[g. 7]+ (g, 9):G A Y — X,

is étale and its image U is open in X ;
(c) the map
G
Ge\Y ~ G\ (G A% ) N o\

is étale at [x];

(d) the maps ¥ and G AGx Y — G\(G ACxY) ~ G, \Y induce an isomorphism

G A Y ~ U xg\p (Gx\Y).

PROOF. The isotropy group Gy is reductive (14.77), hence linearly reductive (14.50), and
so we can apply (14.76) to obtain a Gx-equivariant morphism ¢: X — (TxX), étale at
x and such that ¢(x) = 0. Choose a G-stable subspace N of T X such that Ty (X) =
Tx(Ox) ® N. Let Y = ¢~ 1(N): it is closed subvariety of X, containing x, smooth at x,
and stable under G . Moreover, the map : G ACx Y — X is étale at [e, x]. On replacing Y
with a suitable open neighbourhood of x we obtain a map with the required properties (see
Luna 1973 for the details). |

The subvariety Y of X is also called the étale slice at x.

COROLLARY 14.79. Let G be a group variety, and let H be an algebraic subgroup of
multiplicative type. Then Cg (H) is smooth.

PROOF. Let H act on G by conjugation, H x G — G. According to (14.78) there exists
an H-equivariant map f:G — (T¢(G)), such that f(e) = 0 and f is etale at e. It fol-
lows that dim G = dimg#. But G¥ = Cg(H) and g¥ = Lie(Cg(H)) (12.31), and so
dimCg(H) = dimLie(Cg(H)). Hence Cg(H) is smooth. o

ASIDE 14.80. The Luna slice theorem is the analogue in algebraic geometry of the slice theorem
in differential geometry (Wikipedia “Slice theorem (differential geometry)”). It is very important
for understanding the local structure of quotients G\ X, especially moduli varieties. Theorem 14.78
is the original statement of the theorem, except that Luna doesn’t assume x to be smooth. For
extensions and applications of the theorem, see Bardsley and Richardson 1985; Mehta 2002; Alper
2010, Theorem 2. See also Aside 12.43.

Exercises

EXERCISE 14-1. Show that an extension of linearly reductive algebraic groups is linearly
reductive.

EXERCISE 14-2. Verify that the map in (14.51) is a representation of SL;, and that the
representation is not semisimple.






CHAPTER 1 5

Unipotent algebraic groups

As always, we fix a field k, and all algebraic groups and homomorphisms are over k unless
indicated otherwise.

a. Preliminaries from linear algebra

Recall that an element r of a ring is unipotent if r — 1 is nilpotent. An endomorphism of a
finite-dimensional vector space V is unipotent if and only if its characteristic polynomial
is (T — 1)4mV These are exactly the endomorphisms of ¥ whose matrix relative to some
basis of V' lies in

1 *x =x *

0 1 = *
Un(b) = 1[0 01

0 0 O 1

PROPOSITION 15.1. Let V be a finite-dimensional vector space, and let G be a subgroup of
GL(V). If G consists of unipotent endomorphisms, then there exists a basis of V' for which
G is contained in Uy,.

PROOF. We shall use the double centralizer theorem (see, for example, my notes Class Field
Theory, IV, 1.13.):

Let M be a left module over a ring A (not necessarily commutative), and let
C = End4q(M). If M is semisimple as an A-module and finitely generated as a
C-module, then the canonical map A — End¢ (M) is surjective.

We now prove (15.1). It suffices to show that V'@ = 0, because then we can apply induction
on the dimension of V to obtain a basis of V' with the required property (see the proof of
15.3 below). Being fixed by G is a linear condition, and so we may replace k by with its
algebraic closure.! We may also replace V with a simple submodule. We now have to show
that V = VC. Let A be the k-subalgebra of Endy (V) generated by G. As V is simple as
an A-module and k is algebraically closed, End4 (V) = k -idy (Schur’s lemma). Therefore,
A = Endg (V) (double centralizer theorem). The k-subspace J of A spanned by the elements
g —idy, g € G, is a two-sided ideal in A. Because A is a simple k-algebra, either J = 0,

'For any representation (V,r) of an abstract group G, the subspace VO of V' is the intersection of the
kernels of the linear maps v = gv—v:V — V (g € G). It follows that (V ®k)Gl? ~ VY9 Qk, and so
(Vek)%k £0= V% £0.

251
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and the proposition is proved, or J = A. But every element of J has trace zero (because the
elements of G are unipotent), and so J # A. o

b. Unipotent algebraic groups

DEFINITION 15.2. An algebraic group G is unipotent if every nonzero representation of
G has a nonzero fixed vector, i.e.,

(V,r) arepresentation of G, V #0 — y G #0.

Equivalently, G is unipotent if it has no nontrivial simple representations (i.e., the only
simple representations are the one-dimensional spaces V with the trivial action V = V).
In terms of the associated comodule (V, p), the condition VY # 0 means that there exists a
nonzero vector v € V such that p(v) = v ® 1 (4.24).

Traditionally, a group variety G over an algebraically closed field k is said to be unipotent
if every element of G (k) is unipotent (Springer 1998, p.36). Our definition agrees with this
(15.12).

As every representation is a union of finite-dimensional representations (4.7), it suffices
to check the condition in (15.2) for finite-dimensional representations.

A finite-dimensional representation (V, r) of an algebraic group G is said to be unipotent
if there exists a basis of V' for which r(G) C U,. Equivalently, (V,r) is unipotent if it
contains a flag V =V}, D --- D V] D 0 stable under G and such that G acts trivially on each
quotient Vi+1/V;.

PROPOSITION 15.3. An algebraic group G is unipotent if and only if every finite-dimensional
representation (V,r) of G is unipotent.

PROOF. =>: We use induction on the dimension of V. We may suppose that V' # 0; then
there exists a nonzero e in V fixed by G. The induction hypothesis applied to the action of
G on V/{e1) shows that there exist elements e5,..., e, of V forming a basis for V/{e1) and

such that, relative to this basis, G acts on V/{e;) through U,_1. Now {e;,e3,,...,e,}isa
basis for V' with the required property.
&: Ifeq,..., ey, is such a basis, then the subspace spanned by e; is fixed by G. O

We now prove that every algebraic subgroup of U, is unipotent. In particular, G, is
unipotent and, in characteristic p, its subgroups o, and Z/ pZ are unipotent.

DEFINITION 15.4. A Hopf algebra A is said to be coconnected if there exists a filtration
Co C Cy C Cy C -+ of A by subspaces C; such that?

Co =k,

UrZO Cr - A, (102)
r

ACHC), _ Ci®Cr.

THEOREM 15.5. The following conditions on an algebraic group G are equivalent:

2This definition is probably as mysterious to the reader as it is to the author. Basically, it is the condition
that you arrive at when looking at Hopf algebras with only one group-like element (so the corresponding affine
group has only the trivial character). See Sweedler, Moss Eisenberg. Hopf algebras with one grouplike element.
Trans. Amer. Math. Soc. 127 1967 515-526.
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(a) G is unipotent;
(b) G is isomorphic to an algebraic subgroup of U, for some n;

(c) the Hopf algebra O(G) is coconnected.

PROOF. (following Waterhouse 1979, 8.3).

(a)=-(b). Apply Proposition 15.3 to a faithful finite-dimensional representation of G
(which exists by 4.8).

(b)=(c). Every quotient of a coconnected Hopf algebra is coconnected because the
image of a filtration satisfying (102) will still satisfy (102), and so it suffices to show that
O(U,) is coconnected. Recall that O(U,) >~ k[X;; | i < j], and that

AXi)=X;@1+10X;+ Y X ®X;. (103)

i<l<j

Assign a weight of j —i to X;;, so that a monomial ]_[Xl.r;-i'j has weight ) n;;(j —i),
and let C, be the subspace spanned by the monomials of weight < r. Clearly, Cy = k,
U,>0Cr = 4, and C;C; C C;4 ;. It remains to check the third condition in (102), and it
suffices to do this for the monomials in C,. For the X;; the condition can be read off from
(103). We proceed by induction on the weight of a monomial. If the condition holds for
monomials P, Q of weights r, s, then A(PQ) = A(P)A(Q) lies in

(Zi Ci ®Cr—i) (ZJ Ci® Cs_j) C Zi,j (Cicj ®Cr—iCs—j)
C Zi’j Citj®Cris—i—j,

as required.
(c)=(a). Now assume that A = O(G) is a coconnected Hopf algebra, and let p: V —
V ® A be an A-comodule. Then V is a union of the subspaces

def

Vi={veV]|p)eVCh.

If Vp contains a nonzero vector v, then p(v) = v’ ® 1 for some vector v’; on applying €, we
find that v = v’, and so v is a fixed vector. To complete the proof, it suffices to show that

Vr:() — Vr+1 :0,
because then Vg =0 = V = 0. By definition, p(V;+1) C V ® Cr41, and so
([d®A)op)(Vr41) CV® Y Ci®Croi.

Hence (id®A)opmaps Vy;tozeroin V® A/ Cr ® A/ C,. We now use that (id®A)op =
(p®id)op. If V. =0, then the map V — V ® A/C, defined by p is injective, and also the
map V — (V®A/C;) ® A/C, defined by (p ®id) o p is injective; hence V41 = 0. o

COROLLARY 15.6. An algebraic group is unipotent if and only if it admits a faithful
unipotent representation.

PROOF. Restatement of the equivalence of (a) and (b). o

COROLLARY 15.7. Subgroups, quotients, and extensions of unipotent algebraic groups are
unipotent.
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PROOF. Let G be a unipotent algebraic group. Then G admits a faithful unipotent repre-
sentation, and so every algebraic subgroup H of G does also; hence H is unipotent. Every
nonzero representation of a quotient Q of G can be regarded as a representation of G, and
so it has a nonzero fixed vector; hence Q is unipotent.

Suppose that G contains a normal subgroup N such that both N and G/N are unipotent.
Let (V,r) be a nonzero representation of G. The subspace V¥ is stable under G (5.24), and
the representation of G on it factors through G/N. As V is nonzero, V¥ is nonzero, and
VG = (WN)G/N is nonzero. Hence G is unipotent. O

COROLLARY 15.8. Every algebraic group contains a greatest strongly connected unipotent
normal algebraic subgroup and a greatest smooth connected unipotent normal algebraic
subgroup.

PROOF. After (15.7), we can apply (8.36) and (8.37). O

COROLLARY 15.9. Letk’ be a field containing k. An algebraic group G over k is unipotent
if and only if Gy is unipotent.

PROOF. If G is unipotent, then O(G) is coconnected (15.9). But then &’ ® O(G) is obvi-
ously coconnected, and so G unipotent. Conversely, suppose that G/ is unipotent, and let
(V,r) be a representation of G. Then

(V ®k!)Gk1 ~ VG ®k/,

(4.24), and so
(V @K\ £0 = VO #0. ]

COROLLARY 15.10. Let G be an algebraic group over a perfect field k. If G is unipotent,
then all elements of G (k) are unipotent, and the converse is true when G (k) is dense in G .

PROOF. Let (V,r) be a faithful finite-dimensional representation G (which exists by 4.8).
If G is unipotent, then r(G) C U, for some basis of V' (15.3), and so r(g) is unipotent for
every g € G(k); this implies that g is unipotent (11.19). Conversely, if the elements of G (k)
are unipotent, then they act unipotently on V', and so there exists a basis of V' for which
r(G(k)) C U, (k) (15.1). Because G (k) is dense in G, this implies that »(G) C U,,. o

COROLLARY 15.11. An algebraic subgroup G (k) of GLy over a perfect field is unipotent
if G(k) contains a dense (abstract) subgroup H consisting of unipotent endomorphisms.

PROOF. There exists a basis of V' for which H C U, (k) (15.1). Because H is dense in G,
this implies that G C U,,. o

COROLLARY 15.12. A smooth algebraic group G is unipotent if and only if G (k™) consists
of unipotent elements.

PROOF. If G(k¥) consists of unipotent elements, then G is unipotent (15.10), and so G
is unipotent (15.9). Conversely, if G is unipotent, so is Gya (15.9), and so the elements of
G (k™) are unipotent (15.10). 0

COROLLARY 15.13. A finite étale algebraic group G is unipotent if and only if its order is
a power of the characteristic exponent of k.
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PROOF. We may suppose that k is algebraically closed (15.9), and hence that G is constant.
Let p be the characteristic exponent of k. If G is not a p-group, then it contains a nontrivial
subgroup H of order prime to p. According to Maschke’s theorem (GT 7.4), every nonzero
finite-dimensional representation of H is semisimple, and so it contains a simple representa-
tion. Hence H is not unipotent, and it follows that G is not unipotent (15.7). Conversely, a
finite p-group over a field of characteristic p has no simple representations,® and so such a
group is unipotent. o

COROLLARY 15.14. Let G be an algebraic group over k. If G is unipotent, then 7o(G)
has order a power of the characteristic exponent of k ; in particular, G is connected if k has
characteristic zero.

PROOF. As m(G) is a quotient of G, it is unipotent, and so we can apply (15.13). o
PROPOSITION 15.15. An algebraic group that is both multiplicative and unipotent is trivial.

PROOF. Let G be such an algebraic group, and let (V,r) be a nonzero finite-dimensional
representation of G. Because G is multiplicative, V' is semisimple, say, V = €, V; with V;
simple (14.22), which is impossible because G is unipotent. Therefore, there are no nonzero
representations, and so G = e. o

COROLLARY 15.16. The intersection of a unipotent algebraic subgroup of an algebraic
group with an algebraic subgroup of multiplicative type is trivial.

PROOF. It is both unipotent and multiplicative, because these properties are inherited by
subgroups (14.9, 15.7). O

COROLLARY 15.17. Every homomorphism from a unipotent algebraic group to an alge-
braic group of multiplicative type is trivial.

PROOF. The image is both unipotent and multiplicative (14.9, 15.7). O

COROLLARY 15.18. Every homomorphism from an algebraic group of multiplicative type
to a unipotent algebraic group is trivial.

PROOF. The image is both multiplicative and unipotent. O

In (16.18) below, we shall show that (15.18) remains true over a k-algebra R.

REMARK 15.19. For an algebraic group G, even over an algebraically closed field &, it is
possible for all elements of G (k) to be unipotent without G being unipotent. For example,
the algebraic group ft, is not unipotent (it is of multiplicative type), but j, (k) = 1 if k has
characteristic p.

EXAMPLE 15.20. The map a — (6 ‘1’) realizes G, as an algebraic subgroup of U,, and so
Gy is unipotent. Therefore all algebraic subgroups of G, are unipotent; for example, in
characteristic p # 0, the groups «, and (Z/ pZ); are unipotent. These examples show that
a unipotent algebraic group need not be smooth or connected in nonzero characteristic.

3Standard result — see, for example, Dummit and Foote, Exercise 23, p.820.
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EXAMPLE 15.21. Let k be a nonperfect field of characteristic p #~ 0, and let a € k ~k?.
The algebraic subgroup G of G, x G, defined by the equation

Y?=X—aX?

1
becomes isomorphic to G, over k[a 7], but it is not isomorphic to G, over k. To see this, we
use that G is canonically an open subscheme of the complete regular curve C with function
field the field of fractions of O(G). The complement of G in C consists of a single point

1 . .
with residue field k[a 7]. For G = G, the same construction realizes G as an open subset
of P! whose complement consists of a single point with residue field k.

ASIDE 15.22. An algebraic group G over k is a form of G, if and only if its underlying scheme is a
form of A!. Let U be a form of A! and let C be a complete regular curve containing U as an open
subscheme; then C ~ U consists of a single point P purely inseparable over k. See Russell 1970, 1.1,
1.2.

PROPOSITION 15.23. Every unipotent algebraic group admits a central normal series whose
quotients are isomorphic to algebraic subgroups of G,. In particular, every unipotent
algebraic group is nilpotent (a fortiori solvable).

PROOF. Embed the unipotent algebraic group G in U,. Recall (8.46) that Uy, has a central
series

n—1
Up=U>. 20" >0 >5..oU0M™=¢, m= ni—1) > ),
whose quotients are canonically isomorphic to G,. The intersection of such a series with G
has the required properties (cf. 8.1). O

For example, every form of G, is an extension of G, by a finite subgroup of G, (15.54).

PROPOSITION 15.24. An algebraic group G is unipotent if and only if every nontrivial
algebraic subgroup of it admits a nontrivial homomorphism to G, .

PROOF. Let G be a unipotent algebraic group. Every algebraic subgroup G is unipotent
(15.7), and (15.23) shows that every nontrivial unipotent algebraic group admits a nontrivial
homomorphism to G,.

Conversely, suppose that the algebraic subgroups of G admit homomorphisms to G,. In
particular, G admits a nontrivial homomorphism to G,, whose kernel we denote by G;. If
G1 # 1, then (by hypothesis) it admits a nontrivial homomorphism to G,, whose kernel we
denote by G». Continuing in this fashion, we obtain a subnormal series whose quotients are
algebraic subgroups of G,. The series terminates in 1 because G is noetherian. Now (15.7)
shows that G is unipotent. o

PROPOSITION 15.25. Let G be a connected algebraic group, and let N be the kernel of the
adjoint representation Ad: G — GLg (see 12.21). Then N/ Z(G) is unipotent.

PROOF. It suffices to prove this with k algebraically closed (15.9). Let O, = O(G), (the
local ring at the identity element), and let m, be its maximal ideal. The action of G on
itself by conjugation defines a representation of G on the k-vector space O, /m”*! for all
n (10.7). The representation on m,/ mg is the contragredient of the adjoint representation
(12.19), and so N acts trivially on m,/m2. It follows that N acts trivially on each of the
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quotients m%, /m. 1. For n sufficiently large, the representation r, of N/ Z(G) on O, /m"**!
is faithful (10.7). As N/Z(G) acts trivially on the quotients m% /m. ™! of the flag

(’)e/mn+1 D) me/mn-i-l D) mﬁ/mn-i-l O,
it is unipotent (15.6). o

REMARK 15.26. (a) In characteristic zero, the only algebraic subgroups of G, are e and
Gy, itself. To see this, note that a proper algebraic subgroup must have dimension 0; hence it
is étale, and hence is trivial (15.13).

(b) We saw in (15.23) that every unipotent algebraic group is nilpotent. Conversely, every
connected nilpotent algebraic group G contains a greatest subgroup G, of multiplicative
type; the group Gy is characteristic and central, and the quotient G/ Gy is unipotent (17.55
below).

PROPOSITION 15.27. Every connected group variety of dimension one is commutative.

PROOF. We may assume that k is algebraically closed. Let G be a connected group variety
of dimension one. If G(k) C Z(G)(k), then G C Z(G), as required. Otherwise, there exists
ag e G(k)~Z(G)(k), and we consider the homomorphism

a:G—G, x> xgx L
Because « is not constant, the closure of its image must be G. Therefore «(G) contains
an open subset of G (A.68), and so the complement of «(G)(k) in G (k) is finite. For a
faithful representation (V,r) of G, the characteristic polynomial det(7 —r(y)) of y € G(k)
is constant on the image of «(k), and so it takes only finitely many values as y runs over G (k).
The connectedness of G now implies that these characteristic polynomials are constant, and
equal det(7 —r(e)) = (T — 1)¥™V Hence G is unipotent (15.12) and is therefore solvable
(15.23). In particular the derived group DG of G is a proper subgroup of G. As DG is a
connected group variety (8.21), this implies that DG = e. O

PROPOSITION 15.28. Let U be a unipotent subgroup (not necessarily normal) of an alge-
braic group G. Then G/ U is isomorphic to a subscheme of an affine scheme (i.e., it is
quasi-affine).

PROOF. According to Chevalley’s theorem 4.19, there exists a representation (V,r) of G
such that U is the stabilizer of a one-dimensional subspace L of V. As U is unipotent, it
acts trivially on L, and so VY = L. When we regard r as an action of G on Vj, the isotropy
group at any nonzero x € L is U, and so the map g +> gx is an immersion G/U — V,
(9.27). o

ASIDE 15.29. (a) Traditionally, a group variety G is said to be unipotent if its elements in some
(large) algebraically closed field are unipotent (Borel 1991, 4.8, p.87; Springer 1998, p.36). For group
varieties, this is agrees with our definition (15.12).

(b) Demazure and Gabriel (IV, §2, 2.1, p.485) define a group scheme G over k to be unipotent
if it is affine and if, for all closed subgroups H # e of G, there exists a nonzero homomorphism
H — G, . For affine algebraic group schemes, this agrees with our definition (15.24).
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c. Unipotent algebraic groups in characteristic zero

We describe the structure of unipotent algebraic groups in characteristic zero. Throughout
this section, k is a field of characteristic zero.

Recall (2.6) that, for a finite-dimensional vector space V', V, denotes the algebraic group
R » R® V. Recall also that Lie(GLy ) = gly, that Lie(GL,) = gl,, and that Lie(U,) is

the Lie subalgebra

ny = {(cij) | cij =0ifi > j}

of gl,, (Chapter 12).

LEMMA 15.30. Let G be a unipotent algebraic subgroup of GLy (V a finite-dimensional
k-vector space V). For a suitable basis of V, Lie(G) C n,. In particular, the elements of
Lie(G) are nilpotent endomorphisms of V.

PROOF. Because, G is unipotent, there exists a basis of V' for which G C U, (15.3). Then
Lie(G) C Lie(U,) = n, C Lie(GL,) = M, (k),
and the elements of n, are nilpotent matrices. O

Let V be a finite-dimensional vector space over k. For a nilpotent endomorphism u of
the R-module Vg,

exp(u)g[+u+u2/2!+u3/3!+m

is a well defined automorphism of Vg (with inverse exp(—u)).

Let G be a unipotent algebraic group, and let (V,ry ) be a finite-dimensional represen-
tation of G. Then ry defines a representation dry:g — gly of g on IV whose image, for
a suitable choice of basis for V, is contained in n, (15.30). Therefore, for all k-algebras
R and X € gg, there is a well-defined endomorphism exp((dry)(X)) of Vg . As (V,ry)
varies, these elements satisfy the conditions of (11.2), and so there exists a (unique) element
exp(X) € G(R) such that

rv (exp(X)) = exp((dry)(X))

for all (V,ry). In this way, we get a homomorphism exp:gr — G(R), natural in R, and
hence (by the Yoneda lemma) a morphism of schemes

exp:gs — G.
One checks directly that, for X € gg and g € G(R),

g-exp(X)-g~! =exp(Ad(g)(X))
Ad(exp(X)) = 1 +ad(X) +ad(X)2/2! + ad(X)3 /3! + ---.

Moreover, if X,Y € gg are such that [X,Y] = 0, then
exp(X +Y) =exp(X)-exp(Y). (104)
PROPOSITION 15.31. For all unipotent algebraic groups G, the exponential map
exp:Lie(G)q —> G

is an isomorphism of schemes. When G is commutative, it is an isomorphism of algebraic
groups.
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PROOF. For G = G, both statements can be checked directly from the definitions.

In general, G admits a central normal series whose quotients are subgroups of G,
(15.23), and hence equal G, (15.26). In particular G contains a copy of G, in its centre
if dim G > 0. We assume (inductively) that the first statement of the proposition holds for
G/Gg, and deduce it for G.

Consider the diagram

Lie(G)y — =5 G

! |

exp

(Lie(G)/Lie(Gy))e —— G/Gq.

The vertical maps are faithfully flat. Moreover, Lie(G), is a Lie(Gg)q-torsor over the
base, and G is a G4-torsor over G/G,. As the bottom horizontal arrow is an isomorphism
(induction) and the top arrow is equivariant for the isomorphism exp: Lie(G,)q, — G, this
shows that the top arrow is an isomorphism.

For the second statement, if G is commutative, then so also is g, and (104) shows that
exp is an isomorphism. O

COROLLARY 15.32. The functor G ~ Lie(G) is an equivalence from the category of
commutative unipotent algebraic groups to that of finite-dimensional k -vector spaces, with
quasi-inverse V ~> V.

PRrROOF. The two functors are quasi-inverse because, for each commutative unipotent al-
gebraic group G, Lie(G), >~ G (15.31), and for each finite-dimensional vector space V,
Lie(V,) >~ V (12.8). o

It remains to describe the group structure on g, >~ G when G is not commutative. For
this, we shall need some preliminaries.

15.33. A finite-dimensional Lie algebra g is said to be nilpotent if it admits a filtration
g=a,D0_1D--Da;2ap=0
by ideals such that [g, a;] C a; 1 for all i. Note that then
[x1,[x2,...[xr,¥]...] =0
for all x1,...,X,,y € g; in other words,
ad(xq)o---oad(x;) =0

for all x1,...,x, € g. We shall need the following two statements:

(a) aLie subalgbra of gly (V a finite-dimensional vector space over k) is nilpotent if it
consists of nilpotent endomorphisms (Engel’s theorem, LAG 1, 2.8);

(b) every nilpotent Lie algebra g admits a faithful representation (V, p) such that p(g)
consists of nilpotent endomorphisms (Ado’s theorem, LAG I, 6.27).

15.34. Let
exp(U)=14+U+U?/24+U3/31+---  eQJU]I.
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The Campbell-Hausdorff series* is a formal power series H(U, V) in the noncommuting
symbols U and V with coefficients in QQ such that

exp(U)-exp(V) =exp(H(U,V)).

It can be defined as
log(exp(U)-exp(V)),

where

_ —_T)2 _ 73
-7, (=T (-7 +)

log(T) =log(1-(1-T)) =— ( 1 2 3

Write
HUV)=)  H"(UV)

with H™ (U, V') a homogeneous polynomial of degree m. Then

H°(U,V)=0
HY (U V)=U+V

1 1
H?(U,V) = 5[U, V]= E(adU)(V)
and H™(U,V), m > 3, is a sum of terms each of which is a scalar multiple of
ad(U)"ad(V)*(V), r+s=m,

or
ad(U) ad(V)*(U), r+s=m-—1,

(Bourbaki LIE, II, §6, no.4, Thm 2.).
For a nilpotent matrix X in M, (k),
def 2 3
exp(X)=1+X+X“/24+X°/31+---

is a well-defined element of GL, (k). If X,Y € n,, then ad(X)" = 0 = ad(Y )", and so
H™(X,Y) = 0 for all m sufficiently large; therefore H(X,Y) is a well-defined element of
ny,, and

exp(X)-exp(Y) =exp(H(X,Y)).

PROPOSITION 15.35. Let G be a unipotent algebraic group. Then
exp(x) -exp(y) = exp(H (x,y)) (105)
for all k-algebras R and x,y € gR.

PROOF. We may identify G with an algebraic subgroup of GLy (V a finite-dimensional
k-vector space). Then g C n, for a suitable basis for V' (15.30), and so, for x, y € ggr,

H(x.y) Y H™(x.y)

is defined and nilpotent, and (105) holds because it holds in n,,. o

4Bourbaki writes “Hausdorff”, Demazure and Gabriel write “Campbell-Hausdorff”, and others write “Baker-
Campbell-Hausdorft”.
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THEOREM 15.36. (a) Let g be a finite-dimensional nilpotent Lie algebra g over k. The
maps
(x,y)~ H(x,y):9(R) xg(R) = g(R) (R ak-algebra)

make g, into a unipotent algebraic group over k.

(b) The functor g ~> g, defined in (a) is an equivalence from the category of finite-
dimensional nilpotent Lie algebras over k to the category of unipotent algebraic groups, with
quasi-inverse G ~> Lie(G).

PROOF. (a) For the Lie algebra ny,, (15.35) shows that the maps make (n), into the algebraic
group U,. Now we can apply Ado’s theorem to deduce the statement for any nilpotent Lie
algebra g.

(b) The two functors are inverse because Lie(g,) >~ g and Lie(G), >~ G. o

COROLLARY 15.37. Every Lie subalgebra g of gly formed of nilpotent endomorphisms is
the Lie algebra of an algebraic group.

PROOF. According to Engel’s theorem, g is nilpotent, and so g = Lie(g,). O

ASIDE 15.38. Theorem 15.36 reduces the problem of classifying unipotent algebraic groups in
characteristic zero to that of classifying nilpotent Lie algebras which, alas, is complicated. Except
in low dimension, there are infinitely many isomorphism classes of a given dimension, and so the
classification becomes a question of studying their moduli schemes. In low dimensions, there are
complete lists. See mo21114.

ASIDE 15.39. For more details on this section, see DG 1V, §2, 4, p.497. See also Hochschild 1971,
Chapter 10.

d. Unipotent algebraic groups in nonzero characteristic

Throughout this section, k is a field of characteristic p % 0. We let o denote the endomor-
phism x — x? of k, and we let k4 [F'] denote the ring of polynomials

cotciF+-+cumF™, ¢ €k,

with multiplication defined by
Fc=c°F, ceck.

With x[?! = Fx, ak, [F]-module becomes a p-Lie algebra with trivial bracket (see 12.40).
Recall (2.1) that O(G,) = k[T] with A(T) =T ® 1 +1® T. Therefore, to give a
homomorphism G — G, amounts to giving an element f € O(G) such that

Ag(f)=f®1+1® 1. (106)

Such an f is said to be primitive, and we write P(G) for the set of primitive elements in G;
thus
Hom(G,G,) ~ P(G). (107)

EXAMPLE 15.40. Let f = ¢; T € O(Gy). The condition (106) becomes
G(TR1+1T) =ci(T'R1+1QTY)
foralli.LetT; =T ® 1 and 75, = 1 ® T'; then the condition becomes that

ci(Ty+To) =ci (T +T)) (equality in k[Ty, T5]).


http://mathoverflow.net/questions/21114
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In particular, ¢ = 0. Fori > 1, write i = mpj with m prime to p; then
(Ti +T2) = (1" +1§ )™,

which equals Tlmpj + szp'] if and only if m = 1. Thus ¢; = 0 unless m = 1, and so the
primitive elements in O(G,) are the polynomials

N b TP =boT +by TP +--+b, TP, b k.
Jj=0
For ¢ € k, let ¢ (resp. F) denote the endomorphism of GG, acting on R-points as x > cx
(resp. x = xP). Then Fc¢ = ¢° F, and so we have a homomorphism
ko[F] — End(Gy) ~ P(Gy).
This sends 3" b; F/ to the primitive element 3 b, TP and soitis an isomorphism:
ko[F] ~ End(Gy) >~ P(Gy). (108)

Note that " b; F/ acts on G4(R) = R as ¢ > Y_b; ¢P’, and that this is an isomorphism
Gg — G if and only if by # 0 and b; = 0 for j # 0.

Let G be an algebraic group. From the isomorphism ks [F] >~ End(G,), we get an
action of ks [F] on P(G) ~ Hom(G, G,). Explicitly, for f € O(G) andc €k, cf =co f
and Ff = fP. The reader should check directly that these actions preserve the primitive
elements. Now P is a contravariant functor from algebraic groups to k[ F]-modules.

PROPOSITION 15.41. Let M be a finitely generated ks[F]-module. Among the pairs
consisting of an algebraic group G and a kq[F]-module homomorphism u: M — P(G)
there is one (U(M),ups) that is universal: for each pair (G,u), there exists a unique
homomorphism a: G — U(M) such that P(a) oup = u:

U(M) M M, p(UM))
e x lP(a)
G P(G).

PROOF. Let M be a finitely generated k[ F]-module. Regard M as a p-Lie algebra with
trivial bracket. The universal enveloping p-algebra U [PI(M) is a Hopf algebra, and we
define

UM) = Spm(U'P) (M), 2).

Letupr: M — P(U(M)) denote the map defined by j: M — UPI(M). The pair (U(M), upr)
18 universal, because

Hom(G, U(M)) ~ Hom((UP}(M), A),(O(G), Ag))
~ Homka[p](M, P(G)).

The second isomorphism states the universal property of j: M — U (PI(M) (see p-201). o
The proposition says that the functor P has an adjoint functor U:
Homy [r1(M, P(G)) ~ Hom(G,U(M)). (109)

Hence P and U map direct limits to inverse limits (in particular, they map right exact
sequences to left exact sequences).
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REMARK 15.42. From the bijections

Hom(G, U(ks[F])) Homy r1(ks[F], P(G)) (see (109))
P(G) (obvious)

Hom(G, Gy) (see (107))

[ 1 1R

we see that U(ky[F]) ~ G,. Every finitely generated k[ F]-module M is a quotient of a
free k[ F]-module of finite rank, and so U(M) is an algebraic subgroup of G/, for some r.
In particular, it is algebraic, unipotent, and commutative.

LEMMA 15.43. For a finitely generated k[ F]-module M, the canonical map ups: M —
P(U(M)) is bijective.

PROOF. We have to show that the canonical map j: M — UPI(M) induces a bijection
from M onto the set of primitive elements of U [PY(M). Let (¢;);es be a basis for M as a
k-vector space. The PBW Theorem 12.35 shows that the elements

J(ei)™ i

Uy = l | — n= (ni)ier, 0<n; <p, (finite product),
; ni:

iel

form a basis for UPI(M) as a k-vector space (see 12.41). As the j(e;) are primitive,

Aup = Z Ur Qusg,

r+s=n

which shows that the only primitive elements of U [P1(M) are the linear combinations of the
uy with Y n; = 1. o

For a commutative algebraic group G, let vg:G — U(P(G)) denote the adjunction
map; by definition, P(vg)oupg) = idp(G). As up(g) is bijective, so also is P(vg).

LEMMA 15.44. For a commutative algebraic group G, the homomorphismvg:G — U(P(G))
is a quotient map.

PROOF. On applying P to the right exact sequence
vG def
G — U(P(G)) — Q —> O, Q = Coker(vG),

we get a left exact sequence

P(vg)
0— P(Q)— P(UP(G)) — P(G).

As P(v) is bijective, P(Q) = 0, and so Q is multiplicative (14.24). As it is also the quotient
of a unipotent algebraic group, it is trivial (15.17). O

DEFINITION 15.45. An algebraic group is elementary unipotent’ if it is isomorphic to an
algebraic subgroup of G/, for some r.

With this definition, an algebraic group is unipotent if and only if it has a subnormal
series whose quotients are elementary unipotent algebraic groups (15.23).

SSpringer 1998, 3.4.1, 3.4.8, and others use this terminology for group varieties. For Demazure and Gabriel,
they are the “groupes annulés par décalage”, i.e., killed by the Verschiebung (DG IV §3, 6.6, p.521).



264 15. Unipotent algebraic groups

THEOREM 15.46. The functor G ~ P(G) defines a contravariant equivalence from the
category of elementary unipotent algebraic groups to the category of finitely generated
ko[ F]-modules, with quasi-inverse M ~> U(M).

PROOF. Because of (15.43), the adjoint functors P and U define an equivalence of the
essential image of U with the category of finitely generated k,[M]-modules. We have
seen (15.42) that every algebraic group in the essential image of U is elementary unipotent.
Conversely, let i: G — G/, be an algebraic subgroup of GJ,. In the commutative diagram

G g

lvc I

U(P(G)) — U(P(Gyp)).

the map i is an embedding and v is an isomorphism. Therefore v is an embedding. As it is
also a quotient map (15.44), it must be an isomorphism (5.13), and so G is in the essential
image of the functor U. o

REMARK 15.47. Let G be an algebraic group over k. If G is elementary unipotent, then
Ve = 0 (see 13.55). We sketch a proof of the converse statement: if Vg = 0 then G is
elementary unipotent.

To show that G is elementary unipotent, it suffices to show that the homomorphism
vg:G — U(P(G)) is an isomorphism, and it suffices to do this after an extension of k.
Therefore, we may suppose that k is perfect. We shall need to use that, for an algebraic
subgroup Q of G, every nontrivial extension of Q by G, comes by pullback from the
extension (13.58)

0—>Gg—> W, -G, —0. (110)

Now consider an algebraic group G such that Vg = 0. Arguing by induction on the length of a
subnormal series for G, we may suppose that G contains a subgroup N such that 0 = G/N
embeds into G, and N embeds into GJ,. If we extend each of canonical projections
N — G}, - G, to G, then we will get an embedding of G into G], x G, as required. Let
¢: N — G, be a homomorphism, and form the diagram

0 > N > G > 0 > 0
ool
0 > Gg > G’ > Q > 0

with the bottom row the pushout of the top row. If the extension in the lower row splits,
then ¢ extends to G. Otherwise, the lower row comes by pullback from (110). But Vg, =0
because G’ is a quotient of G x G, and so the homomorphism G’ — W, factors through
Gg C W>, and so again ¢ extends to G. For more details, see DG IV, §3, 6.6, p.521.

The ring k4 [F] behaves somewhat like the usual polynomial ring k[T']. In particular,
the right division algorithm holds: given f and g in k4 [F] with g # 0, there exist unique
elements ¢, r with r = 0 or deg(r) < deg(g) such that

f=qg+r.

The proof is the same as for the usual division algorithm.
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PROPOSITION 15.48. The left ideals in ks [F] are principal. Every submodule of a free
finitely generated left k[ F]-module is free.

PROOF. The proof is the same as for k[T]. o

When £ is perfect, the map o:k — k is an automorphism, and the left division algorithm
also holds: given f and g in ks [F] with g # 0, there exist unique elements ¢, r with r = 0
or deg(r) < deg(g) such that

f=gq+r.

PROPOSITION 15.49. Let k be a perfect field of characteristic p > 0. Every finitely gener-
ated left ko[ F]-module M is a direct sum of cyclic modules; if, moreover, M has no torsion,
then it is free.

PROOF. The proof is the same as for k[T]. See Berrick and Keating 2000, Chapter 3, or
Jacobson 1943, Chapter 3. O

PROPOSITION 15.50. Over a perfect field k of characteristic p, every elementary unipotent
algebraic group G is a product of algebraic groups of the form G, apr for some r, or an
étale group of order a power of p.

PROOF. Let A = ky[G]. According to (15.49), P(G) is a finite direct sum of cyclic modules
A/Ag, g € A. Correspondingly, G is a product of algebraic groups G’ such that P(G’)
is cyclic. Let G’ be the algebraic group with P(G) = A/Ag. If g =0, then G ~ Gg; if
g = F",then G ~ a,r; and if g is not divisible by F, then G is étale. o

COROLLARY 15.51. The only one-dimensional unipotent connected group variety over a
perfect field is G,.

PROOF. Immediate consequence of (15.50). O

PROPOSITION 15.52. Every smooth connected commutative commutative group G of
exponent p over a perfect field k is isomorphic to GI,.

PROOF. Because G is smooth of exponent p, we have Vg = 0 (13.55), and so G is an
elementary unipotent group (15.47). Therefore it corresponds in (15.46) to the ks[F]-
module P(G) ~ Hom(G,G,), which is torsion-free because G is connected and smooth.
Because k is perfect, this implies that P(G) is free, of rank r say, and so G is isomorphic to
Gl (15.46). o

COROLLARY 15.53. Every smooth connected commutative algebraic group of exponent p
is a form of GJ, for some r.

PROOF. It becomes isomorphic to G/, over a perfect closure of the base field. O

EXAMPLE 15.54. Let k be a nonperfect field of characteristic p. For every finite sequence
ao,...,anm of elements of k with ag % 0 and m > 1, the algebraic subgroup G of G, x G,
defined by the equation

y?" =aoX+a1Xp+-~+amXpm
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is a form of G, and every form of GG, arises in this way (Russell 1970, 2.1). Rosenlicht’s
group (1.43) is of this form. Note that G is the fibred product

G—>Ga

l la0F+---+amem

G, 5 G,.

In particular, G is an extension of G, by a finite subgroup of G, (so it does satisfy 15.23).
There is a criterion for when two forms are isomorphic (ibid. 2.3). In the case ag = 1, G
becomes isomorphic to G, over an extension K of k if and only if K contains a p"th root
of each a;.

For a classification of the forms of G/, in which the elements a; are replaced by matrices,
see Kambayashi et al. 1974, 2.6.

NOTES. For the classification of elementary unipotent algebraic groups, we have followed DG 1V,
§3. See also Springer 1998, 3.3, 3.4.

e. Split and wound unipotent groups: a survey

Recall the following definition (8.17, 15.23).

DEFINITION 15.55. A unipotent algebraic group G is split if it admits a subnormal series
whose quotients are isomorphic to G,.

Note that a split unipotent algebraic group is automatically smooth and connected (10.1).

15.56. Recall (15.23) that every unipotent algebraic group admits a subnormal series whose
quotients are subgroups of G,. In characteristic zero, G, has no proper subgroups (15.26),
and so all unipotent algebraic groups are split.

15.57. Every smooth connected unipotent algebraic group over a perfect field is split. In
characteristic p # 0, this follows easily (15.52). Hence every smooth connected unipotent
algebraic group splits over a finite purely inseparable extension.

15.58. A form of G, is split if and only if it is the trivial form. Therefore, every split
smooth connected commutative algebraic group of exponent p is isomorphic to G/, for some
r (15.53). (See also Tits 1968, 3.3.9: let G be a commutative smooth algebraic group of
exponent p; every algebraic subgroup of G isomorphic to G, is a direct factor of G.)

15.59. The algebraic group Uy, is split (8.46). More generally, the unipotent radicals of the
parabolic subgroups of a reductive algebraic group are split.

15.60. A Weil restriction of a split unipotent algebraic group is split.

DEFINITION 15.61. A unipotent group variety G is wound if every morphism from the
affine line to G is constant (i.e., has image a point).

15.62. If k is perfect, then the wound unipotent group varieties are those that are finite.

15.63. A unipotent group variety G is wound if and only if G does not contain a subgroup
variety isomorphic to G,. For example, a form of G, is wound if and only if it is nontrivial.
In particular, Rosenlicht’s group Y? —Y = ¢t X7 is wound.
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15.64. If G is wound, then it admits a subnormal series formed of wound characteristic
subgroups whose quotients are wound commutative and killed by p (proof by induction on
the dimension of G).

15.65. Subgroups and extensions of wound group varieties are wound (but not necessarily
quotients).

15.66. Every unipotent group variety G is isomorphic to a subgroup variety of a split
unipotent group variety H (15.3). If G is commutative, H can be chosen commutative. If G
is commutative of exponent p, then it is elementary unipotent (15.47; see also Tits 1968,
3.3.1). In general, it is not possible to choose H so that G is a normal subgroup.

15.67. (Structure theorem). Let G be a connected unipotent group variety G. Then G
contains a unique normal connected split subgroup variety Gpiic such that W = G/ Ggpiq is
wound:

e—>Gyplit—> G—>W—e.

The subgroup variety Ggpjic contains all connected split subgroup varieties of G, and its
formation commutes with separable (not necessarily algebraic) extensions (Tits 1968, 4.2;
Conrad et al. 2010 B.3.4).

NOTES. In the literature, one usually finds “k-split” and “k-wound” for “split” and “wound” (e.g.,
Tits 1968, 4.1). We can omit the “k” because of our convention that statements concerning an
algebraic group G over k are intrinsic to G over k. Oesterlé (1984, 3.1) writes “totalement ployé”
(totally folded or bent) for “wound”.

NOTES. To paraphrase Oesterlé (1984), the paternity of these results is not always easy to attribute.
Most of the questions treated in this section were considered for the first time by Rosenlicht (1963),
reconsidered and developed in detail by Tits (1968), and extended to schemes in DG.

NOTES. Some references for unipotent groups: Tits 1968; Schoeller 1972; Kambayashi et al. 1974;
Takeuchi 1975; Oesterlé 1984, Chapter V; Conrad et al. 2010, Appendix B.

Exercises

EXERCISE 15-1. Show that every group variety G contains a greatest unipotent normal
algebraic subgroup.

EXERCISE 15-2. Use Theorem 15.46 to prove Russell’s theorem, 15.54.

EXERCISE 15-3. (SHS, Exposé 12, 1.4; DG 1V, §2, 1.1, p.483). Let H be an algebraic
subgroup of G, (k algebraically closed). Prove:

(a) H has a subnormal series whose terms are characteristic subgroups and whose quo-
tients are Gg, ap, or (Z/ pZ)y -

(b) Either G,/H ~ Gg or G4 /H =e.






CHAPTER 1 6

Cohomology and extensions

As usual, we fix a field k, and all algebraic schemes and morphisms are over k£ unless
indicated otherwise. By a functor (resp. group functor) we mean a functor Algg — Set (resp.
Alg} — Grp).

a. Crossed homomomorphisms

Let G x M — M be an action of a group functor G on a group functor M by group
homomorphisms. Such an action corresponds to a homomorphism G — Aut(M). A map of
functors f:G — M is a crossed homomorphism if

fggh) = f(g)-gf(g)

for all small k-algebras R and g, g’ € G(R). When G is smooth algebraic group it suffices
to check the condition for g, g’ € G(k*P) (1.9d, 1.12). For m € M (k), the map

gomlogmG—>M

is a crossed homomorphism. The crossed homomorphisms of this form are said to be
principal.

EXAMPLE 16.1. Let G x M — M be an action of a group functor G on a group functor
M, and let 0: G — Aut(M) be the corresponding homomorphism. As in Chapter 5, we can
define a semidirect product M xg G. Specifically (M xg G)(R) = M(R) x G(R) for all
small k-algebras R, and if m,m’ € M(R) and g,g’ € G(R), then

(m,g)-(m',g") = (m-0(g)m’, gg").
There is an exact sequence
e—>M—>MxgG—> G —e.

The group sections to the homomorphism M xy G — G are the maps g — (f(g),g)
with f a crossed homomorphism. For example, there is always a group section g —
(e, g). The sections of the form g — (m,e)~!- (e, g) - (m,e) correspond to principal crossed
homomorphisms.

LEMMA 16.2. Let U be a unipotent algebraic group, and let e be an integer not divisible
by the characteristic of k. Then the map x — x¢:U(k¥) — U(k") is bijective.

269
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PROOF. This is obviously true for G,. A proper algebraic subgroup N of G, is finite, and
the map on N (k%) is injective, and so it is bijective. As every unipotent group admits a
filtration whose quotients are subgroups of G, (15.23), and the functor U ~ U(k®) is exact
(5.33), the general case follows. o

PROPOSITION 16.3. Let G be a diagonalizable group variety over an algebraically closed
field k, and let M be a commutative unipotent group variety over k on which G acts. Then
every crossed homomorphism f:G — M is a principal.

PROOF. Letn > 1 be an integer not divisible by the characteristic of k, and let G, denote
the kernel of multiplication by #n on G. Then G, (k) is finite, of order e, not divisible by the
characteristic of k. Moreover, | JG, (k) is dense in |G| (see 14.33).

Let f:G — M be a crossed homomorphism, so that

fx)=fxy)—x-f(y)
for all x,y € G(k). When we sum this identity over all y € G, (k), we find that

enf(x)=s—x-s. s=) f(.

Since we can divide by e, in M, this shows that the restriction of f to G, is principal. In
other words, the set

M (n) dg{m eMk)| f(x)=x-m—mforall x € Gy(k)}
is nonempty. The set M(n) is closed in M = M (k), and so the descending sequence
- DMm)DMmn+1)D---

eventually becomes constant (and nonempty). This implies that there exists an m € M (k)
such that
fx)=x-m—m

for all x € | Gy (k). It follows that f agrees with the principal crossed homomorphism
x—=x-m—monG. o

b. Hochschild cohomology

Let G be a group functor. A G-module is a commutative group functor M equipped with an

action of G by group homomorphisms. Thus M(R) is a G(R)-module in the usual sense for

all k-algebras R. Much of the basic formalism of group cohomology (e.g., Chapter II of my

Class Field Theory notes) carries over to this setting. We first define the standard complex.
Let M be a G-module. Define

C"(G,M) =Map(G",M)

(maps of set-valued functors). By definition, G® = ¢, and so C%(G, M) = M(k). The set
C"*(G, M) acquires a commutative group structure from that on M. If G is an algebraic
group with coordinate ring A, then C"(G, M) = M(A®").

An element f of C"(G, M) defines an n-cochain f(R) for G(R) with values in M(R)
for each k-algebra R. The coboundary map

3":C"(G,M) — C" (G, M)
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is defined by the usual formula: let g1,...,g2s+1 € G(R); then
(@" )81, gnt1) =

g1/ (@2 gn)) + ) (1) f(g1,0 . 81&j+ 1 &) + (D" g1, ).

i=1
Define
Z"(G,M) = Ker(d") (group of n-cocycles)
B"(G,M) = Im(3" ") (group of n-coboundaries)
H{(G. M) = Z"(G,M)/B"(G,M).

For example,

HY(G,M) = M(k)®

H 01 (G.M) = crossed homomorphisms G — M

principal crossed homomorphisms
If G acts trivially on M, then
HY(G,M) = M(k)
H 01 (G,M) =Hom(G,M) (homomorphisms of group functors).

The group H{ (G, M) is called the rth Hochschild cohomology group of G in M .
Let
O—-M —->M->M'—-0

be an exact sequence of G-modules. By this we mean that
0— M'(R)— M(R) - M"(R)—0 (111)
is exact for all small k-algebras R. Then
0—-C*(G,M)—C*(G,M)—C*(G,M") =0 (112)

is an exact sequence of complexes. For example, if G is an algebraic group, then (112) is
obtained from (111) by replacing R with O(G). By a standard argument (112), gives rise to
a long exact sequence of cohomology groups

0— HY(G,M")— H)(G,M) — ---— HZ(G,M")— HI TV (G,M") - HI T (G, M) — ---

Let M be a commutative group functor, and let Hom(G, M) denote the functor R ~>
Hom(Gg, Mg). Then Hom(G, M) becomes a G-module by the usual rule, (gf)(g) =

g(f(g71g).

PROPOSITION 16.4 (SHAPIRO’S LEMMA). Let M be a commutative group functor. For
alln > 0,
H{(G,Hom(G,M)) =0.

PROOF. Note that

C"™(G,Hom(G, M)) ~ Hom(G x G", M) = C"T1(G, M).
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Define
s":Hom(G" 2, M) — Hom(G" !, M)

by
(s" f)(g.81.---.8n) = fle.g.81.....8n).

When we regard s as a map C"*1(G,Hom(G, M)) — C*(G,Hom(G, M)), we find (by
direct calculation), that
ston + an—lsn—l —id

for n > 0. Therefore (s"), is a homotopy operator, and the cohomology groups vanish. o

REMARK 16.5. In the above discussion, we did not use that k is a field. Let Ry be a
k-algebra. From an algebraic group G over Ry and a G-module M over Ry we obtain, as
above, cohomology groups Hé (G, M).

Now let G be an algebraic group over k with coordinate ring A, and let M be the

G-module defined by a linear representation (V,r) of G over k. From the description
C*"(G,M)=M(A®") =V ® A®", we see that

C.(GRO,MRO) ~ Ro ®C.(G,M).
As k — Ry is flat, it follows that
H"(GRry,MR,) ~ Ro® H"(G,M).

EXAMPLES.

PROPOSITION 16.6. Let Iy, be the constant algebraic group defined by a finite abstract
group I''. For all I';,-modules M ,

H (I, M)~ H"(I',M(k)) (usual group cohomology).
PROOF. The standard complexes C*(I;, M) and C*(I", M(k)) are equal. o
PROPOSITION 16.7. Every action of G, on Gy, is trivial, and

k> ifn=0

Ho@Ga.Gm) =y 0 o

PROOF. The first assertion follows from (14.29). We have

def

C™"(Gq,Gm) =Map(G?,Gp) ~ G (k[T1®") ~ k[Ty,..., Tu]* = k*

and

g — id ifn is odd
0 ifniseven.
from which the statement follows. o
PROPOSITION 16.8. Let r be an integer > 0. Every action of G}, on G, is trivial, and

H{(G!,.Gy) =0 fori > 2.
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PROOF. The first assertion follows from (14.29). The Hochschild complex C*(G},,, G»,)
has
C"(Gp.Gm) =k[T11. Titse. . Tin Typoeo o Ton T 1 = KX < 27

rn

and boundary maps that can be made explicit. A direct calculation gives the statement (DG
111, §6, p.453). a]

PROPOSITION 16.9. Let u:G x H — H be an action of an algebraic group G of height
< n on a commutative algebraic group H, and let H, denote the kernel of Fg;: H — H®",
Then the induced action of G on H/H, is trivial, and the canonical map

HY(G, Hy) — H(G, H)
is bijective for all i > 2.

PROOF. From the functoriality of the Frobenius map, we get a commutative diagram

GxH —"* g

Fl xFﬁ,J lF;l,

G g P oM

As F( is the trivial homomorphism, this shows that the induced action of G on H ("),
hence on H/H,, is trivial.

For the second assertion, we define a functor X ~» X(n) of schemes as follows. The
underlying set of the scheme X (n) is X (k) endowed with its discrete topology. For x € X (k),
set Ox(n),x = Ox,x/mfn. Then X(n) is a subfunctor of X; moreover, (X x Y)(n) ~
X(n) xY(n) and G(n) = G. It follows that H(n) is stable under G. As Map(G*, H(n)) ~
Map(G', H) (maps of schemes) for all i we deduce that Hé (G,H(n)) ~ Hé (G, H) for all
i > 0. Now note that there is a canonical exact sequence of G-modules

0— H, > H(n) — H(k) — 0. (113)

Here H (k) is the constant group scheme associated with the group H (k) and the trivial
G-action. As Map(G', H(k)x) = H (k) for all i, we see that Hy(G, H(k)y) =0fori > 1,
and so the required statement follows from the cohomology sequence of (113). O

For example, . ‘
Hy(ap, jp) = Hy(ap, Gm)
foralli > 2.

NOTES. For more details, see DG 11, §3, n°1, pp.185-188.

c. Hochschild extensions
Let G be a group functor. Let M be a commutative group functor, and let
0>M-5EZG (114)

be an exact sequence of group functors, i.e.,

7(

i(R) R)
0—> M(R)— E(R) — G(R)
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is exact for all (small) k-algebras R. A sequence (114) is a Hochschild extension if there
exists a map of set-valued functors s: G — E such that mw os = idg. For a Hochschild
extension, the sequence

i(R) 7(R)
0—->M(R)— E(R) — G(R)—0

is exact for all k-algebras R. Conversely, if 7 (R) is surjective with R = O(G), then (114)
is a Hochschild extension. A Hochschild extension (E,i,7) is trivial if there exists a
homomorphism of group functors s: G — E such that w os = idg. This means that E is
a semidirect product M xg G for the action 6 of G on M defined by the extension. Two
Hochschild extensions (E,i,7) and (E’,i’,7") of G by M are equivalent if there exists a
homomorphism f: E — E’ making the diagram

0 s M — 3y E TG s 0
]
H s
0 N Y LNy T SN s 0

commute.

Let (E,i,m) be a Hochschild extension of G by M. In the action of £ on M by
conjugation, M acts trivially, and so (E,i, ) defines a G-module structure on M . Equivalent
extensions define the same G-module structure on M. For a G-module M, we define
E(G, M) to be the set of equivalence classes of Hochschild extensions of G by M inducing
the given action of G on M.

PROPOSITION 16.10. Let M be a G-module. There is a canonical bijection
E(G, M)~ H}(G,M). (115)

PROOF. Let (E,i, ) be a Hochschild extension of G by M, and let s: G — E be a section
to 7. Define f:G? — M by the formula

s(g)s(g) =i(f(g.g"))s(gg"), g.8 € G(R).

Then f is a 2-cocycle, whose cohomology class is independent of the choice of s. In this way,
we get a map from the set of equivalence classes of Hochschild extensions to Hg (G,M).
On the other hand, a 2-cocycle defines an extension, as for abstract groups. One checks
without difficulty that the two maps obtained are inverse. O

A Hochschild extension (E,i, ) of G by M is central if i (M) is contained in the centre
of E, or, in other words, if the action of G on M is trivial.

Let G act trivially on M. A 2-cocycle f is symmetric if f(g,g') = f(g’,g) for all
2.g' € G(R). Let Z2(G, M) denote the group of symmetric 2-cocycles, and define

H2(G,M) = Z2(G,M)/B*(G,M).

COROLLARY 16.11. Let M be a commutative group functor. Assume that G is commu-
tative. There is a canonical one-to-one correspondence between the equivalence classes of
Hochschild extensions (E,i, ) with E commutative and the elements of H Sz (G, M).

PROOF. Follows without difficulty from (16.10). o



d. The cohomology of linear representations 275

HIGHER HOCHSCHILD EXTENSIONS

We wish to define a sequence of functors E®(G,—), E}(G,-),... such that E1(G,—) =
E(G,—). We examine this question first for an abstract group G. Consider the group ring

—1
Z[G] of G and its augmentation ideal J = Ker(Z[G] 222" 7); thus Z[G] ~ Z & J . The
map
5:G—>J, §(g)=g—1

is a crossed homomorphism, and it is universal, i.e.,
@ <> @ odé:Homg modute (J, M) =~ z! (G,M) (crossed homomorphisms)

for all G-modules M.
From an exact sequence of G-modules,

& 0oM-EZJ0

we can construct a diagram

0 > M > E(E) > G > e
H l lgH(g—l,g)
0 NV iina U\ VNPT . SN SV T

with E () is the fibred product. Let F (&) denote the top row. Then the map £ + F(E)
defines a bijection from Exth_module(J , M) onto the set of equivalence classes of extensions
of G by M. This allows us to define

E'(G,M) = Exty;_4u.(G, M).

In particular, E°(G,M) = Z1(G,M).
Similar arguments work for a group functor G. Thus, we obtain a sequence of functors
E%G,-), EX(G,-), E*(G,—), ... of G-modules such that

E°G,M)~ Z'(G,M) setof crossed homomorphisms

EY(G,M)~ E(G,M) setof Hochschild extensions. (116)

NOTES. For more details, see DG 11, §3, n°2, p.189; ibid. III, §6, n°1, p.431.

d. The cohomology of linear representations

Let G be an algebraic group over k, and let (V,r) be a linear representation of G. Then r
defines an action of G on the group functor V;: R » V ® R, and we set

def

H'(G,V)= H{(G,V,).

Let A= O(G), and let p:V — V ® A be the corresponding co-action. Then

def

C"(G,V,) S Hom(G", V)~ V(A®") =V ® A®".

Thus, C*(G,V,) is a complex

0>V V@A > VR AP Ly @ A1 5.
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The map 9" has the following description (DG 11, §3, 3.1, p.191): let v € V and a;, ...,a, €
A; then

n
MV ® - Ran) = p(v) a1 @ Vay +Z(—1)fv RuQ QA1 Q- Ran
j=1

+ (D" ®a® - Qap R 1.

If
0=V -V ->V"-0

is an exact sequence of representations, then

0>V R—-VR—->V"®R—0
is exact for all k-algebras R, and so there is a long exact sequence of cohomology groups
0—-H°G,V)->HYG,V)—>--— H" (G, V"> H"'Y(G, V) > H"T{ (G, V) —---.

PROPOSITION 16.12. Let V be a k-vector space, and let V ® A be the free comodule on V
(Section 4.e). Then
H"(G,V®A)=0forn>0.

PROOF. For a (small) k-algebra R,

(V®A)(R) = VRA®R (definition)
~ (VRR)®R(A®R) (linear algebra)
= (Vo)r(AR) (change of notation)
~ Nat(h4r (V,)R) (Yoneda lemma A.27)
= Hom(GRg, (Va)Rr). (change of notation).

As these isomorphisms are natural in R, they form an isomorphism of functors
(V® A)a >~ Hom(G, Va).
Therefore the statement follows from Shapiro’s lemma (16.4). O

REMARK 16.13. The functors H"(G,-) are the derived functors of the functor H°(G,)
on the category of all linear representations of G (not necessarily finite-dimensional). To
prove this, it remains to show that the functors H"(G,-) are effaceable, i.e., for each V,
there exists an injective homomorphism V — W such that H" (G, W) = 0 for n > 0, but
the homomorphism V' — Vp ® A4 in (4.9) has this property because of (16.12).

As the category of representations of G is isomorphic to the category of A-comodules,
and H°(G,V) = Homy (k, V) (homomorphisms of A-comodules), we see that

H"(G,V) ~Extj(k,V), alln,

(Exts in the category of A-comodules).
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e. Linearly reductive groups

Let G be an algebraic group over k, and let (V,r) be a linear representation of G on a
k-vector space V. According to (4.7), (V,r) is a directed union of its finite-dimensional
subrepresentations,

V= | rw.

dim(W)<oo
Correspondingly, ' .
H'(G,V) =limH' (G, W) (117)

(because direct limits are exact in the category of abelian groups).

LEMMA 16.14. Let x € H'(G,V). Then x maps to zero in H' (G,W) for some finite-
dimensional representation W containing V.

PROOF. Recall (4.9) that the co-action p: V — Vy ® A is an injective homomorphism of
A-comodules. According to (16.12), the element x maps to zero in H(G,Vy ® A), and
it follows from (117) that x maps to zero in H'(G, W) for some finite-dimensional G-
submodule W of Vy ® A containing p(V). o

PROPOSITION 16.15. An algebraic group G is linearly reductive if and only if H'(G,V) =
0 for all finite-dimensional representations (V,r) of G.

PROOF. ==: Let x € H'(G, V). According to (16.14), x maps to zero in H' (G, W) for
some finite-dimensional representation W of G containing V. Hence x lifts to an element of
(W/ V)Y in the cohomology sequence

0>VS > Wl > w/v)¢ > HYG,V)—> HY (G, W).

But, because G is linearly reductive, the sequence 0 —> V — W — W/V — 0 splits as a
sequence of G-modules, and so W& — (W/ V)Y is surjective. Therefore x = 0.

<=: When (V,r) and (W,s) are finite-dimensional representations of G, we let
Hom(V, W) denote the space of k-linear maps V' — W equipped with the G-action given
by the rule

(&/)W) = g(f(g™ V).

We have to show that every exact sequence
0>V -V ->V"50 (118)

of finite-dimensional representations of G splits. From (118), we get an exact sequence of
G-modules

0 — Hom(V",V’) - Hom(V",V) — Hom(V", V") — 0,
and hence an exact cohomology sequence of vector spaces
0 — Hom(V",V")¢ — Hom(V",V)® = Hom(V",V")¢ — HY(G,Hom(V",V")).

By assumption, the last group is zero, and so idy~ lifts to an element of Hom(V", V). This
element splits the original sequence (118). O

PROPOSITION 16.16. If G is linearly reductive, then H"(G,V) =0 for all n > 0 and all
representations V of G.
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PROOF. Because of (117), it suffices to prove this for finite-dimensional representations.
We use induction on n. We know the statement for n = 1, and so we may suppose that
n>1andthat H (G,W) =0 for 1 <i < n and all finite-dimensional representations W .
Let x € H"(G,V). Then x maps to zero in H" (G, W) for some finite-dimensional W
containing V (16.14), and so x lifts to an element of H"*~1(G,V /W) in the cohomology
sequence

H" Y G,V/W)— H"(G,V)— H"(G,W).

But H*~1(G,V/W) = 0 (induction), and so x = 0. o

REMARK 16.17. In particular, H" (G, V) = 0 (n > 0) for groups G of multiplicative type
(14.22). It is possible to deduce this directly from (16.12) by showing that the homomorphism
of G-modules p: V — Vp ® A (see 4.9) has a section. See DG 11, §3, 4.2, p.195.

f. Applications to homomorphisms

We can now prove a stronger form of (15.18).

PROPOSITION 16.18. Let T and U be algebraic groups over k with T of multiplicative
type and U unipotent, and let R be a k -algebra. Every homomorphism Tgr — Ugp is trivial.

PROOF. Let « be such a homomorphism, and let H be minimal among the algebraic sub-
groups of U such that «(Tr) C Hg. If H # e, then there exists a nontrivial homomorphism
B: H — G, (15.24), and the composite g oa: Tr — (G4) g is nontrivial because otherwise
a(Tr) would be contained in the kernel of § and H wouldn’t be minimal. But when we
endow G, g with the trivial action of Tg, we find that

(16.5) (16.16)
Homg(Tr,Gur) = Hg (TR,G4r) =~ R® HY(T,G,) =0,

giving a contradiction. Therefore H = e and « is trivial. O
REMARK 16.19. There may exist nontrivial homomorphisms Ur — Tg. For example,
Hom((Z/ pZ)i.Gm) = 1ip

(13.31), and so Hom((Z/ pZ) r, G;r) # 0 if R contains an element 7% 1 whose pth power
is 1. Similarly,
Hom(atp,Gm) = ap

(13.32), and so Hom(otp g, Gir) # 0 if R contains an element # 0 whose pth power is 0.

g. Applications to centralizers

We present two more proofs that the centralizer of a multiplicative subgroup is smooth
(14.62, 14.79). This section will be deleted from the final version.
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TRADITIONAL APPROACH (SHS)

An action of an algebraic group H on an algebraic group G defines a representation of H
on the Lie algebra g of G, and hence cohomology groups H" (G, g).

THEOREM 16.20 (SMOOTHNESS OF CENTRALIZERS). Let G be a smooth algebraic group,
and let H be an algebraic group acting on G. If H' (H,g) = 0, then G is smooth.

PROOF. In order to show that G is smooth, it suffices to show that, for all k-algebras S
and ideals 7 in S such that /2 = 0, the map

GH(s)—GH(s/I)
is surjective (see 1.22). Define group functors

G:R~»G(S®R)
G: R ~> image of G(S® R) in G((S/1) ® R)

After (12.28), there is an exact sequence of group functors
0= ®ga—>G—>G—0.
Now H acts on this sequence, and so we get an exact cohomology sequence:
0—HH,I®g)— H°H,G)— H°(H,G) > H'\(H,I ®9). (119)
From (9.3),
G"(S) ={g € G(S) | hsorgsor = gser Vh € H(R), all R}.

It follows that
def

HO(H,G) =67 (k) = GH ().

Similarly, _
HO(H,G) = {g € G (S/I) lifting to G(S)}.

As G is smooth, G(S) — G(S/1) is surjective, and so the last equality becomes
H°(H,G) =GH(S/I).

Finally,
H'(H,1®g) =1®H'(H.g)

(as a representation of H, I ® g is a direct sum of copies of g). Therefore, the sequence
(119) becomes an exact sequence

0> HH,g9®I >GH(S)—>GH(S/I)> H (H.9)®1,
Hence GH (S) — GH (S/1I) is surjective if H'(H,g) = 0. 0

COROLLARY 16.21. Let H be a linearly reductive algebraic group acting on a smooth
algebraic group G. Then G is smooth.

PROOF. As H is linearly reductive, H!(H,g) = 0 (16.15). o
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COROLLARY 16.22. Let H be a commutative algebraic subgroup of a smooth algebraic
group G. If
H'(H.h)=0=H'(H.g),

then Cg(H) and Ng(H) are smooth, and Cg(H ) is open in Ng(H ).

PROOF. Let H act on G be inner automorphisms. Then G = Cg(H). If H'(H,g) =0,
then Cg (H) is smooth (16.20). If H'(H,b) = 0, then g7 — (g/h)* is surjective, and so
Cg(H) is openin Ng(H) (12.33). Hence Ng (H) is also smooth. o

COROLLARY 16.23. Let H be a multiplicative algebraic subgroup of a smooth algebraic
group G. Then Cg(H) and Ng(H ) are smooth, and Cg(H ) is open in Ng (H).

PROOF. The hypotheses of (16.22) hold (see 14.22, 16.15). o

ABSTRACT APPROACH
We sketch a more abstract version of the proof of the smoothness of Cg(H).

LEMMA 16.24. Let G and H be algebraic groups over k. Let R be a k-algebra, let
Ro = R/I with I? = 0, and let * ~> %o denote base change R — Rg. The obstruction to
lifting a homomorphism ug: Hy — Gg to R is a class in H?(Hy,Lie(Go) ® 1 ); if the class
is zero, then the set of litts modulo the action of Ker(G(R) — G(Ry)) by conjugation is a
principal homogeneous space for the group H'(Hy,Lie(Go) ® I).

PROOF. Omitted. o

LEMMA 16.25. Let H and G be algebraic groups over a ring R, and let Ry = R /I with
I1? = 0. If H is of multiplicative type, then every homomorphism uq: H Ro — GR, lifts
to a homomorphism u: H — G; if u’ is a second lift, then u’ = inn(g) o u for some g €
Ker(G(R) — G(Ry)).

PROOF. The cohomology groups H ' (Hy,Lie(Go) ® I) and H?(Hy,Lie(Go) ® I) vanish
(16.17), and so this follows from (16.24). O

PROPOSITION 16.26. Let G be an algebraic group over a field k, acting on itself by conju-
gation, and let H and H' be subgroups of G. If G is smooth and H is of multiplicative type,
then the transporter Tg (H, H') is smooth.

PROOF. We use the following criterion (A.53):

An algebraic scheme X over a field k is smooth if and only if, for all k-algebras
R and ideals 7 in R such that /2 = 0, the map X(R) — X(R/I) is surjective.

We may replace k with its algebraic closure. Let gg € Tg (H, H')(Rg). Because G is
smooth, gg lifts to an element g € G(R). On the other hand, because H is of multiplicative
type, the homomorphism

inn(go): Ho — H

lifts to a homomorphism u: H — H’ (see 16.25). The homomorphisms
inn(g):H - G
wH—-H —G

both lift inn(go): Hy — Gy, and so u = inn(g’) oinn(g) for some g’ € G(R) mapping to e
in G(Ry) (see 16.25). Now g’g is an element of T (H, H')(R) lifting go. o
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COROLLARY 16.27. Let H be a multiplicative algebraic subgroup of an algebraic group
G. Then Cg(H) and Ng(H) are smooth.

PROOF. This follows from the proposition because

Ng(H) =Tg(H,H)
Cg(H)=Tg(H,H).

See 1.59 and 1.67. o

LEMMA 16.28. Let G and H be diagonalizable group varieties and let X be a connected
algebraic variety (over an algebraically closed field for simplicity); let : G x X — H be a
regular map such that ¢: G — H is a homomorphism for all x € X (k); then ¢ is constant
on X, i.e., ¢ factors through the map G x X — G.

PROOF. Omitted. O

PROPOSITION 16.29. Let H be a diagonalizable subgroup of a group variety G; then
Ng(H)® = Cg(H)°.

PROOF. Apply (16.28) to
@:HxNG(H) — H, ¢(h,g)=ghg™";

as this is constant on Ng(H)°, we have ¢(h, g) = ¢(h,e) =h,andso Ng(H)° C Cg(H)°.o

h. Calculation of some extensions

We compute (following DG III, §6) some extension groups. Throughout, p denotes the
characteristic exponent of k.

PRELIMINARIES

Let G be an algebraic group over k. Recall that a G-module is a commutative group functor
M on which G acts by group homomorphisms. A G-module sheaf is a G-module whose
underlying functor is a sheaf for the flat topology.

Let M be a sheaf of commutative groups. A sheaf extension of G by M is a sequence

0-M-S5E TG0 (120)
that is exact as a sequence of sheaves of groups. The means that the sequence
0— M(R)— E(R) = G(R)

is exact for all small k-algebras, and 7 is a quotient map of sheaves, i.e., w(F) is fat
subfunctor of G. Equivalence of sheaf extensions is defined as for Hochschild extensions.
An extension of G by M defines an action of G on M, and equivalent extensions define the
same action.

DEFINITION 16.30. For a G-module sheaf M, Ext(G, M) denotes the set of equivalence
classes of sheaf extensions of G by M inducing the given action of G on M.
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When M is an algebraic group, Ext(G, M) is equal the set of equivalence classes of
extensions (120) with E an algebraic group (Exercise 6-6).

Let M be a G-module sheaf, and let (£,i.7r) be a Hochschild extension of G by M.
Then E is a sheaf, and (E,i, ) is a sheaf extension of G by M. In this way, we get an
injective map

E(G,M)— Ext(G,M)

whose image consists of the classes of extensions (120) such that 7 has a section (as a map
of functors). One strategy for computing Ext(G, M) is to show that every extension is a
Hochschild extension, and then use the description of E(G, M) in terms of Hochschild
cohomology in (16.10). Let

0O->N—>E—->G—0 (121)

be an extension of algebraic groups. Then E is an N -torsor over G, and (121) is a Hochschild
extension if this torsor is trivial. .
More generally, we define Ext' (G, —) to be the ith right derived functor of

M ~> ZY(G,M) (functor of G-module sheaves)

(cf. the definition of E’ in Section 16.c). For i = 1, this agrees with the previous definition
(ibid. 1.4, p.434). Thus

Ext®(G,M) = Z'(G,M) set of crossed homomorphisms

Ext!' (G, M) ~ Ext(G,M) set of sheaf extensions. (122)

NoTEs. DG III, §6, 2, p.438, write Ex’ and EX’ where we write E' and Ext'.

EXTENSIONS WITH ETALE QUOTIENT

PROPOSITION 16.31. Suppose that k is algebraically closed. Let I, be the constant alge-
braic group over k defined by a finite group I", and let M be a I';, -module sheaf. Then

Ext! (I, M) ~ H P (I M(K)) alli > 1.
Here H'T1(I", M(k)) denotes the usual group cohomology of I" acting on M (k).

PROOF. Because k is algebraically closed, the functor M ~»> M(k) is exact. Hence the
functor M ~> C*(I', M (k)) is exact, and so an exact sequence

0O-M —-M-—->M'-0
of sheaves of commutative groups gives rise to an exact sequence
0—ZY I M'(k)) =z (I M(k))— ZY(I'"M" (k)) - H*(I', M'(k)) — H*(I", M(k) — - -
of commutative groups. By definition
Ext®(Ie, M) = Z" (I, M) ~ Z1 (I, M(k)),
and so it remains to show that .
H ™YW M) =0
for i > 0 when M is injective. But the functor M ~> M (k) is right adjoint to the functor
N > Nk,
Hom(N, M(k)) ~ Hom(Ny, M).
If M is injective, then N ~> Hom(Ng, M) >~ Hom(N, M(k)) is exact, and so M (k) is
injective. O
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COROLLARY 16.32. Letk, I', and M be as in (16.31). If I" is of finite order n, and
x > nx:M(k) — M (k) is an isomorphism, then

Ext' (I, M) =0 foralli > 0.

PROOF. Let N be a I"-module. If I" has order 7, then the cohomology group H'(I', N)
is killed by n for all i > 0 (see, for example, my Class Field Theory notes, II, 1.31).
If x = nx:N — N is bijective, then n acts bijectively on H'(I', N). If both are true,
Hi (I'"N)=0,i >0, and so the statement follows from (16.31). o

COROLLARY 16.33. Let D be a diagonalizable algebraic group. If k is algebraically closed,
then Ext' (Z/ pZ, D) = 0 for all i > 0.

PROOF. This follows from (16.32) because p: D(k) — D(k) is an isomorphism (recall that
every diagonalizable algebraic group is a product of the following groups: Gy,; U, with
ged(p,n) = 15 ppr; 14.3). o

EXTENSIONS WITH ADDITIVE QUOTIENT

PROPOSITION 16.34. Let D be a diagonalizable group. Every action of G, on D is trivial,
and
Ext’(G4, D) = 0 = Ext!(G,. D).

PROOF. The first assertion follows from (14.29). For the second assertion, we first consider
the case D = D(Z) = G,,. Because the action is trivial, Ext°? (Gq,Gyy) = Hom(Gg, Gp),
which is 0 (15.17). Consider an extension

0—->Gy—FE—>G,—0.

Then E is a G,,-torsor over A! (5.61), and hence corresponds to an element of Pic(A!),
which is zero. Therefore this is a Hochschild extension, and we can apply (16.10):

E(Gq,Gpm) ~ HZ (G4, Gp).

But the second group is zero (16.7).
Now let D = D(M). There exists an exact sequence

0->2"—>7Z"—-M—0
for some r,s € N, which gives an exact sequence of algebraic groups
0—>DWM)—G),—>G,,—0

(14.9b). This is exact as a sequence of sheaves of commutative groups, and so there is a long
exact sequence

0 — Ext®(Gq, D(M)) — Ext® (G4, Gp)" — Ext®(Gq,Gp)* — Ext!(Ga, D(M)) — -

Thus the statement follows from the case D = G,,. o
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EXTENSIONS WITH MULTIPLICATIVE QUOTIENT

PROPOSITION 16.35. Let D = D(M) be a diagonalizable algebraic group. Every action
of G}, on D(M) is trivial, and the functor D induces isomorphisms

Ext' (M, Z") ~ Ext' (G” , D(M))
fori =0,1.

PROOF. The first assertion follows from (14.29). It follows from (14.9) that the functor D
gives isomorphisms

Homgz_modules (Ms Zr) =~ Hom(an, D(M))
Ext) (M, Z") ~ Ex! (G! , D(M)).

where Ex! (G}, D(M)) denotes extensions in the category of commutative algebraic groups
(equivalently commutative group functors). Because the action of G}, on D(M) is trivial,

Ext’(G?,, D(M)) = Hom(G/,,, D(M)).
It remains to show that the map
EXZ modutes (M- Z) = Ex'(G},,, D(M)) — Ext' (Gy,,, D(M))

is surjective. By a five-lemma argument, it suffices to prove this with M = Z (so D(M) =
Gm).
Consider an extension
0—->Gy—E—G),,—0.

Then E is a Gy,-torsor over GJ,, and hence corresponds to an element of Pic(G},), which is
zero. Therefore, the extension is a Hochschild extension, and so

Ext (G}, Gm) = E (Gl Gm) L0 B2}, G) 20,

as required. O

Recall (12.10) that an action of an algebraic group G on G, is said to be linear if it arises
from a linear representation of G on a one-dimensional vector space.

PROPOSITION 16.36. Let G of multiplicative type, and let N be an algebraic subgroup of
Gyg such that G acts on N through a linear action on G,. Then

Hy(G,N)=0= HZ(G,N).
PrROOF. Let G, = V,. Then Hé(G,Ga) & H{(G,V)=0fori > 0(16.16). Consider the
exact sequence

e >N—>Gyg—>Gy/N —e. (123)

Either G,/ N = 0 or it is isomorphic to G, (Exercise 15-3). In the first case, N >~ G, and
so Hy(G,N) = 0 fori > 0. In the second case, (123) becomes an exact sequence

e—>N—->G;, > G, —e,

whose exact cohomology sequence gives the result. O
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COROLLARY 16.37. Let G be of multiplicative type. Then Hé (G,ap) =0 fori >0.

PROOF. The automorphism group of «, is G, and so every action of G on o, extends to a
linear action on G,. Thus, we can regard

F
0—=ap—>Gg—Gg—0
as an exact sequence of G-modules. Its cohomology sequence gives the result. O

PROPOSITION 16.38. Let G be an algebraic group of multiplicative type, and let (V,r) be
a finite-dimensional representation of G. Then Ext®(G,V,) ~ V/V Y and Ext' (G, V,) =0
alli > 0.

PROOF. By assumption, U = V; as a G-module for some representation (V,r) of G. Now

def

HY{(G,U)Z H'(G,V)=0
fori > 0 (16.17). |

PROPOSITION 16.39. Let G be an algebraic group of multiplicative type, acting trivially
on a commutative unipotent group U. Then Ext' (G,U) = 0 for alli > 0.

PROOF. For U = Gy, this follows from (16.38). Every algebraic subgroup of G, is the
kernel of an epimorphism G, — G, (Exercise 15-3), and so the statement is true for such
groups. Now use that U has a filtration whose quotients are of these types (15.23). O

COROLLARY 16.40. Let G be of multiplicative type, and let ¢: G — Aut(ap) ~ G,, be a
nontrivial homomorphism. Then Ext’ (G,ap) =0 fori > 2. If ¢ factors through i, C Gy,
then
Ext’(G,ap) ~ k
Extl(G,ozp) =0

Ext’(G, ap) =0

otherwise Extl(G,ap) ~k/kP.

PROOF. As Aut(ap) > Gy, every action of D on «;, extends to a linear action of D on G.
We have an exact sequence

F
0—>a,—>G,—G),—>0

in which G, = G, = G} as algebraic groups but may have different G-module structures.
In the corresponding long exact sequence,

Ext' (G,G) = 0 =Ext'(G,G)), i>1,
and
Hom(D,G,) — Ext! (D,ap) — Ext!(D,G,)
and (16.38) prove the statement show that Ext! (D, ap) = 0. o
THEOREM 16.41. Let U be an algebraic subgroup of G, and let G be an algebraic group

of multiplicative type acting on U by group homomorphisms. Then Ext!(G,U) = 0 in each
of the following cases:

(a) U = G, and the action of G on U is linear or trivial.

(b) k is perfectand U = apr;



286 16. Cohomology and extensions

(¢c) U is étale and G is connected;

(d) k is algebraically closed and the action of G on U is the restriction of a linear action
on Gg;

(e) G acts trivially on U .

PROOF. (a) This was proved in (16.38).
(b) This follows from (16.39) using the exact sequences

0—oap —opr = 0yr—1 — 0.

I20n

(c) The action of G on U is trivial, and so we have an exact sequence of G-modules

with trivial action,
0-U—->G,—>G,—0

(see Exercise 15-3). In the exact sequence
Ext’(G,G,) — Ext' (G,U) — Ext!(G,G,),

the two end terms are zero (16.36).
(d,e) The statement follows from (a) if U = G,. Otherwise, there is an exact sequence

0—>U — Gy —> Gq — 0,
(see Exercise 15-3), and hence an exact sequence
Ext®(G,G,) — Ext’(G,G,) — Ext! (G,U) — Ext! (G, Gy,).

But Ext! (G,G,) = 0, and Hom(G, G,) equals 0 if the action is trivial (14.24) and k other-
wise. Therefore Ext!(G,U) = 0 or Ext!'(G,U) = k/kP?, from which the statements (d) and
(e) follow. o

EXTENSIONS OF UNIPOTENT GROUPS BY DIAGONALIZABLE GROUPS
PROPOSITION 16.42. We have
HE(ap, j1p) ~ HE(ap,Gp) ~ Ext! (ap,Gpy).

PROOF. The first isomorphism is a special case of (16.9). For the second isomorphism, it
suffices (after 16.10) to show that every extension

O—>Gm—l>Ei>ap—>0

is a Hochschild extension, i.e., there exists a map s:a, — E of schemes such that 7 os = id.
But E is a G,-torsor over o, and hence corresponds to an element of Pic(a)), which is
zero because o, is the spectrum of a local ring. O

PROPOSITION 16.43. Every action of ap on a diagonalizable group D is trivial, and
Ext! (etp, pp) ~ Ext! (ap, Gpy) ~ k /K.

Ifk is perfect, then Ext! (ap, D) =0.
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PROOF. For the first assertion, we have Aut(D(M)) ~ Aut(M ), which is a constant group
scheme (not necessarily of finite type) — see Exercise 14.35. As «,, is connected, every
homomorphism «, — Aut(D) is trivial.

We now prove the second assertion. As Hom(cp, G,) = 0, from the Ext-sequence of

x—>xP
0= pup =Gy — Gyu—0,

we find that
Ext! (ap, p) — Ext! (ap,Gm)

is injective. From (16.42), we find that
Ext! (ap, ttp) ~ Ext! (ap, Gpm) ~ HE(ap, pp) =~ Ext! (Lie(ap), Lie(ip).

The p-Lie algebra of o) is kf with f [Pl = 0, and the p-Lie algebra of Hp = ke with
elPl = ¢ Every extension of Lie(cp) by Lie(up) splits as an extension of vector spaces, and
so it is equivalent to an extension

Ly 0—>ke—lskedkf,—>kf—0

where j(e) = e, g(e) =0, g(f3) = f and ke @ k f, is a p-Lie algebra with e[?] = ¢ and
f )L[p I-2 fa- A homomorphism of extensions of p-Lie algebras

Ly: 00— ke — s keawkfy, —— kf —250
. H
Ly 0 —— ke —1— ke®kf, sy kf —2= 0

maps e to e and f) onto ae + f,, with o € k. The equality

re =u(f1P) = (@e + f)P' = aPe + e

shows that the extensions £ and £, are equivalent if and only if A —u € k7.

Finally, let I"° be the quotient of I" by the prime-to-p torsion in I". Then D(I")° =
D(I"?). As I'° has a normal series whose quotients are isomorphic to Z or Z/ pZ, the final
assertion follows from the second. o

NOTES. See DG III, §6, 7.2, p.455; ibid. 8.6, p.463; ibid. 8.7, p.464 for more details.

THEOREM 16.44. Let D and U be algebraic groups over an algebraically closed field k
with D diagonalizable and U unipotent. Then Ext' (U, D) = 0.

PROOF. Consider an exact sequence

e—>D;>Gi>U—>e

where D is diagonalizable and U is unipotent. We shall show that i admits a retraction r.
This assertion is trivial if U = e. Otherwise, U contains a normal algebraic subgroup U;
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such that U/ Uy is isomorphic to G4 (p = 1) or Gg, ap, or (Z/ pZ)i (p # 1) (15.24, 15.50).
Consider the commutative diagram

e e
. v ~
11 —1 ] R R
e — D —— 77 (Uy) > Uy > e
H ~ ~
l 4
e > D > G > U > e

~ ~N

e

Arguing by induction on the length of a subnormal series for U, we may suppose that i;
admits a retraction 71: 71 (U;) — D. We form the pushout of the middle column of the
diagram by ry:

e —— 7Y (Uy) > G > H > e
[
e ) LK s H > e.

After (16.33, 16.34, 16.43) we have Ext! (H,D) = 0 and so i, admits a retraction r,. Now
r =rpou:G — D is aretraction of i, which completes the proof. 0

EXTENSIONS OF MULTIPLICATIVE GROUPS BY MULTIPLICATIVE GROUPS

PROPOSITION 16.45. Every action of j1, on Gy, or jip is trivial, and

Ext' (1p,Gm) ~ k/p(k), where p(x) = x? —x
Ext' (tp. ptp) = Z/ pZ & k /o (k).

PROOF. The proof is similar to that of (16.43). o

THEOREM 16.46. Every extension of a connected algebraic group of multiplicative type
by an algebraic group of multiplicative type is of multiplicative type.

PROOF. We may assume that k is algebraically closed. Let A(G”,G’) denote the statement:

for every exact sequence
e—-G —-G—>G" —e, (124)

the algebraic group G is diagonalizable. We prove A(G”,G’) by an induction argument on
the dimension of G”. We may suppose G” # e.

Consider an extension (124) with G’ of multiplicative type. To show that G is diag-
onalizable, it suffices to show that every finite-dimensional representation (V,r) of G is
diagonalizable (14.12). As G’ is diagonalizable,

v.riéh= @ W

XEX*(G)
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Moreover, G’ is contained in the centre of G (14.30), and so each V), is stable under G.
Therefore, we may replace V' with V, and assume that G’ acts through y. We now have a
diagram

e s G’ s G s G s e
IE I
e > Gm s GLy —~ GLy /Gy — e,

and it suffices to show that the representation of ¢~!(#(G”)) on V is diagonalizable. This
will be true if ¢ ~1(#(G")) is diagonalizable. But ¢ ~!(#(G")) is an extension of 7(G") by
Gm. Therefore, in order to prove A(G”,G’), it suffices to prove A(H,G,,) where H runs
over the quotients of G”.

For the case G” = G, or i1, (p the characteristic exponent of k) it suffices to prove
A(G,Gyy) and A(up, Gyy). In (16.35) (resp. 16.45) we prove that every extension of G,
by Gy, (resp. pp by Gy,) is commutative, and hence of multiplicative type (14.12).

If G” is neither G, or jip, then it contains one or the other as a proper normal algebraic
subgroup N (this is obvious from 14.9). Let G denote the inverse image of N in G, and
consider the diagram

e e
~ ~

e s G/ > G > N > e
H ~N g

e > G’ > G > G” > e

A
N
<
N

The group G is diagonalizable by the last case, and so G, being an extension of G”/N by
G, is diagonalizable by induction. O

COROLLARY 16.47. Let G and G’ be algebraic groups of multiplicative type with G
connected. The map

Ext!(G,G') — Ext, . (X*(G'),X*(G)), I =Gal(k*/k),
defined by the functor X* is a bijection.

EXERCISE 16-1. Show that there are no noncommutative extensions of &, by G, without
using p-Lie algebras (see mo183139).


http://mathoverflow.net/questions/183139




CHAPTER 1 7

The structure of solvable algebraic
groups

This chapter will be extensively revised for the final version.

a. Trigonalizable algebraic groups

DEFINITION 17.1. An algebraic group G is trigonalizable if every nonzero representation
of G contains a one-dimensional subrepresentation (equivalently, if every simple representa-
tion is one-dimensional).

In other words, G is trigonalizable if every nonzero representation of G contains an
eigenvector. In terms of the associated comodule (V, p), the condition means that there exists
a nonzero vector v € V such that p(v) = v ®a, some a € O(G).

For example, diagonalizable groups and unipotent algebraic groups are trigonalizable
(14.12, 15.2). We now show that the trigonalizable groups are exactly the extensions of
diagonalizable groups by unipotent algebraic groups. They are also the algebraic groups that
arise as algebraic subgroups of T}, for some n.

PROPOSITION 17.2. The following conditions on an algebraic group G are equivalent:
(a) G is trigonalizable;

(b) for every representation (V,r) of G, there exists a basis of V for which r(G) C Ty,
n=dmV;

(¢c) G isisomorphic to an algebraic subgroup of T, for some n;

(d) there exists a normal unipotent algebraic subgroup U of G such that G/ U is diagonal-
izable.

PROOF. (a)=(b). We use induction on the dimension of V. We may suppose that V' # 0;
then there exists a nonzero e in V' such that {ej) is stable under G. The induction hypothesis
applied to the representation of G on V/({e1) shows that there exist elements e»,...,e, of V
forming a basis for V//{e1) and such that, relative to this basis, G acts on V/{e;) through
T,—1. Now {ey,ez,,...,e,} is a basis for V with the required property.

(b)=(c). Apply (b) to a faithful finite-dimensional representation of G (which exists by
4.8).

(¢)=(d). Embed G into Ty, and let U = U, N G. Then U is normal because U, is
normal in T, and it is unipotent because it is an algebraic subgroup of a unipotent group

291
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(15.5). Moreover, G/U — T, /U, ~ G}, and so G/U is an algebraic subgroup of a
diagonalizable group; hence it is diagonalizable (14.9c¢).

(d)=(a). Let U be as in (d), and let (V,r) be a representation of G on a nonzero vector
space. Because U is unipotent, VY = 0, and because U is normal in G, V'Y is stable under
G (5.24). Hence G/ U acts on VY, and because G/ U is diagonalizable, VU is a sum of
one-dimensional subrepresentations (14.12). In particular, it contains a one-dimensional

subrepresentation. O

COROLLARY 17.3. Subgroups and quotients (but not necessarily extensions) of trigonaliz-
able algebraic groups are trigonalizable.

PROOF. Let H be an algebraic subgroup of a trigonalizable group G. As G is isomorphic
to an algebraic subgroup of T, so also is H. Let Q be a quotient of G. A nonzero
representation of Q can be regarded as a representation of G, and so it has a one-dimensional
subrepresentation. o

The group of 2 x 2 monomial matrices is an extension of trigonalizable algebraic groups
without itself being trigonalizable (17.8).

COROLLARY 17.4. Let G be an algebraic group over k, and let k' be a field containing k.
If G is trigonalizable, then so also is Gy.

PROOF. Anembedding G — T, gives an embedding G, < T, ;- by extension of scalars.q

PROPOSITION 17.5. Let G be an algebraic group that becomes trigonalizable over a sepa-
rable field extension of k. Then G contains a unique normal unipotent algebraic subgroup
G, such that G/ G,, is of multiplicative type; moreover, G,, contains all unipotent algebraic
subgroups of G.

PROOF. Let G be an algebraic group over k. A normal unipotent subgroup U of G such
that G/ U is multiplicative contains every unipotent algebraic subgroup V' of G, because the
composite V' — G — G/ U is trivial (15.17); in particular, there exists at most one such U.

Now suppose that there exists a finite Galois extension k’ of k such that Gy is trigo-
nalizable. According to (17.2d), Gy contains a U as above, which, being unique, is stable
under Gal(k’/ k), and therefore arises from an algebraic subgroup G,, of G (1.41). Now G,
is unipotent because (Gy,); is unipotent (15.9), and G/ G,, is of multiplicative type because
(G/Gy)y is diagonalizable (see the definition 14.16). 0

COROLLARY 17.6. An algebraic group G becomes trigonalizable over a separable field
extension of k if and only if it is an extension of a group of multiplicative type by a unipotent

group.

PROOF. Let G be an extension of a multiplicative group D by a unipotent group U. Then
Gpsep is an extension of Dysep by Ugsep, and Dysep is diagonalizable (14.16) and Ugsep is
unipotent (15.9). Therefore G is trigonalizable (17.2d). The converse is proved in the
proposition. O
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COMPLEMENTS

17.7. The algebraic group G, of G in (17.5) is characterized by each of the following
properties: (a) it is the greatest unipotent algebraic subgroup of G; (b) it is the smallest
normal algebraic subgroup H such that G/H is multiplicative type; (c) it is the unique
normal unipotent algebraic subgroup H of G such that G/H is of multiplicative type. It
follows from (c) that the formation of G,, commutes with extension of the base field.

17.8. Over an algebraically closed field, every commutative group variety is trigonalizable
(see 17.16 below), but not every solvable group variety is trigonalizable. In particular,
extensions of trigonalizable groups need not be trigonalizable. For example, the algebraic
group of monomial # X n matrices is solvable if n < 4 (see 5.55), but it is not trigonalizable if
n > 2. Indeed, let G be the group of monomial 2 x 2 matrices. The eigenvectors of D (k) C
G(k) in k? are e; = () and e, = (9) (and their multiples), but the monomial matrix (9 })
interchanges e and e, and so the elements of G(k) have no common eigenvector in k2.

17.9. Let G be as in (17.5) with k perfect. Let (V,r) be a faithful representation of G. By
assumption, there exists a basis of Vja for which (G )i a C Tj, and then (by definition)

r (Gu)kal = Ul’l mr(G)kal.

As Uy, (k™) consists of the unipotent elements of T, (k%), it follows that G, (k) consists of
the unipotent elements of G (k%):

Gu(k™) = G(k")u.

17.10. Let G be as in (17.5). Later (17.26 et seq.) we shall give various conditions under
which the exact sequence
l1-G,—>G—>G/G, — 1 (125)

splits.

17.11. Let G be a smooth algebraic group as in (17.5). Because the sequence (125) splits
over k% (see 17.27 below), G becomes isomorphic to Gy, x G/ Gy, (as a scheme) over k2,
and so Gy, is smooth. When £ is perfect, Gy, is the unique smooth algebraic subgroup of G
such that

Gu(k™) = G(k")u.

A smooth algebraic group G over a field k is trigonalizable if and only if its geometric
unipotent radical U (8.40) is defined over k and G/ U is a split torus.

ASIDE 17.12. The term “trigonalizable” is used in Borel 1991, p. 203, and Springer 1998, p.237. In
French “trigonalisable” is standard (e.g., DG IV, §2, 3.1, p.491). Other names used: “triangulable”;
“triagonalizable” (Waterhouse 1979, p.72).

ASIDE 17.13. InDGV, §2, 3.1, p. 491, a group scheme G over a field is defined to be trigonalizable
if it is affine and has a normal unipotent algebraic subgroup U such that G/ U is diagonalizable. This
agrees with our definition (see 17.2).

In Springer 1998, 14.1, a group variety over k is defined to be trigonalizable over k if it is
isomorphic to a group subvariety of T}, for some n. This agrees with our definition (see 17.2).
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b. Commutative algebraic groups

Let u be an endomorphism of a finite-dimensional vector space V over k. If the eigenvalues
of u all lie in k, then there exists a basis for V relative to which the matrix of u lies in

* % *
0 =
Tn(k) =
(11.10). We extend this elementary statement to sets of commuting endomorphisms, and
then to solvable group varieties over algebraically closed fields.

LEMMA 17.14. Let V be a finite-dimensional vector space over an algebraically closed
field k, and let S be a set of commuting endomorphisms of V. Then there exists a basis of
V for which S is contained in the group of upper triangular matrices, i.e., a basis ey, ..., ey
such that

u({et,...,ei)) C {e1,...,e;) foralli. (126)

In more down-to-earth terms, for any commuting set S of #n x n matrices, there exists an
invertible matrix P such that PAP ™! is upper triangular for all A € S.

PROOF. We prove this by induction on the dimension of V. If every u € § is a scalar
multiple of the identity map, then there is nothing to prove. Otherwise, there exists au € S
and an eigenvalue a for u such that the eigenspace V, # V. Because every element of S
commutes with u, V, is stable under the action of the elements of S: for s € S and x € V,,

u(sx) =s(ux) =s(ax) =a(sx).

The induction hypothesis applied to S acting on V, and V/ V, shows that there exist bases
€1,...,em for Vg and ey, 41, ...,e, for V/V, such that

u({e1,...,ei)) Cley,...,e;) foralli <m

U((m+1s---r€m+i)) C{(€m+1s--- em+i) foralli <n—m.
Let éy4i = emi + Vg with ey, 7 € V. Then ey, ..., e, is a basis for V satisfying (17). o

PROPOSITION 17.15. Let V be a finite-dimensional vector space over an algebraically
closed field k, and let G be a smooth commutative algebraic subgroup of GLy . Then there
exists a basis of V for which G 1is contained in T,.

PROOF. According to the lemma, there exists a basis of V for which G (k) C T, (k). Now
G NT,, is an algebraic subgroup of G such that (G NTy)(k) = G(k). As G(k) is dense in
G (see 1.9), this implies that G N T, = G, and so G C Ty,. o

COROLLARY 17.16. Every smooth commutative algebraic group G over an algebraically
closed field is trigonalizable.

PROOF. Let r:G — GLy be a representation of G. Then r(G) is a smooth commutative
algebraic group (5.8), and so it is contained in T, for some choice of a basis {ey,...,e,}.
Now (e ) is a one-dimensional subrepresentation of V. 0
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Let G be an algebraic group over a perfect field k, and let G(k)s (resp. G(k),) denote
the set of semisimple (resp. unipotent) elements of G (k). Theorem 11.17 shows that

G(k) =G(k)s xG(k), (product of sets). (127)

This is not usually a decomposition of groups because products do not generally respect
Jordan decompositions. When G is commutative, the product map m:G x G — G is a
homomorphism of algebraic groups, and so it does respect the Jordan decompositions
(11.20):

(88))s =858 (88))u = gugy,
(this can also be proved directly). Thus, in this case (127) realizes G (k) as a product of
abstract subgroups. We can do better.

THEOREM 17.17. Let G be a commutative algebraic group over a field k.

(a) There exists a greatest algebraic subgroup G5 of G of multiplicative type; this is a
characteristic subgroup of G, and the quotient G/ G is unipotent.

(b) Ifk is perfect, then G also contains a greatest unipotent algebraic subgroup G, and
G =Gy xGy

(unique decomposition of G into a product of a multiplicative algebraic subgroup and
a unipotent subgroup); when G is connected (resp. smooth) then Gs and G,, are both
connected (resp. smooth).

PROOF. (a) Let Gy denote the intersection of the algebraic subgroups H of G such that
G/H is unipotent. Then G/Gy — [[G/H is an embedding, and so G/ G is unipotent
(15.7).

A nontrivial homomorphism Gy — G, would have a kernel H such that G/H is an
extension of unipotent groups,

0—-Gs/H—>G/H—>G/Gs—0

(here we use that G is commutative), and hence is unipotent (15.7), but this contradicts
the definition of Gg. Therefore no such homomorphism exists and G is of multiplicative
type (14.24c). If H is a second algebraic subgroup of G of multiplicative type, then the
homomorphism H — G/ Gy is trivial (15.18), and so H C Gg. Therefore Gy is the greatest
algebraic subgroup of G of multiplicative type.

Let o be an endomorphism of G g for some k-algebra R. The composite

(Gs)r — Gr —> Gr — (G/Gs)g

is trivial (16.18), and so a(Gsgr) C Gsr. Hence Gy is characteristic (1.40).
(b) Assume that k is perfect. It suffices to prove that there exists a greatest unipotent
subgroup when k algebraically closed (1.41b, 15.9). We have an exact sequence

l1-Gs—>G—>G/Gg—> 1

with G/ G unipotent, and (16.44) shows that the sequence splits. Therefore, G = Gy x U
with U unipotent. For any other unipotent affine subgroup U’ of G, the homomorphism
U — G/U ~ T is zero (15.17), and so U’ C U. Therefore U is the greatest unipotent
algebraic subgroup of G. It follows that the decomposition is unique.

The last statement follows from the fact that G and G, are quotients of G. O
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COROLLARY 17.18. Let G be a smooth connected algebraic group of dimension 1 over a
perfect field. Either G = G, or it becomes isomorphic to G,, over k.

PROOF. We know that G is commutative (15.27), and hence a product G = G x Gy, of
algebraic groups. Because G is smooth and connected, so also are G5 and G, (they are
quotients of G). Either G = G, in which case it is isomorphic to G, (15.51), or G = Gy,
in which case it is a one-dimensional torus. O

COROLLARY 17.19. A smooth connected commutative algebraic group G over a pertect
field k is a product of a torus with a smooth connected commutative unipotent algebraic
group. When k has characteristic zero, every smooth commutative unipotent algebraic group
is a vector group (product of copies of G, ).

PROOF. Write G = G4 x Gy, (asin 17.17). Both G and G,, are smooth connected commu-
tative algebraic groups (because G is). A smooth connected algebraic group of multiplicative
type is a torus, and a connected commutative unipotent algebraic group in characteristic zero
is a product of copies of G, (15.32). o

NOTES. The first published proof that the only connected algebraic groups of dimension 1 are G,
and G, is that given by Grothendieck in Chevalley 1956-58 (Section 7.4).

COMPLEMENTS

17.20. The algebraic subgroup G of G in (17.17) is characterized by each of the following
properties: (a) it is the greatest algebraic subgroup of G of multiplicative type; (b) it is
the smallest algebraic subgroup H of G such that G/H is unipotent; (c) it is the unique
algebraic subgroup H of G of multiplicative type such that G/H is unipotent. It follows
from (c) that the formation of Gy commutes with extension of the base field. Therefore G
is connected (resp. smooth) if G is connected (resp. smooth) because it becomes so over k&
(17.17b).

17.21. Let G be a commutative group variety over a perfect field k. Then G = G x Gy,
where G4 and G, are the unique subgroup varieties of G such that Gy(k¥) = G (k%) and
Gu (k™) = G(k"),. Indeed, the groups Gy and G, in (17.17b) satisfy these conditions.
Thus, we have realized the decomposition (127) on the level of group varieties.

17.22. In general, G,, is not a characteristic subgroup. The argument in the proof of (17.17)
for G, fails because there may exist nontrivial homomorphisms Gyg — Gsg (16.19).

17.23. Tt is necessary that k be perfect in (b) of Theorem 17.17. Let k be a separably
closed field of characteristic p, and let k” be a (purely inseparable) extension of k of degree
p- Let G = (G be the algebraic group over k obtained from G,z by restriction of
scalars. Then G is a smooth connected commutative algebraic group over k. The canonical
embedding i: G, — G (2.37) has unipotent cokernel, and so realizes G, as the greatest
algebraic subgroup of G of multiplicative type. However, G contains no complementary
unipotent algebraic subgroup because G (k) = (k’)* has no p-torsion. (See Chapter 22 for
more details. The group G is a basic example of a pseudoreductive algebraic group.)
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c. Structure of trigonalizable algebraic groups

Recall that a trigonalizable algebraic group G has a greatest unipotent algebraic subgroup
Gy,; moreover, Gy, is normal, and G/ G, is diagonalizable (17.10).

THEOREM 17.24. Let G be a trigonalizable algebraic group over a field k. There exists a
normal series,
GDGyDOG;D---DGr=e

such that
(a) Go = Gy, and

(b) foreachi > 0, the action of G on G; /Gy by inner automorphisms factors through
G/ Gy, and there exists an embedding

Gi/Git1 = Gq
which is equivariant for some linear action of G/ G, on Gg.
PROOF. Choose an embedding of G in T},. From
e—>0U,—>T, LID)H —>e
we obtain an exact sequence
e—>GNU, > G —q(G)—e.

Let U be a unipotent subgroup of G. Then ¢(U) is unipotent and diagonalizable, hence

trivial. Therefore U C G NUy, and so Gy, “6n U, is the greatest unipotent subgroup of
G.
The group U, has a normal series

nn

U, =U©® 5.5 D 5 yt+h 5. 5 y™*5H — g

such that each quotient U@ /U @+1) 5 canonically isomorphic to G, ; moreover, T, acts
linearly on U¥ /U G+ through the quotient T, /U, (see 8.46).

Let GO = U® NG. Then GY is a normal subgroup of G and G® /G is an alge-
braic subgroup of UY) /U ¢+1 ~ G, . Therefore, we obtain an embedding of G /G +1)
into G, the group G acts on it through an action that extends to a linear action on G,, and
the action of G, C G is trivial. o

COROLLARY 17.25. Let G be a trigonalizable algebraic group over an algebraically closed
field k. There exists a normal series of G,

GDGu:GODGlD"DGs:e

such that, for eachi > 0,
(a) each quotient G;/Gj4 is isomorphic to Gg, ap, or (Z/ pZ);, and
(b) the action by inner automorphisms of G (resp. G ) on each quotient is linear (resp.

trivial).

PROOF. Immediate consequence of the theorem and Exercise 15-3. o
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THEOREM 17.26. Let G be a trigonalizable algebraic group over k. The sequence
e—>G,—>G—>D—e

splits in each of the following cases;
(a) k is algebraically closed;
(b) Gy is split (15.55);
(c) k is perfect and G/ Gy, is connected.

PROOF. If G = D, there is nothing to prove, and so we may suppose that G, # e. Let
N = G® be the last nontrivial group in the normal series for G, defined in (17.24). Then
G/ N is trigonalizable (17.3), and we have an exact sequence

e—>Gy/N—>G/N—>D—e (128)

with (G, /N) = (G/N),. By induction on the length of the normal series, we may suppose
that the theorem holds for G/ N .

With the notations of the proof of (17.24), we know that N is a subgroup of U @/ yl+ ~
Gyg, and that D acts linearly on G,. We therefore have an exact sequence

e—>N—>Gg—>Gy/N —e

on which D acts linearly. The quotient G,/ N is either trivial or isomorphic to G, (Exercise
15-3).

We now prove the theorem. Let §: D — G/ N be a section to (128), and form the exact
commutative diagram

e > N s G’ s D > e
[ LR
e s N y G —2 5 G/IN —— ¢

In each case, the top extension splits: (a) see (16.41d); (b) see (16.41a); (c) apply (16.41b)
and (16.41c¢) to the end terms of

e —> G, — Gy — 19(Gy) — e.

. def . .
Let s”: D — G’ be a section to G’ — D; then s = hos” is a section of G — D. O

THEOREM 17.27. Let
e—-U—->G—>D—e

be an extension of a diagonalizable group D by a unipotent group U over an algebraically
closed fieldk. If s1,52: D — G are two sections to G — D (as a homomorphism of algebraic
groups), then there exists au € U(k) such that s, = inn(u)osy.

PROOF. We begin with an observation. Let s: D — G be a section to G — D. When we
use s to write G as a semidirect product G = U x D, the remaining sections to G — D are
of the form d + (f(d),d) with f: D — U a crossed homomorphism. Such a section is of
the form inn(u) o s if and only if the crossed homomorphism f is principal (see 16.1).
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Let s and s1 be two sections to G — D. Let N be the last nontrivial term in the normal
series (17.24) for G. Let s = p os and form the commutative diagram

~

> G D
E
> /N

G 256G

N > > e

N

\
7
\
4

e

~
Q

Now s and p os; are two sections of
e—>U/N—->G/N—D—e.

By induction on the length of the normal series of G, there exists a u € (U/N)(k) such that
inn(it)o pos; = 5. Letu € U(k) lift i; then

poinn(u)os; =3,

and, by replacing s with inn(u) o 57, we may suppose that p os; = 5. From the construction
of G’ as a pull-back, we see that there exists a sections ¢,071: D — G’ such that s = hoo and
s1 =hooi. As H'(D,N) =0 (16.3), there exists a u € N(k) such that inn(x) oo = o7,
and therefore inn(u) o s = 51, which completes the proof. o

THEOREM 17.28. Let G be a trigonalizable algebraic group over an algebraically closed
field. The sequence
e—>G,—>G—>D—e

splits. Every diagonalizable subgroup of G is contained in a maximal diagonalizable
subgroup, the maximal diagonalizable subgroups are those of the form s(D) with s a section
to G — D, and any two maximal diagonalizable subgroups are conjugate by an element of
Gy (k).

PROOF. The first statement follows directly from (17.26). For the second statement, let s be
a section of ¢:G — D and let S be a diagonalizable subgroup of G. We have S NG, = e,
and so g induces an isomorphism of S onto ¢(S). Let G’ = ¢~ 1(¢(S)) and ¢’ = ¢q|G’. The
sequence

e Gy—G L5 q(s) > e

is split by s’ = s|g(S). As S is a section of ¢’, there exists by (17.26) a u € Gy (k) such
that S = inn(u)s’q(S). We deduce that S C inn(u)s(G/G,). This shows that s(G/G,,) is
a maximal diagonalizable subgroup of G, and that such subgroups are conjugate, which
completes the proof. O

COROLLARY 17.29. Let G be a smooth connected trigonalizable algebraic group over an
algebraically closed field. Then G, and G/ G, are smooth and connected, and there exists a
sequence

w=GoDGD---DGy=e

of smooth connected normal unipotent subgroups of G such that each quotient G; /G +1 is
isomorphic to G, with G acting linearly and G, acting trivially.
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PROOF. We know (17.27) that G ~ G,, x G/ G,, as algebraic schemes. It follows that G,
and G/ Gy, are smooth and connected. With the notations of the proof of (17.24), consider
the groups (G("));’ed — these are smooth connected unipotent subgroups of G,,. Moreover,
each g € G(k) normalizes G®, hence (G©)°, and hence (G©)° (k) = (G(i));’ed(k). As G
and (G ))fed are smooth and k is algebraically closed, this implies that (G ))fed is normal
in G (1.62). Finally, (G(i))fed /(GU +1))fed is a smooth connected algebraic subgroup of
u® /U G+1) which is isomorphic to G,. It is therefore either e or U @ /U G+1)  Therefore,

the groups (G ¢ ))fe 4» With duplicates omitted, form a sequence with the required properties.o

COROLLARY 17.30. Let G be a smooth connected unipotent algebraic group over an
algebraically closed field. There exists a sequence

Gy,=GypDG,D---DGy=e

of smooth connected normal unipotent subgroups of G such that each quotient is isomorphic
to G, with G acting trivially.

PROOF. Special case of 17.29. O

COROLLARY 17.31. Let
e—->D—->G—->U—e

be an exact sequence of algebraic groups over an algebraically closed field with D diagonal-
izable and U smooth connected and unipotent. The sequence has a unique splitting:

G~DxU.

PROOF. Because U is connected, it acts trivially on D (14.29). If s:U — G is a section,
then s(U) = Gy, and s is uniquely determined. We prove that a section s exists by induction
on the dimension of U. If dim(U) > 0, then G contains a central subgroup isomorphic to
Gg. Arguing as in the proof of (17.26), we find that it suffices to prove that there exists a
section in the case U = G, but this follows from (16.7). o

COROLLARY 17.32. Assume that k is algebraically closed. If U is smooth connected and
unipotent and D is diagonalizable, then

HY(U,D)=0= H*(U,D).

NOTES. Many of the results in this section hold for extensions of algebraic groups of multiplicative
type by unipotent groups — see SGA 3, XVii, 5.6.1, p.351. It will be rewritten for the final version.

d. Solvable algebraic groups

Recall that an algebraic group is unipotent if it admits a faithful unipotent representation, in
which case every representation is unipotent (15.3, 15.5). Therefore, an algebraic subgroup
U of an algebraic group G is unipotent if and only if the restriction to U of every finite-
dimensional representation of G is unipotent.

THEOREM 17.33 (LIE-KOLCHIN). Let G be a solvable algebraic group over k. If G is
smooth and connected and k is algebraically closed, then G is trigonalizable.
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PROOF. Assume the hypotheses, and let (V,r) be a simple representation of G. We shall
use induction on the dimension of G to show that dim(}') = 1. We already know this when
G is commutative (17.16).

Let N be the derived group of G. Then N is a smooth connected normal algebraic
subgroup of G (8.21) and, because G is solvable, dim(N) < dim(G). By induction, for
some character y of N, the eigenspace V), for N is nonzero. Let W denote the sum of the
nonzero eigenspaces for N in V. According to (4.17), the sum is direct, W = € Vy, and so
the set S of characters y of N such that V # 0 is finite.

Let x be a nonzero element of V) for some y, and let g € G(k). Forn € N(k),

ngx =g(g 'ng)x =g-x(¢g 'ng)x = x(g " 'ng)-gx

The middle equality used that N is normal in G. Thus, gx lies in the eigenspace for the

character & ] (n+— x(g~'ng)) of N. This shows that G (k) permutes the finite set S.
Choose a y such that V, # 0, and let H C G(k) be the stabilizer of ;. Then H consists
of the g € G(k) such that y& = y, i.e., such that

x(n) = y(g"'ng) forall n € N(k). (129)

Clearly H is a subgroup of finite index in G(k), and it is closed for the Zariski topology on
G (k) because (129) is a polynomial condition on g for each n. Therefore H = G (k) because
otherwise its cosets would disconnect G (k). This shows that G(k) (hence G) stabilizes V.

As V is simple, V =V, and so each n € N(k) acts on V' as a homothety x — y(n)x,
x(n) € k. But each element n of N(k) is a product of commutators [x, y] of elements of
G (k) (see 8.22), and so n acts on V as an automorphism of determinant 1. The determinant
of x > y(n)x is x(n)?, d = dim(V), and so the image of y: N — G, is contained in 4.
As N is smooth and connected, this implies that y(N) = e (8.10), and so G acts on V'
through the quotient G/ N. Now V is a simple representation of the commutative algebraic
group G/ N, and so it has dimension 1 (17.16). o

COROLLARY 17.34. A solvable algebraic group G becomes trigonalizable over a separable
extension of k if and only if (Gya), is defined over k.

PROOF. Suppose (Gra)y = (Gy)ra with Gy, an algebraic subgroup of G. Then Gy, is unipo-
tent, and G/ G,, is of multiplicative type, and so G becomes trigonalizable over a separable
extension of k by (17.6). Conversly, if G becomes trigonalizable over a separable extension
of k, then it contains a normal unipotent subgroup U such that G/ U is of multiplicative
type. Clearly Uga = (Gga)y. o

COROLLARY 17.35. Let G be a solvable algebraic group over an algebraically closed field
k, and let (V,r) be a finite-dimensional representation of G. Then there exists a basis of V

for which r(G°(k)) C T, (k).

PROOF. Apply the theorem to G° ,, and note that G,

red’ red(k) = Go(k)' O
17.36. All the hypotheses in the theorem are needed.

CONNECTED: The algebraic group G of monomial 2 x 2 matrices is solvable but not
trigonalizable (17.8).
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SMOOTH: Let k have characteristic 2, and let G be the algebraic subgroup of SL, of
matrices (¢ §) such that a> = 1 = d? and b? = 0 = ¢2. Then G is nonsmooth and
connected, and the exact sequence

a|—>(8 2) (‘Cl Z)H(ab,cd)
e U2 G Oy X0y ——> ¢

shows that it is solvable, but no line is fixed in the natural action of G on k2. Therefore
G is not trigonalizable. See Exercise 17-1. Note that G(k) = {e}.

SOLVABLE: This condition is necessary because every algebraic subgroup of T}, is solvable.

k ALGEBRAICALLY CLOSED: If G(k) C T, (k), then the elements of G(k) have a com-
mon eigenvector, namely, e; = (10 ... 0)". If k is not algebraically closed, then an
endomorphism of k" need not have an eigenvector. For example,

{(42) | abeR, a’+b*=1}

is a connected commutative algebraic group over R that is not trigonalizable over R.

THEOREM 17.37. Let G be a smooth connected solvable algebraic group over a perfect
field k.

(a) There exists a unique connected normal algebraic subgroup G,, of G such that G, is
unipotent and G/ G, is of multiplicative type.

(b) The subgroup G, in (a) contains all unipotent algebraic subgroups of G (it is the
greatest unipotent algebraic subgroup of G ), and its formation commutes with extension of
the base field.

(c) The subgroup G, in (a) is smooth and G/ Gy, is a torus; moreover, Gy, is the unique
smooth algebraic subgroup of G such that

Gu(k™) = G(k")u.
(d) Assume that k is algebraically closed, and let T be a maximal torus in G. Then
G=G,xT,

and every algebraic subgroup of multiplicative type in G is conjugate (by an element of
Gy (k)) to a subgroup of T .

PROOF. Theorem 17.33 shows that G becomes trigonalizable over a finite (separable)
extension of k, and so this summarizes earlier results (17.5, 17.7, 17.9, 17.28). As a scheme,
G is isomorphic to G, x T', which shows that G,, is smooth. o

PROPOSITION 17.38. Let G be an algebraic group over an algebraically closed field k. The
following conditions are equivalent:

(a) G is smooth, connected, and trigonalizable;

(b) G admits a normal series with quotients G, or G, (i.e., G is a split solvable algebraic
group);

(c) G is smooth and connected, and the abstract group G (k) is solvable.

(d) G is smooth, connected, and solvable.
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PROOF. (a)=(b). 17.29

(b)=(c). By induction, each term in the normal series G D G1 D --- is smooth and
connected. Moreover, G(k) D G1(k) D --- is a normal series for G (k) with commutative
quotients, and so G (k) is solvable.

(c)=(d). Recall (p.133) that the derived series for G is the normal series

G>DGDOD*GD---.

Each group D' G is smooth and connected (8.21), and D' +1(G)(k) is the derived group of
D (G)(k) (8.22). Therefore D' (G)(k) = e for i large, which implies that D' (G) = e of i
large. Hence the derived series terminates with e, and so G is solvable.

(d)=-(a). This is the Lie-Kolchin theorem (17.33). o

ASIDE 17.39. The above proof of Theorem 17.33 is essentially Kolchin’s original proof (Kolchin
1948a, §7, Theorem 1, p. 19). Lie proved the analogous result for Lie algebras in 1876.

ASIDE 17.40. The implication (c)=>(a) in (17.38) is sometimes called the Lie-Kolchin theorem.

e. Solvable algebraic groups (variant)

For group varieties over an algebraically closed field, Dokovi¢ 1988 gave a simpler approach
to the main theorems of this chapter. In the final version, this will be incorporated into the
rest of the chapter (see aside 18.46).

Throughout, G is a connected group variety and k is algebraically closed.

Let N be a normal algebraic subgroup of G, and let s € G(k). Then Cy(s) is the
subscheme of N on which n — sns~! agrees with the identity map.

PROPOSITION 17.41. Lets be a semisimple element of G(k), and let S be the closure of
the subgroup of G (k) generated by s. Then Cg (s) is smooth, and Cg(S) = Cg(s).

PROOF. The algebraic group S is linearly reductive, and s € S(k) is dense in S. Therefore
the statement is a special case of (14.61). o

LEMMA 17.42. Let N be a connected normal subgroup variety of G, and let s € G (k). If
N is commutative and unipotent, and s is semisimple, then Cy (s) is connected; moreover,
the map N x Cy(s) = N, u,v + [s,u]-v is surjective.

PROOF. As N is commutative, the regular map
N — N, uw|[s,ul,

is a homomorphism of algebraic groups. Its kernel is C (s), and we let M denote its image;
thus
dimN =dimM + dimCy (s) (130)

If x e (M NCy(s))(k), then x = sus 'u~! forsomeu € N, and sx ™! = x"1s = usu~!.

As usu~! is semisimple and x is unipotent, the uniqueness of Jordan decompositions implies
that x = 1. Hence the multiplication map

WM xCpy(s)— N

has finite connected kernel. Now (130) implies that it is surjective. As N is connected, so is
CN (S) O
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THEOREM 17.43. Let G be a connected solvable group variety, and let s be a semisimple
element of G(k). Then Cg(s) is connected and G = U - Cg (s) with U unipotent.

PROOF. We use induction on dim G. If G is commutative, then there is nothing to prove.
Otherwise, we let N denote the last nontrivial term in the derived series of G. The Lie-
Kolchin theorem implies that the derived group of G is unipotent, and so N is unipotent; it
is also connected, normal and commutative.

Write x + X for the quotient map G — G/N. Let z € G(k) be such that Z € C(5).
Then [s,z] € N, and so [s,z] = [s,u]-v for some u € N and v € Cy(s) (17.42). In other
words,

szsTlz7 b= gus™ly™! -V,

and so

zs lz7 = s =ty

As v is unipotent and commutes with ¥ and s, this implies that v = 1 because of the
uniqueness of the Jordan decomposition. Thus u~!z € Cg(s). We have shown that
Cg(s)(k) = Cg(5)(k) is surjective, which implies that Cg (s) — Cg(5) is surjective, be-
cause Cg (5) is smooth. Therefore, the sequence

e—>CN(s) > Cg(s) > Ci(5) —e

is exact. By induction, C () are connected; as Cy (s) is connected, so also is Cg (s) (5.52).

By induction, G = U -Cg (~§) with U unipotent. Let U denote the inverse image of U in
G. Then G = U -Cg(s), and U is unipotent because it is the extension of a unipotent group
U by a unipotent group N. O

LEMMA 17.44. Let S C T, (k) be a commuting set of semisimple elements. Then there
exists ab € Ty (k) such thatb=1Sbh c D,,.

PROOF. From elementary linear algebra, we know that there exists an a € GL,, (k) such that
aSa~! c D, (k). Hence, the subalgebra A of My, (k) generated by the elements of S is étale

over k. Let it act on k" by left multiplication. Foreachi, 1 <i <n, V;_; &f (e1,...,ej—1) s
an A-submodule of V; o (e1,...,ei). Because A is semisimple, there exists a v; € V; ~V;_;
such that Av; = (v;). Let b be the matrix whose ith column in v;. Then b € T}, (k) and
b~1Sh C D,. O

LEMMA 17.45. Let G be a connected solvable group variety. Let T be a subgroup variety
of G such that T (k) consists of semisimple elements. If G = U -T with U a unipotent
subgroup variety of G, then T isatorusand G = U xT.

PROOF. By the Lie-Kolchin theorem, we may assume that G is an algebraic subgroup of
some T;. From the quotient map T, — D, we get a short exact sequence

e—>U’—>Gi>D—>€

with U’ = U, NG a unipotent group and D a subtorus of D,. As p(U) = e, we have
UcU’,andsoG =U’-T. Now

D =p(G)=pU'-T)=p(T)

and so D = D° = p(T°). Hence G = U’-T°. From the finiteness of U’ N T° we conclude
that 7 = T°. In particular 7 is commutative, by Lemma 17.44 allows us to assume that
T CcDy,ie,T=D.AsT,=U,xD,andU cU'CcU,,T=DCD,,andG=U-T,
we conclude that G = U x T. o
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THEOREM 17.46. Let G be a connected solvable group variety. Then there is a connected
subgroup variety Gy, such that G, (k) = G(k)y, and G = G, x T with T a maximal torus
inG.

PROOF. We use induction on dim G. Assume first that G(k)s C Z(G) (k). Then G(k)s =
Z(G)s(k) is a closed subgroup of G, and G = Gy, - G5. The assertion then follows from
Lemma 17.45. Now assume that there exists a semisimple element s of G (k) notin Z(G)(k).
Then Cg (s) is proper smooth algebraic subgroup of G (14.55). By Theorem 17.43, it is
connected and G = Gy, - Cg (s). By the induction hypothesis, there exists a torus 7" such that
Cg(s)=Cg(8)y-T.Now G =Gy -Cg(s) =Gy -T,and G = Gy, x T (17.45). O

THEOREM 17.47. Let G = Gy, x T be a connected solvable group variety. Then every
semisimple element s of G (k) is conjugate to an element of T (k).

PROOF. We use induction on dimG. Let s = ut with u unipotent and ¢ € T'(k). If G is
commutative, then ¥ = 1 and s = ¢. Otherwise, let N denote the last nontrivial term in
the derived series of G. The Lie-Kolchin theorem implies that the derived group of G is
unipotent, and so N is unipotent; it is also connected, normal and commutative. By the
induction hypothesis, there exists an x € G (k) such that xsx~! = tv with v € N. By Lemma
17.42,v = [t~1,u]-z for some u € N and z € Cy(t). Hence

xsx ' =tv=utu"'z.
As xsx=! and utu~! are semisimple and z commutes with u and ¢, it follows that z = 1,

and so

-1 _ =1
XSX~ =utu . o

THEOREM 17.48. Let G be a connected solvable group variety, let T be a maximal torus of
G, and let S be a commuting set of semisimple elements of G (k). Then Cg (S) is connected,
andaSa~' C T for some a € G. In particular, all maximal tori in G are conjugate.

PROOF. We use induction on dim G. The assertions are obvious if S C Z(G) (k). Otherwise,
choose s € S~ Z(G)(k). By Theorem 17.47 we may assume that s € T. Then Cg(s) is a
proper subgroup variety of G containing 7" and S. By Theorem 17.43, Cg (s) is connected.
As it is solvable (8.13) and dim Cg(s) < dim G, we can apply induction to conclude the
proof. o

We finally describe the nilpotent group varieties.

THEOREM 17.49. A connected solvable group variety G is nilpotent if and only if one
(hence every) maximal torus in G is contained in Z(G).

PROOF. Assume that G is nilpotent. We prove that Gg = T C Z(G) by induction on G.
We may assume that G is not commutative. Let N be the last nontrivial term in the lower
central series of G. Let f be the quotient map x — ¥:G — G/N. Then G = f(G,T) =
(G)y - f(T). By the induction hypothesis, we have f(T) = (G)s; C Z(G). Consequently, if
teTandx€G,thenuZtxt~Ix 1 eN.AsN C Z(G)NGyand xtx ' =u"lt =ru™1,
we must have u = 1. Thus T C Z(G), and, by Theorem 17.47, Gy = T. The converse is
obvious. O

COROLLARY 17.50. The connected nilpotent group varieties are those of the form U x T
with U a unipotent group variety and T a torus.
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f. Nilpotent algebraic groups

We extend the earlier results for commutative algebraic groups to nilpotent algebraic groups.

Recall (8.12) that an algebraic group is nilpotent if it admits central subnormal series.
The last nontrivial term in such a series is contained in the centre of the group. Therefore,
every nontrivial nilpotent algebraic group has nontrivial centre (and the centre of a nilpotent
group variety of dimension > 0 has dimension > 0).

LEMMA 17.51. Let H' C H be normal algebraic subgroups of a connected algebraic group
G.IfH' and H/H’ are both of multiplicative type, then H is central and of multiplicative

type.

PROOF. It follows (14.32) that the action of G on H by inner automorphisms is trivial.
Therefore H is central, in particular, commutative, and so it is multiplicative (14.27). o

LEMMA 17.52. Let G be an algebraic group, and let T and U be normal algebraic sub-
groups of G. If T is of multiplicative type and G/ T is unipotent, while U is unipotent and
G/ U is of multiplicative type, then the map

tu)y—»tu:TxU — G, (131)
is an isomorphism

PROOF. Note that T NU = e (15.16). Elements r € T (R) and u € U(R) commute because
tut='u=l e (TNU)(R) = e, and so (131) is a homomorphism. Its kernel is T NU = e,
and its cokernel is a quotient of both G/ T and G/ U, hence both unipotent and multiplicative,
and hence trivial (15.16). o

LEMMA 17.53. Let G be a connected nilpotent algebraic group, and let Z(G)s be the
greatest multiplicative subgroup of its centre (17.17). The centre of G/ Z(G);s is unipotent.

PROOF. Let G’ = G/Z(G)s, and let N be the inverse image of Z(G’)s in G. Then N
and Z(G), are normal subgroups of G (recall that Z(G); is characteristic in Z(G)), and
N/Z(G)s ~ Z(G')s is of multiplicative type, and so N is central and of multiplicative type
(17.51). Therefore N C Z(G)s, and so Z(G')s = e. 0

LEMMA 17.54. A connected nilpotent algebraic group is unipotent if its centre is.

PROOF. Let G be a connected nilpotent algebraic group over k with unipotent centre
Z(G). It suffices to show that Ga is unipotent (15.9). This allows us to assume that k is
algebraically closed. We prove that G is unipotent by induction on its dimension.

Because G is nilpotent, Z(G) # e, and we may suppose that Z(G) # G. Let G' =
G/Z(G), and let N be the inverse image of Z(G')s in G. It suffices so show that (a) G/ N
is unipotent, and (b) N is unipotent.

(a) The group G/N ~ G’/ Z(G’);, which has unipotent centre (17.53), and so is unipo-
tent by induction.

(b) In the exact sequences

e—>Z(N)s—>N—>N/Z(N)s; —>e
e—Z(G)— N — Z(G)y —e,
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the groups Z(N)g and Z(G')s are of multiplicative type and Z(G) and N/Z(N)s are
unipotent. Therefore N >~ Z(N); x Z(G) (17.52), which is commutative. As Z(N ) is
characteristic in N (17.17), it is normal in G, and hence central in G (14.29). But Z(G) is
unipotent, and so Z(N)s = 0. We have shown that Z (N ) is unipotent, and so N is unipotent
(by induction). O

THEOREM 17.55. Let G be a connected nilpotent algebraic group. Then Z(G)y is the
greatest algebraic subgroup of G of multiplicative type; it is characteristic and central, and
the quotient G/ Z(G)y is unipotent.

PROOF. The quotient G/ Z(G )¢ has unipotent centre (17.53), and so it is unipotent (17.54).
Therefore, every multiplicative algebraic subgroup of G maps to e in the quotient G/ Z(G ),
(15.18), and so is contained in Z(G);. Therefore Z(G); is the greatest algebraic subgroup
of G of multiplicative type. It is obviously central. The same argument as in the proof of
(17.17) shows that it is characteristic. O

COROLLARY 17.56. Let G be a connected nilpotent algebraic group that becomes trigonal-
izable over k*°P. Then G has a unique decomposition into a product G = Gy X G5 with Gy,
unipotent and G of multiplicative type.

PROOF. Because G becomes trigonalizable over k*°P, it contains a normal unipotent sub-

group Gy, such that G/ Gy, is of multiplicative type (17.5). Therefore the statement follows
def

from (17.52) applied to G, and G5 = Z(G);. O

COROLLARY 17.57. Every smooth connected nilpotent algebraic group over a perfect field
k has a unique decomposition into a product of a torus and a connected unipotent group
variety.

PROOF. Such an algebraic group becomes trigonalizable over K by the Lie-Kolchin theo-
rem, and so we can apply (17.56). O

ASIDE 17.58. Corollary 17.56 fails for nonsmooth groups, even over algebraically closed fields —
see Exercise 17-1.

PROPOSITION 17.59. Let G be an algebraic group over an algebraically closed field k. The
following conditions are equivalent:

(a) G is adirect product of a smooth connected unipotent group with a torus;
(b) G admits a normal series with quotients G, or G,, on which G acts trivially.

(¢) G is smooth and connected, and the abstract group G (k) is nilpotent.

PROOF. To be added (SHS, Exposé 12, 5.3, p.345). o

NILPOTENT GROUP VARIETIES (CLASSICAL APPROACH)
This subsection will be omitted in the final version.

THEOREM 17.60. Let G be a connected nilpotent group variety over an algebraically closed
field k, and let Z = Z (G )red.

(a) Every semisimple element of G (k) is contained in Z (k).

(b) Let G be the greatest algebraic subgroup of Z of multiplicative type (see 17.17).
Then Gy is a torus containing every algebraic subgroup of G of multiplicative type, and

G = Gy xGy.
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PROOF. We prove (a) by induction on dimG. We may assume that G # e. Then Z # e
(because G is nilpotent), and we can apply induction to G/Z.

Let x be a semisimple element of G(k), and let y € G(k). The image of x in G/ Z is
semisimple, and so (by induction) yxy~! = zx with z € Z(k). Note that z = zyz,, with z,
zy € Z(G) (11.17 et seq.); hence zx = zgzy x5 = (Z5Xx5) - zy, 18 the Jordan decomposition of
zx. On taking unipotent parts, we find that

zy = (zx)y (because x is semisimple and z is central),

= (yxy D
=e (because x is semisimple).

Therefore z is a semisimple element of G (k). On the other hand, z belongs to the commutator
subgroup of G, which is contained in G, (by the Lie-Kolchin theorem). Therefore z = e.
As y was arbitrary, this shows that x lies in the centre of G (k).

We now prove (b). By definition, Gy is a subgroup variety of multiplicative type such
that G (k) = Z(k)s = G(k)s. On the other hand, G, is a normal unipotent subgroup variety
of G such that G, (k) = G(k), (17.37). Now G, N Ggz = e (15.16) and G = G,, G (because
G(k) = Gy (k)G (k)). It follows that G = Gy, xg G (5.35). But Gy C Z(G), and so 0 = 1:
we have G = G, X G. As G is connected, so are G, and Gy. In particular, Gy is a torus.

Finally, let S be an algebraic subgroup of G of multiplicative type. Because G, is
unipotent (17.37), the image of S under the projection map G — Gy, is trivial (15.18), and
so S C Gy. o

g. Split solvable groups

Recall (8.17) that a solvable algebraic group is said to be split if it admits a subnormal series
with quotients isomorphic to G, or G,. Clearly, a split solvable algebraic group is smooth
and connected. Quotients and extensions of split solvable algebraic groups are split solvable.

THEOREM 17.61 (FIXED POINT THEOREM). Let G be split solvable algebraic group act-
ing on a complete algebraic scheme X . If X (k) # @, then X © (k) # 0.

PROOF. Suppose first that G = G, or Gy,. Let x € X (k). If x is not fixed by G, then

lim;—ot - x is a fixed point (Section 14.k). In the general case G has a filtration G D
G1 D Gy D --- D G, D 0 with quotients G, or G,,. Now X(k) # 0 = X (k) # 0 =
XG"—‘(k);éQ)im. O

PROPOSITION 17.62. Every split solvable algebraic group is trigonalizable.

PROOF. Choose a faithful representation of G, and let G act on the algebraic scheme of
maximal flag. Then G fixes a flag, and so it is trigonalizable. O

PROPOSITION 17.63. Let G be an algebraic group over k. Each of the following conditions
implies that G is a split solvable group.

(a) k is perfect and G is trigonalizable, smooth, and connected.

(b) k is algebraically closed and G is solvable, smooth, and connected.

PROOF. (a) This follows from (15.56).

(b) By using the derived series, we can reduce to the case that G is commutative. Then
G is a product of a smooth connected diagonalizable algebraic group D with a smooth
connected unipotent algebraic group U. Now D is a split torus, and U is split by (a). O
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THEOREM 17.64 (ROSENLICHT). A reduced solvable algebraic group G is split if and
only if there exists a dominant map of schemes G,IX — G for some integer N .

PrOOF. DGV, §4, 3.9. O

Concretely, the theorem says that G is split if and only if there exists an injective
homomorphism of k-algebras

O(G) = k[T1,....Tn, T Y, TR

h. Complements on unipotent algebraic groups

PROPOSITION 17.65. Let G be a connected group variety over an algebraically closed field
k. If G contains no subgroup isomorphic to G,,, then it is unipotent.

PROOF. Let (V,r) be a faithful representation of G, and let F be the variety of maximal
flags in V (9.48). Then G acts on F', and there exists a closed orbit, say O ~ G/U. The
group U is solvable, and so, by the Lie-Kolchin theorem U2, C T, for some choice of basis.
Moreover, U N, = e, because otherwise U2, would contain a copy of G, and so U2,
is unipotent. Now G/ U_?, is affine and connected, and so its image in F is a point. Hence

G =Uy,;. O

COROLLARY 17.66. Let G be a connected group variety. The following conditions are
equivalent:

(a) G is unipotent;
(b) The centre of G is unipotent and Lie(G) is nilpotent;

(¢) For every representation (V,r) of G, Lie(r) maps the elements of Lie(G) to nilpotent
endomorphisms of V;

(d) Condition (c) holds for one faithful representation (V,r).

PROOF. (a)=-(c). There exists a basis for V' such that G maps into Uy, (see 15.3).

(¢)=(d). Trivial.

(a)=(b). Every algebraic subgroup, in particular, the centre, of a unipotent algebraic
group is unipotent (15.7). Apply Lie to a subnormal series in G whose quotients are
isomorphic to subgroups of G, (15.23).

(d)=>(a). We may assume that k is algebraically closed (15.9). If G contains a subgroup
H isomorphic to G, then V = ,,c;, Vi where h € H(k) acts on V;, as h”*. Then x €
Lie(H) acts on V;, as nx, which contradicts the hypothesis.

(b)=(a). If the centre of G is unipotent, then the kernel of the adjoint representation is
an extension of unipotent algebraic groups (15.25), and so it is unipotent (15.7). Suppose that
G contains a subgroup H isomorphic to Gy,. Then H acts faithfully on g, and its elements
act semisimply, contradicting the nilpotence of g. O

i. The canonical filtration on an algebraic group

THEOREM 17.67. Let G be an algebraic group over a field k.

(a) G contains a unique connected normal algebraic subgroup G° such that G/G° is an
étale algebraic group.
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Now assume that k is pertect.
(b) G contains a greatest subgroup variety Gq (Which is connected if G is).

(¢c) Let G be a connected group variety; then G contains a unique connected normal
solvable subgroup variety N such that G/ N is a semisimple algebraic group.

(d) Let G be a connected solvable group variety; then G contains a unique normal
unipotent subgroup N such that G/ N is of multiplicative type.

PROOF. (a) See (5.51).

(b) Because k is perfect, Greq is a subgroup variety of G (1.25). It is the greatest subgroup
variety, because O(Greq) is the greatest reduced quotient of O(G).

(c) The radical RG of G has these properties. Any other connected normal solvable
subgroup variety N of G is contained in RG (by the definition of RG), and if N # RG
then G/ N is not semisimple.

(d) See (17.59). o

Jj.-  Summary

A commutative algebraic group G over a field k contains an algebraic subgroup Gy of
multiplicative type such that G/Gg is unipotent. If k is perfect, then G also contains a
greatest unipotent subgroup G, and G ~ Gy, x G5 (unique decomposition).

An algebraic group G over k is trigonalizable if it satisfies any one of the following
equivalent conditions (a) every nonzero representation of G contains an eigenvector; (b)
every representation of G is trigonalizable; (c) G can be realized as an algebraic subgroup
of T}, for some n.

An algebraic group G over k becomes trigonalizable over a separable extension of k
if and only if it contains a normal unipotent algebraic subgroup G, such that D = G/ Gy,
is of multiplicative type; then G, is unique with this property, and contains all unipotent
subgroups of G. The extension e — G, — G — D — e splits if k is algebraically closed,

Every smooth connected solvable algebraic group over an algebraically closed field is
trigonalizable (Lie-Kolchin).

Let G be a connected nilpotent algebraic group over a field k. Then Z(G); is the greatest
algebraic subgroup of G of multplicative type; it is characteristic, and the quotient G/ Z(G )
is unipotent. If k is perfect and G is smooth, then G also contains a greatest unipotent
subgroup Gy, and G >~ Z(G)s x Gy, (unique decomposition).

Exercises

EXERCISE 17-1. (Waterhouse 1979, 10, Exercise 3, p. 79.) Let k have characteristic 2,
and let G be the algebraic subgroup of SL, of matrices (z 2') such that a> = 1 = d? and
b?>=0=c2.

(a) Show that G is a finite connected algebraic group.

(b) Show that the sequence

a|—>(a 0) (‘Cl 2)»—>(ab,cd)
e 7% G 0y X0y ——> ¢

is exact and that up, C ZG.
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(c) Show that G is nilpotent, but not commutative; in particular, G # y X (@2 X ot3).

(d) Show that the natural action of G on k? has no eigenvector. Therefore G is not
trigonalizable.

EXERCISE 17-2. Show that an algebraic group G is trigonalizable if and only if there exists
a filtration Co C C; C C, C --- of O(G) by subspaces C; such that

C) is spanned by the group-like elements of O(G),
UrZO Cr = O(G)’

(Waterhouse 1979, Chapter 10, Exercise 5, p.72).

EXERCISE 17-3. Let G be an algebraic group over a field k, and let &’ be a finite field
extension of k. Show that ITy//x G- is solvable if G is solvable. Hint: Use Exercise 2-3 and
(8.29) with k' = k.
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Borel subgroups; Cartan subgroups

a. Borel fixed point theorem

Throughout this section, G is a smooth connected solvable algebraic group over the field k.

THEOREM 18.1. Let H be an algebraic subgroup of G. Then G/H does not contain a
complete subscheme of dimension > 0.

PROOF. We may suppose that k is algebraically closed, and then that H is smooth because
the map G/Hyeq — G/H is finite (9.26). We prove the statement by induction on the
dimension of G. We may suppose that dim(G/H) > 0.

The derived group G’ of G is a smooth connected algebraic subgroup of G (8.21),
distinct from G because G is solvable. If G = G'- H, then G/H ~ G’/ (G' N H) (5.37),
and so the statement follows from the induction hypothesis.

In the contrary case, G # G’- H and the image H of H in G/G’ is a proper normal
subgroup. Its inverse image N = G- H in G is a normal algebraic subgroup of G such
that G/N ~ (G/G')/H (5.39). Moreover, N is smooth and connected because it is an
extension of such groups (5.52, 10.1).

Let Z be a complete subscheme of G/H — we have to show that dim(Z) = 0. We may
suppose that Z is connected. Consider the quotient map q: G/H — G/N. Because N is
normal, G/ N is affine (9.45), and so the image of Z in G/ N is a point (A.114). Therefore
Z is contained in one of the fibres of the map ¢, but these are all isomorphic to N/H, and so
we can conclude again by induction. O

COROLLARY 18.2. Let H be an algebraic subgroup of G. If G/H is complete, then
H=¢G.

PROOF. The theorem implies that dim(G/H) = 0. 0

Let y: G x X — X be an action of G on an algebraic scheme X over k, and let x € X (k).
Recall (Section 9.c) that the image of the orbit map u,:G — X, g — gx, is locally closed,
and that we define the orbit O through x to be ptx (G )red.

COROLLARY 18.3 (ALLCOCK 2009, THEOREM 2). No orbit of G acting on a separated
algebraic scheme X contains a complete subscheme of dimension > 0.

313
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PROOF. Let x € X (k). Because G is reduced, the orbit map p,: G — X factors as

faithfully immersion
X )

flat
and Oy is stable under G (9.4¢). The pair (Oy, x) is the quotient of G by G (9.22), and so
we can apply the theorem. O

COROLLARY 18.4 (BOREL FIXED POINT THEOREM). Every action of G on a complete
algebraic scheme X has a fixed point in X (k).

PROOF. We may replace k with its algebraic closure. Every orbit of minimum dimension is
closed (9.10), hence complete (A.120(a)), and hence consists of a single fixed point. o

COROLLARY 18.5. Let G act on a complete algebraic scheme X ; then the fixed scheme
X G is nonempty.

PROOF. The formation of X ¢ commutes with extension of the base field — this is obvious
from its definition (9.1) — and X 9 (k®) # @ (18.4). 0

The Borel fixed point theorem provides an alternative proof the Lie-Kolchin theorem.
COROLLARY 18.6. Ifk is algebraically closed, then G is trigonalizable.

PROOF. Choose a faithful representation G < GLy of V, and let X denote the collection
of maximal flags in V. This has a natural structure of a projective variety (9.48), and G acts
on it by a regular map

g F—gF:GxX —>X

where
g(Vn D Vn_l D"') :gVn DgVn_l IDREEIN

According to Corollary 18.4, there is a fixed point, i.e., a maximal flag such that gF = F for
all g € G(k). Relative to a basis ey, ..., e, of V adapted to the flag, i.e., such that eq,...,e;
is a basis of V; for each i, we have G C T},. o

NOTES

18.7. Those tempted to drop the smoothness condition on G should note that there exists a

connected nilpotent (nonreduced) algebraic group acting on P! without fixed points (Exercise
17-1).

18.8. Corollary (18.4) is Borel’s original theorem (Borel 1956, 15.5, 16.4), and (18.3) is
the correct generalization of it to the case that X is not necessarily complete. Here is Borel’s
original proof of (18.4): We use induction on the dimension of G, which we may suppose
to be nonzero. Because G is solvable, the derived group G’ of G is a connected normal
subgroup variety G’ with dim(G’) < dim(G) (8.21). By induction, the closed subvariety
ch{ of X is nonempty. Because G’ is normal, ng/ is stable under G. According to (9.10),
there exists an x € X G/(k) whose G-orbit Oy is closed. Let G, denote the isotropy group
at x; then G/ Gy >~ Oy (9.5, 9.22). Because G, D G’, it is normal in G, and so the quotient
G/ Gy is affine (9.45). It is connected (5.52), and Oy is complete, and so O, must be a
one-point scheme (A.114g).

18.9. Steinberg (1977, Oeuvres p.467) adapted Kolchin’s proof of the Lie-Kolchin theorem
to give a more elementary proof of the Borel fixed point theorem. In particular, his approach
avoids using quotient varieties. See v1.00 of these notes.
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b. Borel subgroups

Throughout this section, k is algebraically closed.

DEFINITION 18.10. Let G be a connected group variety over k (algebraically closed). A
Borel subgroup of G is a maximal connected solvable subgroup variety of G.

For example, every connected solvable subgroup variety of maximum dimension is a
Borel subgroup.

EXAMPLE 18.11. Let B be a Borel subgroup in GLy (V a finite-dimensional k-vector
space). Because B is solvable, there exists a basis of V for which B C T, (17.33), and
because B is maximal, B = T,. Thus, we see that the Borel subgroups of GLy  are exactly
the subgroup varieties B such that B = T,, relative to some basis of V. As GLy (k) acts
transitively on the set of bases for V, any two Borel subgroups of GLy are conjugate by
an element of GLy (k). More canonically, the Borel subgroups of GLy (and SLy) are the
stabilizers of maximal flags in V.

Let ¢ be a nondegenerate bilinear form on V. The Borel subgroups of SO(¢) are the
stabilizers of flags that are maximal with respect to the property that ¢ is trivial on each
subspace in the flag (they have length [dim(V")/2]). The Borel subgroups of the symplectic
group have a similar description. See later.

THEOREM 18.12. Let G be a connected group variety over k (algebraically closed).
(a) If B is a Borel subgroup of G, then G/ B is complete (hence projective 9.39).
(b) Any two Borel subgroups of G are conjugate by an element of G (k).

PROOF. We first prove that G/B is complete when B is a Borel subgroup of maximum
dimension. Apply (4.19) to obtain a representation G — GLy and a one-dimensional
subspace L such that B is the algebraic subgroup of G stabilizing L. Then B actson V/L,
and the Lie-Kolchin theorem gives us a maximal flag in V/ L stabilized by B. On pulling
this back to V', we get a maximal flag,

in V. Not only does B stabilize F, but (because of our choice of ;) it is the isotropy group
at F,and so G/B >~ B - F (9.5, 9.43). This shows that, when we let G act on the variety
of maximal flags, G - F is the orbit of smallest dimension (the dimension of G - F is the
codimension of G g, which is a solvable subgroup of G). Therefore G - F' is a closed (9.5),
and hence complete, subvariety of the variety of maximal flagsin V. As G/B~G-F,G/B
is complete (A.114).

To complete the proof of the theorem, it remains to show that for any Borel subgroups
B and B’ with B of maximum dimension, B’ C gBg~! for some g € G(k) (because the
maximality of B’ will then imply that B’ = gBg~!). Let B’ acton G/ B by left multiplication
(b',gB) — b'gB. The Borel fixed point theorem shows that there is a fixed point, i.e., for
some g € G(k), B'gB C gB. Then B’g C gB, and so B’ C gBg™! as required. 0

COROLLARY 18.13. Every unipotent group variety G is solvable.

PROOF. Let B be a Borel subgroup of G; we have to show that G = B. According to (4.19),
there exists a representation (V,r) of G such that B is the stabilizer of a one-dimensional
subspace L in V. As B is unipotent, LZ # 0 and so LB = L. For a nonzero x € L, the
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regular map g — gx:G/B — V, is an immersion (1.52). As G/ B is complete and connected
and V, is affine, the image of the map is a single point (A.114). Hence G/ B is a single point,
and so G = B. (For a more explicit proof of the corollary, see 15.23.) O

THEOREM 18.14. Let G be a group variety (not necessarily connected). Any two maximal
tori in G are conjugate by an element of G°(k).

PROOF. Let T and T’ be maximal tori. Being connected, they are both contained in G°,
and so we may suppose that G is connected. Being smooth, connected, and solvable, they
are contained in Borel subgroups, say T C B, T’ C B’. For some g € G(k), gB'g ' = B
(see 18.12), and so gT'g~' € B. Now T and gT’g~! are maximal tori in the B, and we

can apply the statement for connected solvable group varieties (17.37). o

COROLLARY 18.15. Let G be a connected group variety. Let T be a maximal torus in G,
and let H be an algebraic subgroup of G containing T. Then Ng(T')(k) acts transitively on
the set of conjugates of H containing T', and the number of such conjugates is

(NG (T)(k): N6 (T) (k) N H (k))
(Ne(H)(k): H(k)) ’

PROOF. Let gHg™!, g € G(k), be a conjugate of H containing 7. Then g7g~! and T
are maximal tori in gH g ™!, and so there exists an & € gH (k)g~'such that hgTg~'h~! =
T (18.14). Now hg € Ng(T)(k) and gHg™! = hgHg~'h™!, and so this shows that
Ng (T)(k) acts transitively on the set of conjugates of H containing 7.

We now write N(x) for Ng(x)(k). The number of conjugates of H containing 7T is

(N(T):(N(T)N H(k)))
(N(T)NN(H):N(T)n H(k))

(N(T):(N(T)NN(H))) =

Let g € N(H);then T and gTg~! are maximal tori in H, and so there exists an h € H (k)
such that higTg~'h~! = T ((18.14)), i.e., such that hg € N(T). As hg € N(H), this shows
that N(H) = H(k)-(N(T)N N(H)), and so the canonical injection

N(T)NN(H)  N(H)
NT)NH  H

is a bijection. Therefore
(N(T)NN(H):N(T)YNH)=(N(H):H),
which completes the proof of the formula. O

DEFINITION 18.16. Let G be a connected group variety. A pair (B,T) with B a Borel
subgroup of G and 7' a maximal torus of G contained in B is called a Borel pair.

Every maximal torus 7', being solvable, is contained in a Borel subgroup B. As any two
Borel subgroups are conjugate, it follows that every Borel subgroup contains a maximal
torus. This shows that every maximal torus and every Borel subgroup is part of a Borel pair
(B,T)

PROPOSITION 18.17. Let G be a connected group variety. Any two Borel pairs are conju-
gate by an element of G (k).
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PROOF. Let (B,T) and (B’,T’) be Borel pairs in G. Then B’ = gBg~! for some g € G(k)
(18.12). Now T’ and gTg~! are both maximal tori in B’, and so T’ = bgTg b~ for
some b € B(k) (17.37). Hence (B’,T’) = bg-(B,T)-(bg)~ . 0

Recall (17.37) that every connected solvable group variety H (over a perfect field)
contains a greatest unipotent algebraic subgroup Hy; it is a connected normal subgroup
variety of H.

PROPOSITION 18.18. Let G be a connected group variety. The maximal connected unipo-
tent subgroup varieties of G are those of the form B, with B a Borel subgroup of G. Any
two are conjugate by an element of G (k).

PROOF. Let U be a maximal connected unipotent subgroup variety of G. It is solvable
(15.23), and so it is contained in a Borel subgroup B. By maximality, it equals B,,. Let U’ =
B/, be a second such subgroup. Then B’ = gBg~! for some g € G(k), and (gBg™!), =
gBug~ L. m
DEFINITION 18.19. Let G be a connected group variety. A subgroup variety P of G is
parabolic if G/ P is complete (hence projective 9.39).

EXAMPLE 18.20. Borel subgroups are parabolic (18.12). Let V' be a finite-dimensional
k-vector space, and let F be a flag in V/, not necessarily maximal. The stabilizer P of F in
GLy is a parabolic subgroup of GLy . For example,

S O *x ¥
S O * ¥
* X ¥ *
* X ¥ x

is a parabolic subgroup of GL4.

THEOREM 18.21. Let G be a connected group variety. A subgroup variety P of G is
parabolic if and only if it contains a Borel subgroup.

PROOF. Suppose that P contains a Borel subgroup B. There is a regular map G/B — G/ P
(9.44). Because G/ B is complete and the map is surjective, G/ P is complete (A.114d).
Conversely, suppose that G/ P is complete, and let B be a Borel subgroup of G. Accord-
ing to (18.5), B fixes a point xP in G/ P. In other words, BxP = xP, and so P contains
the Borel subgroup x ! Bx of G. O

COROLLARY 18.22. A connected group variety contains a proper parabolic subgroup if
and only if it is not solvable.

PROOF. If G is not solvable, then every Borel subgroup is a proper parabolic subgroup. If
G is solvable, then a proper parabolic subgroup would contradict (18.1). O

COROLLARY 18.23. Let G be a connected group variety. The following conditions on a
connected subgroup variety H of G are equivalent:

(a) H is maximal solvable (hence Borel);

(b) H is solvable and G/H is complete;

(¢) H is minimal parabolic.
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PROOF. (a)=(b). Assume H satisfies (a). Because H is Borel, G/H is complete (18.12),
and so H satisfies (b).

(b)=(c). Assume H satisfies (b). Certainly it is parabolic. Let P be a parabolic
subgroup of G contained in H. Then P contains a Borel subgroup B of G (18.21) which,
being maximal connected solvable, must equal H. Hence P = H, and H is minimal.

(c)=(a). Assume H satisfies (c). As H is parabolic, it contains a Borel subgroup B
(18.21), which being parabolic, must equal H. O

PROPOSITION 18.24. Letq:G — Q be a quotient map of connected group varieties, and
let H be an algebraic subgroup of G. If H is parabolic (resp. Borel, resp. a maximal
unipotent subgroup variety, resp. a maximal torus), then so also is q(H ); moreover, every
such subgroup of Q arises in this way.

PROOF. From the universal property of quotients, the map G — Q/q(H ) factors through
G/H, and so we get a surjective map G/H — Q/q(H).

If H is parabolic, then G/H is complete. As G/H — Q /q(H) is surjective, this implies
that Q/q(H) is complete (A.114d), and so ¢(H ) is parabolic.

If H is a Borel subgroup, then ¢(H) is connected (5.52), solvable (8.13), and Q /q(H)
is complete, and so H is a Borel subgroup (18.23).

If H is a maximal unipotent subgroup variety, then H = B,, for some Borel subgroup
B (18.18), and ¢(H) = q¢(By) C g(B)y. Let g € g(B)y (k). Then g = g(b) for some
b € B(k). If b = bgby, is the Jordan decomposition of b, then g = q(bs) - q(by) is the
Jordan decomposition of g (11.20), and so g(bs) = e and g = ¢g(by,) € q(By). Hence
q(H) = q(B)y, which is a maximal unipotent subgroup variety of G (18.18).

If H is a maximal torus, then H is contained in a Borel subgroup B and B = B, - H
(17.37). Now

q(B) =q(By)-q(H) =q(B)y-q(H),

which implies that ¢ (H) is a maximal torus in the Borel subgroup ¢(B), and hence in Q.
Let B’ be a Borel subgroup of Q, and let B be a Borel subgroup of G. Then ¢g(B) is a
Borel subgroup of Q, and so (18.12) there exists a g € G(k) such that

B'=q(g)q4(B)q(g) "' =q(gBg™").

which exhibits B’ as the image of a Borel subgroup of G. The same argument applies to
maximal unipotent subgroup varieties and maximal tori of Q.
Let H' be a parabolic subgroup of Q. Then H’ contains a Borel subgroup B’, which we

def

can write B’ = ¢(B) with B a Borel subgroup of G. Now H = ¢~ !(H’) contains B, and
so it is parabolic, but g(H) = H'. o

PROPOSITION 18.25. Let B be a Borel subgroup of a connected group variety G, and let R
be a k-algebra. An automorphism of G g that acts as the identity map on Bp is the identity
map.

PROOF. We prove this first in the case R = k. Let o be an automorphism of G such that
a(x) = x for all x € B(k), and consider the regular map

§:G > G, x> alx)-x L.

Then § is constant on each coset of B, and so it defines a regular map §8:G/B — G (9.44).
As G/B is complete, 8 is constant (A.114), with value e. This shows that  agrees with
the identity map on G.
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In proving the general case, we use that, for an algebraic scheme X over k and a
k-algebra R,
Oxx(XRr) ~ R®Ox(X).

This is obvious if X is affine, and the general case can be proved by covering X with open
affines and applying the sheaf condition.

Let o be an automorphism of Gg such that «|Bg = id, and let §: Gg — GR be the
morphism such that, for every R-algebra R’, §(R'):G(R') — G(R’) sends x to a(x)-x~1.
Then § is constant on each coset of Bg, and so it defines a regular map

53
(G/B)gr ~ Gr/Br — Grg.

Because G is affine, we can embed it in A" for some n. The composite of the maps

§B i .
(G/B)r — Gr — A i Apg (pi the ith projection),

is an element of OG/B),((G/B)r) =~ R® Og/p(G/B). Because G/B is complete,
Og/B(G/B) = k, and so this map is constant. Hence 8B is constant, with value e. This
shows that « agrees with the identity map on G(R’) for all R-algebras R’, and hence on G
(Yoneda lemma A.28). o

PROPOSITION 18.26. Let B be a Borel subgroup of a connected group variety G. Then
Z(G)° Cc Z(B) c Cg(B) = Z(G).

PROOF. As Z(G)° is connected and commutative, it lies in some Borel subgroup. Because
all Borel subgroups are conjugate (18.12), it lies in our particular Borel subgroup B, and
hence in Z(B).

The inclusions Z(B) C Cg(B) and Z(G) C Cg(B) are obvious. Thus, let g € Cg(B)(R)
for some k-algebra R. Then inn(g) acts as the identity map on Bg, and so it is the identity
map on Gg (18.25). Thus Cg(B)(R) C Z(G)(R). As this is true for all k-algebras R,
Cg(B) C Z(G). o

PROPOSITION 18.27. Let G be a connected group variety. The following conditions are
equivalent:

(a) G has only one maximal torus;
(b) any (one or every) Borel subgroup B of G is nilpotent;
(¢c) G is nilpotent (hence G = B);

(d) any (one or every) maximal torus T of G is contained in the centre of G.

PROOF. (a)=>(b). Let B be a Borel subgroup of G, and let T be a maximal torus in B. Then
T is normal in B, because otherwise some conjugate of it by an element of B(k) would be
a second maximal torus in G (1.61). Because T is maximal, the quotient B/ T contains
no copy of Gy, (16.46), and so it is unipotent (17.65). It follows that B ~ T x U with U
unipotent (17.31), and both 7" and U are nilpotent (15.23).

(b)=(c). We use induction on the dimension of B. If dim(B) =0, then G = G/B
is both affine and complete, hence trivial. Thus, we may suppose that dim(B) > 0, and
hence that dim(Z(B)) > 0 (8.33). But Z(B) C Z(G) (18.26), and so Z(B) is normal in G.
The quotient B/ Z(B) is a Borel subgroup of G/Z(B) (18.24). By induction G/Z(B) =
B/Z(B),andso G = B.
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(c)=(d). The centre of a connected nilpotent group contains every subgroup of multi-
plicative type (17.55).
(d)=(a). Any two would be conjugate by an element of G (k) (18.14). 0

EXAMPLE 18.28. In particular, a connected solvable group variety is nilpotent if and only
it has exactly one maximal torus. For n > 1, the group T, is solvable but not nilpotent
because its maximal torus of diagonal matrices is not normal:

)G 6 =6 )

COROLLARY 18.29. Let G be a connected group variety. If all elements of G(k) are
semisimple, then G is a torus.

PROOF. Let (B,T) be a Borel pair in G. Then B = By, -T (17.37), and the hypothesis
implies that B, = e. Hence B is nilpotent,andso G = B =T. O

COROLLARY 18.30. Let G be a connected group variety.
(a) A maximal torus of G is contained in only finitely many Borel subgroups.
(b) For a Borel subgroup B of G, B = Ng(B)°.

PROOF. (a) Let T be a maximal torus in G, and let B be Borel subgroup containing 7.
After (18.15) it suffices to show that

(NG (T)(k):Ne(T)(k) N B(k)) < oo.

Recall (16.23) that N (T') is smooth and that N (T)° = Cg(T)°. As Ng(T)° contains a
maximal torus 7 in its centre, it is nilpotent (18.27), and so it lies in some Borel subgroup B’
containing 7. But Ng(7T')(k) acts transitively on the Borel subgroups containing 7" (18.15),
and so Ng(T)° lies in B. Hence

(Ng(T)(k): Ng(T)(k) N B(k)) = (Ng(T)(k): Ng(T)°(k)) < oo.

(b) Let B be a Borel subgroup of G, and let T be a maximal torus of G contained in
B. We saw in the proof of (18.15) that (Ng (B)(k): B(k)) divides (Ng(T)(k): Nag(T) (k)N
B(k)), and so it is finite. 0

COROLLARY 18.31. Let G be a connected group variety. If dimG < 2, then G is solvable.

PROOF. Let B be a Borel subgroup of G — we have to show that G = B. If dim B = 0,
then B is nilpotent, and so G = B =e. If dim B = 1, then we write B = B,,- T with T a
maximal torus in G (17.37). Either B = B, or B = T'. In each case, B is nilpotent, and so
G = B. Finally, if dim B = 2, then certainly G = B. o

The bound in (18.31) is sharp — SL; is not solvable.

PROPOSITION 18.32. Let T be a maximal torus in a group variety G, and let C = Cg(T)°.
Then C is nilpotent, and equals Ng (C)°.

PROOF. Recall (16.23) that C is smooth. The maximal torus 7" is contained in the centre of
C, and so C is nilpotent (18.27).

Now C has a unique decomposition, C = U x T with U unipotent (17.57). Every
automorphism of C preserves the decomposition. In particular, the action of Ng(C)° on
C by inner automorphisms preserves 7. By rigidity (14.29), the action of Ng(C)° on T is

trivial, and so Ng (C)° C Cg(T). Hence C C Ng(C)° € Ca(T)° E C. .
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COROLLARY 18.33. Let T be a maximal torus of a connected group variety G. Then
Cg(T)° is contained in every Borel subgroup of G containing T .

PROOF. Let B be a Borel subgroup containing 7. As Cg(T')° is connected and nilpotent, it
is contained in some Borel subgroup B’ of G. According to (18.14), B = xB’x~! for some
x € Ng(T), and so

Co(T)° =Cg(xTx™1)° =x(Cg(T)°)x~! C B. 5

REMARK 18.34. Let I denote the reduced identity component of the intersection of the
Borel subgroups of G: [ = (ﬂ BCG Borel B ):e - BY definition, this is a connected subgroup
variety of G. It is also solvable and normal (because Borel subgroups are solvable, and the
set of Borel subgroups is closed under conjugation). Every connected solvable subgroup
variety is contained in a Borel subgroup, and, if it is normal, then it is contained in all Borel
subgroups (21.32), and so it is contained in /. Therefore [ is the greatest connected solvable
normal subgroup variety of G, i.e.,

o

RG = (mBCG Borel B)red )

This is sometimes adopted as the definition of RG (e.g., in SHS, Vortrag 15, p.386).

c. The density theorem

Throughout this section, k is algebraically closed. Recall that we often write G for |G|
(underlying topological space of G) and that, because k is algebraically closed, we can
identify |G| with G (k).

LEMMA 18.35. Let G be a connected group variety, and let H be a connected subgroup
variety of G.

(a) If G/H is complete, then UgeG(k) gHg™! is a closed subset of G.

(b) If there exists an element of H (k) fixing only finitely many elements of |G/H |, then
UgeG(k) gHg ™! contains a nonempty open subset of G.

PROOF. Consider the composite of the maps

gxid

GxG — GxG 5 G/HxG
(x,y) = (x,xyx7h

where ¢ is the quotient map. We claim that the image S of G x H in G/H x G is closed.
As g xid is open (9.20), it suffices to show that (¢ x id)~1(S) is closed in G x G. But this
set coincides with 7(G x H), which is closed because t is an automorphism of G x G and
H is closed in G (1.27).

(a) Now assume that G/H is complete. Then (by definition) the projection map G/H x
G — G is closed. In particular, the image of S under this map is closed, but the image is
exactly Ugeg ) gHg L.

(b) Now suppose that there exists an & € H (k) whose set of fixed points in |G/H | is
finite. This means that the pre-image of 4 in S with respect to the projection from S to G is
finite. This implies that the dimension of § is the same as the dimension of the closure of its
image in G (A.99), and so the regular map S — G is dominant, which implies the second
statement (A.68). o
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PROPOSITION 18.36. Let G be a connected group variety, and let T be a torus in G. There
exists at € T (k) such that every element of G (k) that commutes with t belongs to Cg(T)(k)
(i.e., the centralizer of T in G is equal to the centralizer of t ).

PROOF. Choose a finite-dimensional faithful representation (V,r) of G, and write V as a
sum of eigenspaces V = @V, of T’ (14.12). For each pair (i, j) with i # j,let T;; = {t €
T(k) | xi(t) = xj(t)}. Then T;; is a proper closed subset of of 7'(k), and so there exists a
teT(k)~ Ui# ; Tij- If an element x of G (k) commutes with 7, then it stabilizes each Vy,,
and so it commutes with 7. o

THEOREM 18.37. Let G be a connected group variety.

(a) LetT be a maximal torus in G, and let C = Cg(T')°. Then UgeG(k) gCg~! contains
a nonempty open subset of G.

(b) Let B be a Borel subgroup of G. Then G = UgeG(k) gBg!.

PROOF. (a) As C is nilpotent (18.32) and 7T is a maximal torus in C, we have C = Cy, x C;
with Cs = T (see 17.60). Let ¢ € T'(k) be as in (18.36). We shall show that ¢ fixes only
finitely many elements of G/C, and so (a) follows from (18.35).

Let x be an element of G(k) such that txC = xC. As x~!tx is a semisimple element
of C, it lies in T. Hence, every element of 7 commutes with x~!7x or, equivalently, every
element of x7 x~!commutes with #. By the choice of ¢, this implies that xTx~! C C,
whence xTx~! = T. As conjugation by x on G stabilizes T, it also stabilizes C, and so
x € Ng(C). From (16.23), we know that NG (C)°® = C. Therefore xC + xNg(C)° is an
injection from the fixed point set for  in G/ C to the finite set NG (C)/Ng(C)°.

(b) Let 7' be a maximal torus of G contained in B, and let C = Cg(7T)°. Then C C B
(18.33), and so UgeG(k) gBg~! contains a nonempty open subset of G. As G/ B is complete,

UgeG(k) gBg!is closed in G (18.35), and so it equals G. O
COROLLARY 18.38. Let B be a Borel subgroup of G. Then

B = NG (B)y,

red*

PROOF. Clearly, B is a Borel subgroup of Ng(B);,,. As itis normal in Ng(B)g,, (b) of
the theorem shows that it equals Ng (B);.,;. O

COROLLARY 18.39. Let B be a Borel subgroup of G. Then B is the only Borel subgroup
of G contained in Ng(B).

PROOF. Suppose B’ C Ng(B). Then B’ C Ng(B),,; = B,and so B’ = B. 0

d. Centralizers of tori are connected

In this section we prove that the centralizer of a torus in a connected group variety is
connected (hence smooth and connected, 16.23). Since it suffices to prove this after an
extension of the base field, we suppose throughout that & is algebraically closed.

In the final version, Lemma 18.42 will be deduced more simply from Theorem 17.43
and Proposition 18.36.

LEMMA 18.40. Let G be a connected group variety, and let U be a commutative connected
unipotent subgroup variety of G. Let s be a semisimple element of G that normalizes U .
Then the centralizer of s in U is connected.
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PROOF. Let S be the closure of the subgroup of G (k) generated by s. As s is semisimple,
the algebraic group S is diagonalizable (14.26), and hence its centralizer US = U* in U is
smooth (16.21).

Let U (k) be the subgroup of U(k) consisting of the elements [s, u] & sus~lu~! with
u € U(k). We claim that US (k) N Ug (k) = {e}. To see this, let u € U(k) be such that [s, u]
lies in the intersection, say, [s,u] = v € U® (k). Then sus~! = vu, and so s™us ™™ = v"™u
for all m € Z. Therefore [s™,u] € U® (k) for all m € Z. Consider the map

x> [x,ul:S - U°®.

It is a homomorphism of group varieties. As S is diagonalizable and U is unipotent, it is
trivial (15.18). In particular, [s,u] = e, and so U® (k) N U (k) = {e}.
Now consider the map
U [s,u]:U — Us.

This is a surjective homomorphism of group varieties, and so Uy is connected. Its kernel is
U?, and so (5.19)
dim(U) = dim(U*) + dim(Uy). (132)

The homomorphism
(u,v) > uv:U*xUs - U

has kernel U* N Uy, which is finite, and so

dim((U*)°-Uy) = dim((U*)° x Uy) ‘2 dim(U).

It follows that
(U § )o xUs = U
is a surjective homomorphism of group varieties, and so

(U*)° (k) - Us(k) = Uk).

Let u € US(k). Then u = u® -ug with u® € (U*)° (k) and uy € Us(k). Butugz € US(k) N
Us(k) = {e}, and sou € (U*)° (k). Hence U* (k) = (U*)° (k), i.e., |U| = |(U*)°|, and so
US is connected. o

LEMMA 18.41. Let S be a torus acting on a connected unipotent group variety U. The
centralizer US of S in U is connected.

PROOF. Let G = U xS and let s € S generate a dense subgroup of S (see 18.36). Then
US =U*, and so (18.40) proves the statement when U is commutative.

We prove the general statement by induction on the dimension of U. Because U is
unipotent, it is nilpotent (15.23), and so it contains a nontrivial connected subgroup variety
Z in its centre (8.33). By induction, (U/Z)" is connected. Consider the exact sequence

1-272°=>U’— (U/Z)°.

We shall show that the last map is surjective. As Z* and (U/Z)* are connected, this will
show that U* is connected (5.52).

Let u € U(k) be such that uZ € (U/Z)* (k). Then sus~'u~! € Z(k). As s is dense in
S, this implies that xux~'u~=1 € Z(k) for every x € S(k). The regular map

8:8S > Z, x> xux ‘ul,
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is a crossed homomorphism, and so it is a coboundary (16.3), i.e., there exists a z € Z (k)

such that
xux tuTl = xzx7 171
forall x € S. Now z~lu € US(k). o

LEMMA 18.42. Let S be a torus in a connected solvable group variety G. Then Cg(S) is
connected.

PROOF. Let T be a maximal torus in G containing S. Then G = G,, x T with G,, unipotent
(17.37), and so
Co(S) =G5 xT.

By Lemma 18.41, G;f is connected, and so Cg (S) is connected. O

LEMMA 18.43. Let T be a torus in a connected group variety G. Then

Cg(T) C UTCB B
(union over the Borel subgroups of G containing T ).
PROOF. Letc € Cg(T)(k), and let B be a Borel subgroup of G. Let
X ={gBeG/B|cgB=gB}=(G/B)".

As c is contained in a connected solvable subgroup of G (18.37), the Borel fixed point
theorem (18.5) shows that X is nonemtpy. It is also closed, being the subset where the
regular maps gB +— cgB and gB +— gB agree. As T commutes with c, it stabilizes X, and
the Borel fixed point theorem shows that it has a fixed point in X. This means that there
exists a g € G such that

cgB=gB (hencecg € gB)
TgB =gB (hence Tg C gB).

Thus, both ¢ and T lie in gBg ™!, as required. O

THEOREM 18.44. Let T be a torus in a connected group variety G. Then Cg(T) is
connected.

PROOF. From (18.43) we know that
Co(T) =

As each Cp(T) is connected, and () Cp(T') # 9@, this implies that Cg (T') is connected. o

rcp CB(T)-

COROLLARY 18.45. Let T be a maximal torus in G. Then Cg(T) is contained in every
Borel subgroup containing T .

PROOF. If T C B, then Cg(T)° C B by (18.33). But Cg(T) = Cg(T)°. o

ASIDE 18.46. Theorem 18.44 is true for tori in algebraic groups (not necessarily smooth). For an
argument deducing this from the smooth case, see SHS Exposé 13, §4, p.358.

DEFINITION 18.47. Let G be a connected group variety. A Cartan subgroup in G is the
centralizer of a maximal torus.
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PROPOSITION 18.48. Let G be a group variety. Every Cartan subgroup in G is smooth,
connected, and nilpotent; any two are conjugate by an element of G(k); the union of the
Cartan subgroups of G contains a dense open subset of G.

PROOF. Let C = Cg(T) be a Cartan subgroup. Then C is smooth (16.23), connected
(18.44), and nilpotent (18.32).

Let C and C’ be Cartan subgroups, say, C = Cg(T) and C’ = Cg(T’) with T and T"
maximal tori. Then 7/ = gTg~! for some g € G(k) (18.14), and so

C'=Cg(gTg ) =g-Ce(T)-g ' =g-C-g7.

Let C be a Cartan subgroup of G. Every conjugate of C is a Cartan subgroup of G, and
we know (18.37) that | J 2cG() 8C g~ ! contains a nonempty open subset of G. O

COROLLARY 18.49. Let C = Cg(T) be a Cartan subgroup. Then C = Cy, x T with Cy,
unipotent.

PROOF. As C is nilpotent, we can apply (17.56). O

PROPOSITION 18.50. Let G be a connected group variety, and let B be a Borel subgroup
of G. Then Z(G) = Z(B).

PROOF. As Z(G) = Cg(B) (18.26) and Z(B) = Cg(B) N B, it suffices to show that
Z(G) C B. Let T be a maximal torus in G. Then Z(G) C Cg(T). As Cg(T) is connected
nilpotent subgroup variety of G (18.48), it is contained in some Borel subgroup B’. Now
B =gB'g ! forsome g € G(k),and gB'g~! D gZ(G)g™! = Z(G). 0

APPLICATIONS

THEOREM 18.51. Let G be a connected group variety. Let S be a torus in G, and let B be
a Borel subgroup containing S. Then Cg(S) N B is a Borel subgroup of Cg(S), and every
Borel subgroup of Cg (S) is of this form.

PROOF. Let C = Cg(S), and let 7: G — G/ B be the quotient map. To show that C N B
is a Borel subgroup of C, it suffices to show that 7 (C) is closed, hence complete, because
C/CNB >~ x(C) and we can apply (18.23).

As 7 is open, it suffices to show that C' B is closed (meaning, that the set |C || B| is closed
in |G|). Let CB be the closure of CB in G — it has the structure of a group subvariety
of G (see 1.31). Note that CB is connected because CB is the image of C x B under the
multiplication map.

For y =c¢b € CB with ¢ € C and b € B, we have

y ISy =b"tc"1Sch=b"1ShC B
because S C B. Therefore,
yeCB = y 'Sy cB.
Let ¢: B — B/B,, denote the quotient map, and consider the regular map

Yy:CBxS — B/By, (y.5) o(y~lsy).
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As CB is a connected (affine) group variety and S and B/B,, are of multiplicative type, the
rigidity theorem (14.29) shows that ¢(y~!sy) is independent of y, i.e., p(y~Lsy) = ¢(s)
for all y and s.

Let T be a maximal torus of B containing S. The map ¢ induces an isomorphism from
T onto B/B,. Let y € CB. Then y~1Sy is a torus in B, and so there exists a u € By,
such that u='y~1Syu C T (17.37). As CB-B C CB, we have CB - B C CB by continuity.
Therefore yu € CB, and so

1y Thsyu) = o((u) " s(yu)) = @(s)

o(u
forall s € S. But u~'y~lsyu and s both lie in 7 and ¢ is injective on 7', and so

u_ly_lsyu =s.

As this holds for all s € S, the element yu € C, and so y € CB. We have shown that CB is
closed.

For the second part of the statement, let By be a Borel subgroup of C, and let B be a
Borel subgroup of G containing S. Because B N C is a Borel subgroup of C, there exists
c e C(k)suchthat By=c(BNC)c~ L. Butc(BNC)c ' =cBc 'neCe ' =cBe™INC,
which prove the statement. o

e. The normalizer of a Borel subgroup

Throughout this section, k is algebraically closed.

LEMMA 18.52. Let H be a subgroup variety of a group variety G. If H contains a Cartan
subgroup of G, then Ng(H)° = H° (and so Ng(H) is smooth).

PROOF. Let N = Ng(H). As N D H, it suffices to show that dim N = dim H. Now
dimh =dim H <dim N <dimn,

and so it suffices to show that n = .

Assume that H contains the Cartan subgroup C = Cg(T'). Recall (12.31) that ¢ = g7
and n/h = (g/h)¥ . Because H D C, its Lie algebra h D ¢ = g7, and so there is an exact
sequence

0—h/g" —g/g" —g/h—0.

Because T is diagonalizable, its representations are semisimple (14.12), and so (g / gT)T —
(g/h)T is surjective and (g/g” )7 = 0. Therefore (g/h)7 = 0. But

(/D)7 > (@/n)" =n/b.
andson =h. O
THEOREM 18.53. Let B be a Borel subgroup of a connected group variety G. Then

B = Ng(B).
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PROOF. Every Borel subgroup contains a maximal torus (p.316), hence the centralizer of
such a torus (18.45), and so (18.52) shows that Ng (B) is smooth. Therefore it suffices to
show that Ng (B)(k) C B(k). We prove this by induction on dim(G). If G is solvable, for
example, if dim(G) < 2 (18.31), then B = G, and the statement is obvious.

Let x € Ng(B)(k). Let T be a maximal torus in B. Then xTx~! is also a maximal
torus in B and hence is conjugate to 7 by an element of B(k) (18.12); thus we may suppose
that T = xT x~!. Consider the homomorphism

1,—1

o:T —>T, tr>[x,t]=xtx" "t

If o(T)# T, then S £ Ker(¢)° is a nontrivial torus. Moreover, x lies in C £ Cg(9),
and normalizes C N B, which is a Borel subgroup of C (18.51). If C # G, then x € B(k)
by induction. If C = G, then S C Z(G), and we can apply the induction hypothesis to G/S
to deduce that x € B(k).

It remains to consider the case ¢(7T) = T. According to (4.19), there exists a representa-
tion r: G — GLy such that Ng(B) is the stabilizer of one-dimensional subspace L = (v) in
V . Then B, fixes v because B, is unipotent, and 7" fixes v because T C DG. Therefore
B = By, - T fixes v, and the map

g—r(g)vG—>V

factors through G/ B. Because G/ B is complete, this implies that the map has image {v},
and so G fixes v. Hence G = Ng(B), and so B is normal in G. Hence B = G (18.37), and
the statement is obvious. o

COROLLARY 18.54. Every subgroup variety P of G containing a Borel subgroup is con-
nected, and P = Ng(P).

PROOF. As P contains a Borel subgroup of G, it contains a Cartan subgroup (18.45), and
so Ng(P) is smooth (18.52). As P° C P C Ng(P), it suffices to show that P°(k) =
Ng (P)(k).

Let x € Ng(P)(k), and let B C P be a Borel subgroup of G. Then B and xBx~! are
Borel subgroups of P°, and so there exists a p € P°(k) such that

xBx™' = p(xBx~")p~' = (px) B(px)~!
(18.14). As px normalizes B, it lies in B(k) (18.53), and so
x=p '-pxeP°k)-Bk)=P°(k),
as required. o

REMARK 18.55. It follows from the corollary that the Borel subgroups of G are maximal
among the solvable subgroup varieties (not necessarily connected) of G. However, not every
maximal solvable subgroup variety of a connected algebraic group G is Borel. For example,
the diagonal in SO,, is a commutative subgroup variety not contained in any Borel subgroup
(we assume that n > 2 and that the characteristic # 2). It is a product of copies of (Z/27Z);,
and equals it own centralizer. If it were contained in a Borel subgroup of G, it would be
contained in a torus (17.37), which would centralize it.

COROLLARY 18.56. For every Borel subgroup B of G, B = Ng(By).
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PROOF. Let P = Ng(B,). As P contains B, it is connected. From the conjugacy of Borel
subgroups, it follows that By, is maximal in the family of connected unipotent subgroups
of G. Hence P /B, has no non-trivial connected unipotent subgroups. Therefore, if C is
a Borel subgroup of P/B,, then C is a torus, in particular nilpotent, and so P/B, = C
(18.27). As P/ B, is commutative, P is solvable, and so P = B. o

Let B be a Borel subgroup of G, and let B be the set of all Borel subgroups of G. We

define a map
y:(G/B)(k) - B, xBr> xBx!.

By (18.12) and (18.53), y is bijective. Let L be a subset of G(k), and let (G/B)L be the
fixed point set for L. Then y maps (G/B)~ bijectively onto the set B(L) of Borel subgroups
of G containing L.

COROLLARY 18.57. Let T be a maximal torus in G, and let B be a Borel subgroup of G
containing T. Then Ng(T) acts transitively (G/B)T .

PROOF. Clearly, (G/B)T is stable under the action of Ng(T). By the above, to say that
Ng (T) acts transitively on (G/B)T is equivalent to saying that Ng (T') acts transitively on
B(T) by conjugation. Let X,Y € B(T). There exists a g € G such that gXg~! =Y. Now
T and gTg™! are maximal tori in Y. Therefore, there exists a y € Y such that yg € Ng(T).
Since (yg)X(yg)~! =Y, this proves the transitivity. 0

It follows that the action of Ng(T') on (G/B)T factors through the finite group
NG(T)/NG(T)° = Ng(T)/Cg(T).

In particular, B(T) is finite. Finally, suppose that x is an element of Ng(T) such that
xBx~! = B. Then x € B by (18.53). Thus x € Ng(T). Hence, for every ¢ € T, we have

xtx 't7'eTN[B,B]C TNB, ={e},
so that x € Cg(T).
DEFINITION 18.58. Let 7' be a maximal torus in G. The Weyl group of G with respect to
T is
W(G.T) = Ng(T)/Cg(T).

Since all maximal tori are conjugate, the isomorphism class of the Weyl group is
determined by G. We have proved the following statement:

COROLLARY 18.59. Let T be a maximal torus in G. The Weyl group acts simply transi-
tively on the finite set of Borel subgroups of G containing T'.

COROLLARY 18.60. The map sending x € (G/B)(k) to its isotropy group G is a bijection
from (G/ B)(k) onto the set of Borel subgroups of G.

PrROOF. Immediate from the above. o

COROLLARY 18.61. B(k) is a maximal solvable subgroup of G (k).
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f. Borel and parabolic subgroups over an arbitrary base field

Throughout this section, G is a connected group variety over an arbitrary base field k.

DEFINITION 18.62. A Borel subgroup of G is a connected solvable subgroup variety B
of G such that G/B is complete.

According to (18.23), this agrees with the earlier definition (18.10) when k is alge-
braically closed. Let k’ be a field containing k; then an algebraic subgroup B of G is a
Borel subgroup if and only if By is a Borel subgroup of G- (1.14, 8.29). Thus the Borel
subgroups of G are exactly those that become Borel subgroups in the sense of (18.10) over
the algebraic closure of k.

A connected group variety need not contain a Borel subgroup (see 18.55). A reductive
group that does is said to be quasi-split.

If B is a Borel subgroup of G, then Ng(B) = B — this follows from (18.53) because
the formation of normalizers commutes with extension of the base field. Similarly

Z(G)° C Z(B) C Cg(B) = Z(G)

follows from (18.26).
Connected group varieties of dimension at most 2 are all solvable (18.31).

DEFINITION 18.63. A parabolic subgroup of G is a subgroup variety such that G/ P is
complete.

Let k’ be a field containing k; then an algebraic subgroup P of G is parabolic if and only
if Py is parabolic in Ggs. Every parabolic subgroup P of G is connected, and P = Ng(P)
(18.54).

A parabolic subgroup of G need not contain a Borel subgroup. For smooth algebraic
groups without Borel subgroups, the minimal parabolic subgroups play a role similar to that
of Borel subgroups in the quasi-split case.

g. Maximal tori and Cartan subgroups over an arbitrary base field

Throughout this section, G is a connected group variety over an arbitrary base field k.

PROPOSITION 18.64. Let S be a torus in G. Then Cg(S) is a smooth connected algebraic
subgroup of G.

PROOF. As the formation of centralizers commutes with extension of the base field, this
follows from (16.23) and (18.42). O

THEOREM 18.65. There exists a torus T in G such that Tja is maximal in Gja.

PROOF. For nilpotent G, this follows from (17.55). The general case is deduced by an
induction argument. To be included in the final version. See Springer 1998, 13.3.6. =

PROPOSITION 18.66. Let T be a torus in G, and let k' be a field containing k ; then T is
maximal in G if and only if Ty, is maximal in Gy.
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PROOF. Clearly a torus in G is maximal if and only if it is maximal in its centralizer, and so
(18.64) allows us to replace G with Cg (T') and assume that 7 is central (hence normal) in
G.

If T is maximal and central in G, then G/ T contains no nontrivial torus (16.46), and
s0 (G/T)ya contains no nontrivial torus (18.65). Hence (G/T)a is unipotent (17.65),
which implies that G/ T is unipotent (15.9), and it follows that (G/ T/ is unipotent. As
(G/T)y ~ Gy / Ty, the latter contains no nontrivial torus (15.16), and so T is maximal.

The converse is trivial. O

Let T be a torus in G. Then T is maximal in G if and only if it is maximal in Gpa.

THEOREM 18.67. Ifk is separably closed, then any two maximal tori in G are conjugate
by an element of G (k).

PROOF. Let T and 7’ be maximal tori in G, and consider the functor
X:Rw {geG(R)| gTrg ' =Tk}

When we let G act on itself by inner automorphisms, X is the transporter of 7" into 7, and
so it is represented by a closed subscheme of G (1.58). According to (18.14), there exists
age X(k¥). Then X = g- Ng(T) (inside G), and so X is smooth and nonempty; as k is
separably closed, X (k) # @ (A.61). a)

Even when k is not separably closed, any two split maximal tori are conjugate.
THEOREM 18.68. Any two split maximal tori in G are conjugate by an element of G (k).

PROOF. It is possible to deduce this from (18.67). See Borel and Tits 1965, 4.21, 11.6;
Conrad et al. 2010, Appendix C, 2.3, p. 506. The proof will be included in the final version
(probably in a later chapter). O

In general, the maximal tori in G fall into many conjugacy classes.

EXAMPLE 18.69. The torus D, is maximal in GL,, because D, (k*°P) is its own centralizer
in GL,, (k*°P). In fact, let A € M,,(R) for some k-algebra R. If

(I +Eij)A=A(l + E;;)

then a;; =0 = a;; for all j # i, and so A must be diagonal if it commutes with all the
matrices I + Ej;.

The conjugacy classes of maximal tori in GL,, are in natural one-to-one correspondence
with the isomorphism classes of étale k-algebras of degree n (see below). The (unique)
conjugacy class of split maximal tori corresponds to the étale k-algebra k x --- x k (n-copies).

Let V be a vector space of dimension . The split maximal tori in GLy are in natural
one-to-one correspondence with the decompositions V = V] @--- @V}, of V into a direct
sum of one-dimensional subspaces. From this it follows that they are all conjugate.

Let A =[], k; be an étale k-algebra of degree n over k. Let V =D, V; with V; a
one-dimensional k;-vector space. Then V' has dimension #, and GLy contains a maximal
torus with T'(k) = A = [[; k. On the other hand, let 7 be a maximal torus in GLy .
As a T-module, V' decomposes into a direct sum of simple 7-modules, V = P, V;. The
endomorphism ring of V; (as a T-module) is a field k; such that dimy; V; = 1, and GLy
contains a maximal torus T" with 7'(k) =[], k.
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DEFINITION 18.70. A Cartan subgroup of G is the centralizer of some maximal torus.

Thus, every Cartan subgroup is a nilpotent connected subgroup variety of G (18.64,
18.32).

THEOREM 18.71. Let G be connected group variety over k. If k is infinite, then G is
generated by the Cartan subgroups of its maximal tori.

PROOF. See Springer 1998, 13.3.6. The proof will be included in the final version. O

COROLLARY 18.72. Let G be a connected group variety over an infinite field. If the Cartan
subgroups of the maximal tori in G are unirational over k, then G is unirational (and G (k)
is dense in G).

PROOF. The hypothesis implies that there exists a surjective morphism Cy X ---x C, —> G
with the C; unirational, and so G is unirational. o

ASIDE 18.73. Let k be an algebraically closed field, and let F be a subfield. Let G be a linear
algebraic group over F in the classical sense (e.g., Springer 1998, 2.1), and let G’ be the corresponding

group variety over F in our sense. A Borel subgroup of G in the classical sense is a Borel subgroup
of G;.
k

Exercises

EXERCISE 18-1. Let G = B x T be a solvable group with 7" a split torus, and write
9= 00D PD,cr 9« With R a set of nonzero characters of 7. Assume that go = t and that
each go has dimension 1. Show that a homomorphism G — G must be the identity map if it
acts as the identity map on 7" and on R.






CHAPTER 1 9

The variety of Borel subgroups

Throughout this chapter, k is algebraically closed.

a. The variety of Borel subgroups

Throughout this section, G is a connected group variety. Let B denote the set of Borel
subgroups in G. Then G acts transitively on 3 by conjugation,

(g.B)— gBg :GxB—B (133)

(see 18.12).
Let B be a Borel subgroup of G. As B = Ng(B) (18.51), the orbit map g > gBg ™!
induces a bijection
¢p:G/B — B.

We endow the set B with the structure of an algebraic variety for which ¢p is an isomorphism.

Then the action (133) of G on B is regular and B is a smooth connected projective variety.

Let B’ = gBg~! be a second Borel subgroup of G. The map G ”ig;) G — G/B’

factors through G/ B, and gives a commutative diagram

G/B ™ G/p

[oo o

B—% B,
in which all maps except possibly ¢ g/ are regular isomorphisms, and so ¢p- is also a regular
isomorphism. In particular, the structure of an algebraic variety on B does not depend on the
choice of B.
The variety BB, equipped with its G-action, is called the flag variety of G.

LEMMA 19.1. Let S be a subset of G(k), and let BS = {B € B|s-B = B forall s € S}.
Then BS is a closed subset of B, equal to {B € B| B D S}.

PROOF. We have B5 = (1), B° where B° is the subset of B on which the maps x +> x
and x — sx agree. As BB° is closed, so also is BS. By definition, s- B = sBs~!. Hence

s-B=B <= s Ng(B) 85 p , from which the second part of the statement follows.q

333
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For example, if T is a torus in G, then BT consists of the Borel subgroups of G
containing 7.

Recall (18.58) that the Weyl group of G with respect to a maximal torus 7" is W(G,T) =
Ng(T)/Cg(T). By rigidity, Ng(T') acts on T through the finite quotient o (Ng(T)), and
as Cg(T) is connected, it equals NG (T)°, and so W(G,T) = mo(Ng(T)).

PROPOSITION 19.2. Let T be a maximal torus in G. Then W(G, T) acts simply transitively
on BT . Hence BT is finite.

PROOF. See 18.59. o
Thus, for any B € BT, the orbit map n + n- B:W(G,T) — BT is bijective.

PROPOSITION 19.3. Let ¢:G — G’ be a surjective homomorphism of connected group
varieties.
(a) The map B — ¢ (B) is a surjective regular map

(f)BZB—)B/

of flag varieties. If Ker(¢) is contained in some Borel subgroup of G, then ¢g is bijective.

(b) Let T be a maximal torus of G, and let T' = ¢(T'). Then ¢ induces a surjective ho-
momorphism W(¢): W(G,T) — W(G',T"). If Ker(¢) is contained in some Borel subgroup
of G, then W(¢) is an isomorphism.

PROOF. (a) That ¢ induces a surjective map of sets is proved in (18.24). The regularity
of ¢ follows from the definition of the algebraic structure on the flag varieties. If Ker(¢)
is contained in a Borel subgroup, then, since it is normal, it is contained in every Borel
subgroup, and so B = ¢! (¢(B)) for every B € B. This proves the injectivity.

(b) Recall (18.24) that 7' & ¢(T) is a maximal torus in G'. Let n € Ng(T). Then

p(m)P(T)p(n) ' =p(nTn™") =¢(T)

and so ¢(n) € Ng/(T'). If n € Cg(T), then a similar computation shows that ¢(n) €
Cg/(T'), and so the map n — ¢ (n) induces a homomorphism W(G,T) — W(G',T").

If BO T, then ¢(B) D ¢(T) = T’, and so ¢ maps BT into B'T". Forany B € BT, we
get a commutative diagram

w(G.T) 29 wG' 1)
1:1ln|—>n~B lzllm—m-qb(B)
BT ¢5 \ B/T’
Therefore W(¢): W(G,T) — W(G’, T') is surjective (resp. bijective) if and only if ¢p: BT —
BT is surjective (resp. bijective).

Let B € B'T". There exists a By € B such that ¢(Bg) € BT'. Then ¢(T) € ¢(By), and
soT € ¢~ 1 (¢(Bo)) = P, which is a parabolic subgroup of G containing By. Now T is a
maximal torus of P, and so it is contained in a Borel subgroup B of P. But By is also a
Borel subgroup of P, and so B and By are conjugate in P, which implies that B is a Borel
subgroup of G. This proves the surjectivity.

Finally, if Ker(¢) is contained in Borel subgroup, then ¢: B — B’ is injective, which
implies that its restriction to BT — B’ T is injective. o
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NOTES

19.4. In the course of proving (19.3), we showed that, if P is a parabolic subgroup of G
and B a Borel subgroup of P , then B is also a Borel subgroup of G.

19.5. Let G be a connected group variety, and let X be a projective variety of maximum
dimension on which G acts transitively. Let o € X, and let G, be the isotropy group at o.
Then G/ G, >~ X. As X is projective of maximum dimension, G, is parabolic of minimum
dimension, and hence a Borel subgroup of G (18.23). The map x — G is a G-equivariant
isomorphism of algebraic varieties X — B.

If X is not of maximum dimension, then its points correspond to the elements of a
conjugacy class of parabolic subgroups of G (see 18.54).

b. Decomposition of a projective variety under the action of a torus
(Biatynicki-Birula)

Our goal is to study the decomposition of B under the action of various tori in G, but first
we obtain some general results.
When G acts on an affine algebraic scheme X, we let g € G(k) act on f € O(X) by

§f=fog .

LUNA MAPS

19.6. Let u: Gy, x X — X be alinear action of G, on a projective variety X (9.35), and
let x € X(k). Then either x is fixed by G, or its orbit Oy in X is a curve with exactly two
boundary points, namely, lim;—o 5 (¢) and lim;— oo itx (¢), and these are exactly the fixed
points of the action of G, on Ox. This statement is an immediate consequence of (14.47).

19.7. Let X be an affine algebraic scheme over k equipped with an action of a torus 7', and
let x € X(k)T. Let my, C O(X) be the maximal ideal at x. Because the representations of T
are semisimple (14.22), there exists a T '-stable complement to m)zc in my, i.e., a k-subspace
W of my, stable under T, mapping isomorphically onto my /m2. The inclusion W — O(X)
extends uniquely to a k-algebra homomorphism Sym; (W) — O(X), which defines a regular
map ¢: X — (Tx X)q (cf. 14.76). The map ¢ is T-equivariant and sends x to 0; it is étale if
and only if x is smooth. A map

p: X = (TxX)a

arising in this way is called a Luna map.

Let X be an algebraic scheme equipped with an action of G, and let x € X (k). If x is
fixed by G, then G, acts on the tangent space 7y X, which therefore decomposes into a
direct sum

TeX = @PTu(X)i
i€z
of eigenspaces (so ¢ € T'(k) acts on Tx(X); as multiplication by #%). We call i the weight of
(TxX);. Let

Tx+X = ED(TXX ); (contracting subspace)

i>0

T X = P(TeX)i.

i<0
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Let m, denote the maximal ideal at x; then
Ty (X) = Hom(my /m2, k),
and so the weights of G, on Ty (X) are the negatives of those on my /m?2.

EXAMPLE 19.8. Let Gy, act on X = A" according to the rule
t(xX1,..,xn) = ("™ xq,...,t™"x,), m; >0.

The only fixed point is 0 = (0,...,0). The maximal ideal at 0 in O(X) = k[T1,...,Ty]
is m = (T1,...,T,), and the weights of G, acting on m/m2 are —my, ..., —my. The
k-vector space W spanned by the symbols 7} is a G,,-stable complement to m? in m, and
the corresponding Luna map X — Sym(W) is the identity map A" — A”. Note that the
weights of G, on T,(X) are my,...,my.

PROPOSITION 19.9. Let X be a connected affine algebraic variety over k equipped with
an action of G, and let x € X (k) be fixed by G,,. If the weights of G,, on Ty X are
nonzero and all of the same sign, then every Luna map ¢: X — Ty X is a closed immersion
(isomorphism if x is smooth), and x is the only fixed point of T in X (k).

PROOF. After possibly composing the action with ¢ — ¢ ~1, we may suppose that Ty X =
ToX.Let A= O(X) and let my C A be the maximal ideal at x. Then 4 = @, ., A; and
my = P;c;m; where t € G, (k) acts on A; and m; as multiplication by ¢'. As A/m, =k,
we have A; = m; for all i # 0. Let ¢ be the Luna map defined by a G, -stable complement
W to m? in m (19.7). As the weights of G, on T, X are strictly negative, its weights on W
are strictly positive: W = €, o W;. The canonical map
Sym/ (W) — m /m*!

is surjective, and so (mi/mi“)i =0fori <O0.

We now prove the proposition in the case that X is irreducible. In this case A is an
integral domain; henpe it embeds into Ay, , and the Krull intersection theorem (for Ay, )
implies that [ >0 my% = 0. Therefore a nonzero element of m, of weight i gives a nonzero
element of weight i in m%/ m{cH for some j. It follows that m; = 0 for i < 0. Now

Ao=k. A =0 fori<0, my=EP4;.

i>0

and so the graded Nakayama lemma (19.10 below) shows that the canonical map Symy (W) —
A is surjective, which means that the Luna map ¢: X — Symy (W) is a closed immersion.

Because the weights of G, on Ty X are strictly negative, lim; oo fz =0 forall z € To, X
(14.46). It follows that lim; sz = x for all z € X, and so x is the unique fixed point in X
(by 19.6). This completes the proof in the irreducible case.

Now assume only that X is connected. Because G, is connected, every irreducible
component of X is stable under G,. Let X be an irreducible component of X containing x.
Then x = lim;_, o ¢z for all z € X (see above). Let X’ be a second irreducible component
of X. Then X; N X’ is a nonempty closed subset of X stable under G,,. Let z € X1 N X’;
then x = lim; otz € X1 N X’. Therefore x lies in X', and in every other irreducible
component of X.

Let X1,..., X, be the irreducible components of X. Then X; corresponds to a (minimal)
prime ideal p; C my in 4, and (), p; = O (because X is reduced). From the Krull intersection
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theorem applied to the rings A /p;, we find that (1), 5 mJ C p; forall i, and so (j>o0 ms = 0.
Now the same argument as in the irreducible case applies.

Finally, if x is smooth, then it is irreducible and dim(X) = dim T (X), and so the closed
immersion X < (T X), is an isomorphism. o

LEMMA 19.10 (NAKAYAMA’S LEMMA FOR A GRADED RING). Let A = @, A, be a

graded commutative k-algebra with Ag = k. Let I & A, be the irrelevant ideal,
n>0

and let E be a graded k-subspace of A such that Yt = E @ 9M?. Then the canonical map
Symy (E) — A is surjective.

PROOF. The image of Symy (E) — A is the k-subalgebra k[E] generated by E. Leta € A,.
We prove by induction on n that a,, € k[E]. Certainly this is true if n = 0, and so we may
suppose that a € 9. There exists an e € E such that a —e € 92, and so we may suppose
that a € 2. Write a, = > i bic; with b; and ¢; homogeneous elements of 9t. The equality
remains true when we omit any terms b; ¢; with deg(b;) + deg(c;) # n. For the remaining
terms, deg(b;) < n and deg(c;) < n, and so b;, ¢; € k[E]. a)

BIALYNICKI-BIRULA DECOMPOSITION

LEMMA 19.11. Let (V,r) be a finite-dimensional representation of a torus T. Then P(V')
admits a covering by T -stable open affine subsets.

PROOF. Let {e1,...,e,} be a basis of eigenvectors for the action of T on V/, and let
{e).....ey} be the dual basis. Then the sets D(e) E (] e P(V) | e’ (v) # 0} form
a covering with the require properties. O

THEOREM 19.12. (Biatynicki-Birula decomposition) Let (V,r) be a finite-dimensional
representation of G,, and let X be a smooth closed connected subvariety of P(V') stable
under G,,,. Forx € X®m | let

X(x)={ye|X||limt-y =x}.
t—0
(a) The set X(x) is locally closed in | X |, X (X)req ~ A"*) with n(x) = dim T} (X), and

x= || x.

xeX©

(b) If X(k)®m is finite, then there is a unique fixed point x_ (called the attracting point)
such that X (x_) is open (and dense) in X, and a unique fixed point x* (called the
repelling point) such that X (x+) = {x*}.

EXAMPLE 19.13. Let G, act on X = P" according to the rule

1(xgi X xn) = (tO%0:e- 1t xji et xp).

i
The fixed points are Py,..., P, with P; = (0:---:0:1:0:---:0). On the open affine neigh-
bourhood
Ui = {(x0:+-:xi:++:%n) | x; # 0}
of P;, the action is

1(xgi:lieeixy) = (17 xgi e Lieee it xy).
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It follows that '
X(P;) ={(0:-:0: L xj 4100 xp) ) 2 A",

Certainly,
P*" = X(Py)U...UX(Py),

and Py is the attracting point and P, is the repelling point.

PROOF. (a) Let x € X(k) be a fixed point of G,,. Let U = Spm(A4) be an open affine
containing x and invariant under G, (19.11), and let m, C A be the maximal ideal at x. Let
@:U — (Tx X),4 be the Luna map at x defined by a G,,-stable complement W to m)zc in my.
Let Y be the connected component of ¢~ }(TF X) containing x; it is a closed G,-stable
subset of U, which we regard as a subvariety of U':

U __2_%'(TQX3a

closed]\ closed]\

Y
y - (1 x),.

We shall show that ¢|Y is a Luna map.
Write
w=w-ew=" w-=@w., w*=gpWw.

i<0 i>0

By definition, Y is the zero-set in U of the subset W=? of A. Hence
dimX —dimY <dimWw=°
(A.41). As X is smooth, dim X = dim 7 (X) = dim W, and so this implies that
dimY > dimW —dimW=% = dim W ™. (134)

The ring O(Y) is the quotient of A by the radical a of the ideal in A generated by the
elements of W9, and so the cotangent space to Y at x is

T (Y)Y = (my/a)/(m? +a/a) ~ my/(m2 + W=0) ~ W, (135)
From (134) and (135) we find that dim Y > dim 7% (Y'), hence
dimY =dim 7Ty (Y) =dimW™.

It follows that Y is smooth at x, that Tx(Y) = T (X), and that ¢|Y is the Luna map defined
by W™ . Hence ¢|Y is an isomorphism (19.9).

We next show that ¥ = X(x). Let y € X(x), so that lim; o7 -y = x. The orbit O,,
contains x in its closure, and so meets U. But U is G,,-invariant, and so O, C U. On
applying ¢ to lim;—o7-y = x, we find that lim;—o7 - @(y) = 0, and so ¢(y) € T X.
Hence y € Y. Conversely, let y € Y. Then ¢(y) € T X, and so lim;—¢ 7 -¢(y) = 0. Hence
y € X(x).

As X(x) =Y, itis closed in U. Hence it is locally closed in X, and so X(X)req =
TH(X),.

Finally, let z € X. Then either z is fixed by G,,, or its orbit O; in X is a curve with
exactly two boundary points lim;—o ¢z and lim;— # z, and these are exactly the fixed points



b. Decomposition of a projective variety under the action of a torus (Biatynicki-BirulaB39

of G, acting on 0, (see 19.6). Let x = lim;—oz; then x is fixed by Gy, and z € X(x).
This completes the proof of (a).

(b) Assume that X (k)® is finite, so there are only finitely many sets X(x). Each set
X (x) is open in its closure, and so there is unique point x_ such that X(x_) is dense in X .
Note that, for x € X,

X(x)isdensein X <= X(x)isopenin X
= Tu(X) =TS (X)
< dim(X(x)) = dim(X).

By considering the reciprocal action (i.e., composing with ¢ > 1), we see that there is
a unique point x4 such that Ty (X) = Ty (X). Note that, for x € X,

To(X) =T, (X) < dim(X(x") =0 < X(xT)={xT}. 5

Let (V,r) be a finite-dimensional representation of a torus 7. Let X be a closed
irreducible subvariety of P(1') stable under 7. Recall (21.19) that there exists a cocharacter
A:G,, — T such that P(V)G» =P(V)T. On applying (19.12) to the action of A(G,,) on X,
we obtain a decomposition

X=| ] X(x.1), X(x.M)={yeX| lim A1)y = x}.

xexT

where X (x,A) is an affine space, isomorphic to the contracting subspace of A(G,) on the
tangent space Ty X. If X T is finite, then there exists a unique attracting fixed point x_ and a
unique repelling point x 4.

LEMMA 19.14. Forevery x € X7, the set
Ux)={yeX|xeT: y;
is an open affine in X .

PROOF. Let A be as in (21.19), so P(V)2En) = P()T. On applying (19.12), we see
that there exists a unique point x_ € X7 such that X(x_, ) is open in X; moreover,
Tx_ (X) = T (X). We shall show that U(x_) = X(x_, ).

If lim; o A(¢)y = x_, then x_ € T -y, and so X(x_,1) C U(x_). Conversely, let
y € U(x_).The intersection X(x_,A) N T -y is then a nonempty open subset of 7 - y. We
deduce that X(x—,A)NTy # 0. As A(Gy,) commutes with T, the action of T leaves
X(x_,A) stable, and so Ty C X(x—,A). Therefore y € X(x_, 7). o

Recall (9.37) that a closed immersion X < IP(}') is nondegenerate if X is not contained
in P(W) for any subrepresentation W of V.

PROPOSITION 19.15. Let (V,r) be a finite-dimensional representation of a torus T, and let
X be a closed irreducible subvariety of P(V') stable under T'. Assume that the embedding
X — P(V) is nondegenerate and that X (k)T is finite. Let Z be the set of characters of T
occurring in V. Let A be a cocharacter of T such the the integers (y,A), x € &, are distinct.

(a) Let y— € & be such that (y—,A) is minimum. Then V,,_ has dimension 1, and the
line Vy_ belongs to X . It is the unique attracting point of A(G,,) in X .
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(b) Let x4 € & be such that (y+,A) is maximum. Then Vy__ has dimension 1, and the
line Vy, belongs to X. It is the unique repelling point of A(Gp,) in X

PROOF. (a) Since the projective embedding X — P(V) is nondegenerate, there exists a line
[v] € X withv =3 cgvy, vy € Vy, vy_ #0. Then

lim [A(r)v] = [oy_J:

in particular, x_ = [v,_] is a fixed point of X. The action of A(G,) on the tangent space
Tx_(P(V)) has no dilating vectors. We deduce that x_ is an attracting fixed point of X
because we know that X has only isolated fixed points. Moreover, as X is irreducible, it is
the unique attracting fixed point in X. We deduce that, if [v'], v = v;(, lies in X, then
vg( € [vy]. Again, because X — P(V') is nondegenerate, dim(V,_) = 2. We have also shown
that the line V,,_ belongs to X, and that it is the unique attracting fixed point of A(G,,) in X.

(b) Apply (a) to —A. o

c. Chevalley’s theorem on the Borel subgroups containing a
maximal torus

Let G be a connected group variety. Recall (18.34) that

R(G) = (ﬂBCG Borel B)jed '

The following is a more precise statement.

THEOREM 19.16. (Chevalley’s theorem). Let G be a connected group variety, and let T be
a maximal torus in G. Then
red

RM(G) T = (ﬂBDT Borel B)

Ry, (G) = (mBDT Borel Bu)red )

In other words, | Ry (G) - T'| is the identity component of (g7 orer | B> and | Ry (G)|
is the identity component of (g7 orel | Ru(B)|.
Before proving the theorem, we list some consequences.

o

COROLLARY 19.17. Let S be a subtorus of a connected group variety G. Then
Ry (C6(S)) = Ru(G)N Cq(S).
In particular, Cg (S) is reductive if G is reductive.

PROOF. Let S act on G by conjugation. Then Cg(S) = G5, and so R,(G) N Cg(S) =
R, (G)S. This shows that R,,(G) N Cg(S) is smooth and connected (16.21, 18.41). As it is
unipotent (15.7) and normal in Cg (S), it is contained in Ry, (Cg(S)).

For the reverse inclusion, it suffices to prove that R, (Cg(S)) C Ry (G). Let T be a
maximal torus containing S. For any Borel subgroup B of G containing 7, BN Cg(S) is a
Borel subgroup of Cg (S) (18.51), and so B D Ry, (Cg(S)). Therefore

Ru(Cs($) < (N

19.16
- )md 2% Ry(G)- T,

and so
Ru(Cg(S)) C(Ru(G)-T), = Ru(G). O
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COROLLARY 19.18. Let S be a torus acting on a connected group variety G. Then
Ru(G%) = Ru(G)°.

PROOE. Let G’ = G xS. Then Cg/(S) = G5 and Ry (G’) = Ry(G), and so

Ru(G®) = Ry(Cg/(S)) "ET Ry(G') N Cg/(S) = Ry(G)S. .

COROLLARY 19.19. Let G be a reductive group over a field k (not necessarily algebraically
closed).

(a) IfT is a maximal torus, then Cq(T) =T.
(b) We have Z(G) C (7 maximai I+ if k is algebraically closed, then

Z(G)red = ( m T) .
red

T maximal
(¢) If S is a torus in G, then Cg(S) is reductive and connected.

PROOF. (a) The torus 7 remains maximal over k¥ (19.19), and so we may suppose that k
is algebraically closed. Every Borel subgroup containing 7" contains Cg (T") (18.45), and
Cg(T) is smooth and connected (16.21, 18.41), and so

o

Co(T) C (ﬂBEBT B)red 1218 R (G) T =T

(b) Certainly, Z(G) C (1 maximai CG (T) = (7 maxima1 I - Conversely, if g lies in the
intersection of all maximal tori, then it commutes with all elements of all Cartan subgroups,
but these elements contain a dense open subset of G (18.48), and so g € Z(G)(k).

(c) The algebraic group Cg (.S) is smooth and connected (16.21, 18.41), and

Ru(CG(S)ga) ' = Ru(Gra) N Cg, o (Sga) = e. -

Recall that for an algebraic group D = D (M) of multiplicative type, the greatest torus
in Dis Dy = D(M/ Myys).

COROLLARY 19.20. Let G be a reductive group over a field k (not necessarily algebraically
closed).

(a) The centre Z(G) of G is of multiplicative type.

(b) R(G) =Z(G);.

(¢) The formation of R(G) commutes with extension of the base field.
(d) The quotient G/ R(G) is semisimple.

PROOF. (a) Let T be a maximal torus in G; then Z(G) C Cg(T) =T, and so Z(G) is of
multiplicative type.

(b) The subgroup variety Z(G); is normal in G (1.63). It is also connected and com-
mutative (by definition), and so Z(G); C R(G). Conversely, R(G)ya C R(Gga), which
is a torus because Ry, (Gra) = e. Therefore R(G) is a torus. Rigidity (14.29) implies that
the action of G on R(G) by inner automorphisms is trivial, and so R(G) C Z(G). Hence
RG C Z(G);.
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(c) The formation of the centre, and the greatest subtorus, commute with extension of
the base field, and so this follows from (b).

(d) We have
©
(G/R(G))kdl >~ Gkal/R(G)kal >~ Gkal/R(Gkal),
which is semisimple (8.39). By definition, this means that G/ R(G) is semisimple. o

COROLLARY 19.21. Let G be a reductive group over an infinite field k. Then G is unira-
tional, and so G (k) is dense in G.

PROOF. Let T be a maximal torus in G. Then Cg(T) = T, which is unirational (14.41),
and so the statement follows from (18.72). o

COROLLARY 19.22. Let G be a connected group variety over a perfect infinite field. Then
G is unirational, and so G (k) is dense in G

PROOF. Study the exact sequence
e—> R,G—->G—G/R,G —e

using that G/ R,, G is reductive (because k is perfect). o

ASIDE 19.23. Let S be a torus in a reductive group G. The classical proof (e.g., Borel 1991, 13.17)
of (19.19¢) only shows that Cg (S ),eq is reductive. However, together with (16.21), this proves that
Cg (9) itself is reductive.

ASIDE 19.24. Let G be a connected group variety. The formation of R, (G) does not commute
with inseparable extensions of the base field. See Example 8.43.

d. Proof of Chevalley’s theorem (Luna)

THEOREM 19.25 (KOSTANT-ROSENLICHT). Let G be a unipotent algebraic group acting
on an affine algebraic variety X . Then every orbit in X is closed.

PROOF. Let O be an orbit of G in X. After replacing X with the closure of O, we may
suppose that O is dense in X. Let Z = X ~ 0. As Z # X, the ideal I(Z) in O(X) is
nonzero. Because Z is stable under G, the ideal /(Z) is stable under G, and because G is
unipotent, there exists a nonzero f € I(Z)% (15.2). Because f is fixed by G, it is constant
on O, and hence also on X. Hence /(Z) contains a nonzero scalar, and so Z is empty. g

For example, the orbits of U, acting on k2 are the horizontal lines, which are closed.

THEOREM 19.26 (LUNA). Let G be a connected group variety, and let T be a maximal
torus in G. For all Borel subgroups B of G containing T,

def

B(B)y={B'€B|BeT-B}

is an open affine subset of BB, and it is stable under I,,(T).
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PROOF. Let r:G — GLy be such that B is the stabilizer of a line [v] and such that the
projective embedding G/ B — P(V') is nondegenerate. Let X denote the image of B in P(1)
— it is a closed irreducible subvariety of P(V') stable under G. A Borel subgroup B of G
corresponds to a point x € X fixed by T, and B(B) corresponds to the set

def

Uc={yeX|xeT- y.
Thus, we have to show that Uy is an open affine subset of X stable under / & u(T).

That Uy is an open affine subset of X is proved in (19.14).

Let V = P,z Vy be the decomposition of V' into eigenspaces for the action of 7', and
let A:G,, — T be a cocharacter of T such that the integers (A, y), x € &, are distinct.

Let y— € & be such that (A, y_) is minimal. Then V,_ has dimension 1 and V_ is the
unique attracting point x_ of X. We have seen (19.15) that the Uy_ is the open cell X,_(4).
It is the set of [v] € X such that v =) v, with V,_ # 0.

Let 7V:G — GL(VV) be the contragredient of r. Let V+ be the hyperplane in V'V
orthogonal to v— € V. If there exists a vector v such that the orbit Gv" is entirely
contained in this hyperplane, then (gv—_,vY) = 0 for all g, which implies that v¥ = 0
because the vectors gv_ generated V. It follows that every orbit G[vY] in P(VY) meets the
affine complement P(VY) ~ VL. But the action of A~1(z), z € G,,, contracts this affine
space to [vY], which shows that the orbit G[vY] is closed. Let P denote the stabilizer of
vY. It is a parabolic subgroup of G containing 7'. It contains a Borel subgroup B such that
T C B C P. Therefore I C P. Therefore, it fixes the line [vV] and dually it leaves invariant
the open X_(A).

For another fixed point x of X7, there exists an n € N(T') such that n(x_) = x. It
suffices to replace A with n(1). o

PROOF OF CHEVALLEY’S THEOREM 19.16

It suffices to show that I,,(T) acts trivially on B, i.e., that B = B/«(T) because then I,,(T)
is contained in all Borel subgroups of G, and so

° 18.34

L(T) (chG BorelB>red = R(G);

as I,,(T') is unipotent, this implies that
1y(T) C R(G)y = Ru(G).

We now show that I,,(T) acts trivially on 3. Any nonempty closed orbit of 7" acting on
B is complete, and so contains a fixed point (18.5), and so the orbit itself is a fixed point.

Note that the (open affine) varieties B(B), B € BT, cover B. Indeed, for any B’ € B,
the closure of its 7-orbit T - B’ contains a closed T -orbit and hence T'-fixed point; i.e., there
exists a B € BT such that B € T - B’. This means that B’ € B(B).

Let B’ € BB; we have to show that the orbit 7,,(T) - B’ consists of a single point. Because
I,(T) is solvable and connected, there is a I,,(T)-fixed point B” in I,,(T) - B’ (18.5). This
point is contained in some B(B) for B € BT . The set B~ B(B) is closed and I,,(T)-stable
and so, if it meets the orbit 7, (T) - B/, then it has to contain I,,(T") - B’ and hence also B”,
which is a contradiction. Thus I,,(T) - B’ is contained in B(B). As I,,(T) is unipotent and
B(B) is affine, the Kostant-Rosenlicht theorem shows that 7,,(7T") - B’ is closed in B(B). But
B’ lies in the closure of I,,(T)- B’ and in B(B), and so B” lies in the I,,(T)- B’. As it was
a fixed point, the orbit I,,(T) - B’ is trivial.
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e. Proof of Chevalley’s theorem (following SHS)

This is a free translation of part of SHS, Exposé 16, La Grosse Cellule. It will be omitted in
favour of Luna’s proof. Recall that & is algebraically closed.

COMPLEMENTS ON CONNECTED UNIPOTENT ALGEBRAIC GROUPS

LEMMA 19.27. Let U be a connected unipotent group variety, and let V be a proper
connected subgroup variety. Then

VI# |N(V)°].

In particular, if V' is of codimension 1 in U, then it is normal in U, and U/ V is isomorphic
to G,.

PROOF. We argue by induction on dim(U). The statement being trivial if dim(U) = 1, we
may suppose that dim(U) > 1. Then U contains a subgroup Z in its centre isomorphic to
Gg (15.23). If Z C V', we apply the induction hypothesis to V/Z C U/Z. Otherwise, V Z
is a connected subgroup variety of U normalizing V' and properly containing it. O

LEMMA 19.28. Let U be a connected unipotent group variety, and let V' be a connected
subgroup variety of U. Let T be a torus acting on U and normalizing V. Suppose that for
exactly one subtorus S of T of codimension 1, VS has codimension 1 in U, and for every
other such subtorus S’, US" C V. Then V has codimension 1 in U..

u= @ W, andv= @ Om

meX*(T) meX*(T)

PROOF. Let

and be the decompositions of the Lie algebras of U and V' with respect to the action of T'.
Form € X*(T), let

Om = (Kerm)p:

it is a subtorus of T of codimension O or 1. One sees immediately that
Lie(U2") =ul" =P

and similarly for v. The hypothesis implies immediately that v has codimension 1 in u, and
therefore V' has codimension 1 in U. o

u B
nemQ n

PROPOSITION 19.29. Let U be a connected unipotent algebraic group with an action by a
torus T . All algebraic subgroups of U containing UT and stable under T are connected.

PROOF. Let V be such a subgroup of U. As T is smooth, it acts on Uyeq and Vieq; as (Ured)T
is smooth (16.21),
Ured D Vred D (Ured)T-

Therefore , we may suppose that U is smooth. We argue by induction on the dimension of
U. We may suppose that dimU > 0. Let H be a central subgroup of U, normalized by T,
and isomorphic to G4. As H (T, H) = 0 (16.3), the canonical morphism UT — (U/H)T
is faithfully flat, and the induction hypothesis applied to U/H shows that V/H NV is
connected. It remains to prove that H NV is connected. But 7" acts on H through a
character y. If y =1,then H CUT C V, and so HNV = H is connected. If y # 1,
H NV is isomorphic to a subgroup of G, stable by homotheties, and is therefore G, or apn,
which are connected. O
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COROLLARY 19.30. Let Q be a subgroup of a torus T acting on a connected trigonalizable
group G ; then G is connected.

PROOF. The unipotent part G, of G is stable under all automorphisms of G (17.7). Conse-
quently, the normalizer of G, in T contains 7 (k), and therefore coincides with 7'. Hence
G, is normal in the semidirect product H = G x T. The quotient H/ Gy, is an extension
of a connected diagonalizable group by a diagonalizable group (I hope), and therefore is
diagonalizable (14.27). This shows that H is trigonalizable. Let S be a maximal diago-
nalizable subgroup of H containing 7. We have H,, = Gy, and therefore H = G,,- S and
H? =(G,)2-S =G2-T. As S is connected, it suffices to prove that (G,)< is connected,
and so we may suppose that G is unipotent. But then G € is a subgroup of G stable by T
and containing G, and so we can apply (19.29).

PROPOSITION 19.31. Let U be a connected unipotent group variety, and let T be a torus
acting on U. Then U(k) is generated by the subgroups U € (k) where Q runs over the set of
subtori of T' of codimension 1.

PROOF. Arguing as usual by induction on the dimension of U, we consider a central
subgroup H of U, stable under 7', and isomorphic to G,. For any subtorus Q of T, we have
an exact sequence

1> H2(k) > U2(k) > (U/H)C (k) —> 1

(16.3). It follows immediately that U(k) is generated by the U € (k) and H (k). But T acts
on H through a character y. If Q’ is a subtorus of codimension 1 of 7' in the kernel of y,
then U2’ (k) > H(k), and therefore U(k) is certainly generated by the U € (k). o

INTERSECTION OF THE BOREL GROUPS CONTAINING A MAXIMAL TORUS

In this subsection, G denotes a connected group variety and 7" is a maximal torus in G.

LEMMA 19.32. The group G (k) is generated by T (k) and the subgroups (B, N Cg(Q)) (k),
where B runs over the set of Borel subgroups of G containing T and Q runs over the set of
subtori of T' of codimension 1.

PROOF. In virtue of (19.31), it suffices to prove the G (k) is generated by the B(k). In virtue
of (1.31), there exists a smooth connected subgroup H of G such that H (k) is the subgroup
of G (k) generated by the B(k). As H contains a Borel subgroup of B, it is its own normalizer
(18.54); as Ng(T) obviously normalizes H , it follows that Ng(T) C H; on the other hand,
if G # H, G/H is a complete connected scheme over k of dimension > 0. In virtue of
(21.20), (G/H)(k) contains at least two points fixed by T. Therefore, let x € G(k) be such
that the image of x~! in (G/H (k) is fixed by T'; we have inn(x)T C H, and so there exists
an h € H (k) such that inn(x)T = inn(h)T, and therefore x~'h € Ng(T)(k) C H(k); then
x € H(k), and the image of x~! in (G/H (k) is the marked point; (G/H)T (k) is therefore
a single point, and so G = H. O

LEMMA 19.33. Let B be a Borel subgroup of G containing T, and let Q and S be singular
subtori of codimension 1 in T. If Q # S, there exists a Borel subgroup B’ containing T
such that B’S = BS and B'C # B2.
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PROOF. Let « (resp. f) be the root of G relative to T attached to B and Q (resp. B and
S). Let y be a regular cocharacter of T such that (y,a) < 0 and (y, 8) > 0. We know that
there exists an open subset U of G/B and a point b’ € U(k) such that, for all x € U(k),
y(00)x = b’. We shall show that the stabilizer B” of b’ is the required Borel subgroup. It is
certainly a Borel subgroup of G containing 7', and the statement follows from SHS, Exp15
(Reductive groups of semisimple rank 1). O

LEMMA 19.34. Let B be a Borel subgroup containing T', and let S be a singular subtorus
of T of codimension 1 (so BS is a Borel subgroup of Cg (S), after SHS, Exp14, Singular
Tori). For each subgroup H of B, write 1(H) for the reduced intersection of the Borel
subgroups of G containing H. Then I(T)) is a normal subgroup of I(B*S), and the quotient
is isomorphic to G.

PROOF. Let [(T) =T -I(T), and I(BS) =T -1(B"),. It suffices to show that V = I(T),
is a normal subgroup of codimension 1 in U. On the other hand, because U and V' contain
Cp(T) = BT, they are connected (19.29). We check that the hypotheses of (19.28) hold.
Therefore, let O be a subtorus of 7" of codimension 1 distinct from S. If Q is regular, C(Q)
is contained in all Borel subgroups containing 7" (Exp. 14), therefore in I(T), and V€ C U.
If Q is singular, there exists a Borel subgroup B’ of G containing 7 and such that B 'S = BS
and B’C # B2 (19.28). We therefore have

U2 cBnB'NnC(Q)=B2nBY.

But as B and B’? are distinct Borel subgroups of C(Q) containing 7, we know that
B2 N B2 is the intersection of C(Q) with the intersection of all Borel subgroups containing
T. We therefore have U2 C V. It remains to calculate US and V5. But (T-U)S =T-US
is a connected trigonalizable subgroup of C(S) containing BS, and so US = (BS)¥; on the
other hand, US ¢ VS, because there exist Borel subgroups of G containing T cutting C(S),
for example, the opposite Borel subgroup to BS. Finally, R, (C(S)), which is contained in
all Borel subgroups of C(S), is contained in V¥ and is of codimension 1 in (BS)* (Exp. 15).
It follows that V'S has codimension 1 in US. The hypotheses of (19.28) are now satisfied,
and therefore V' is a normal subgroup of codimension 1 in U and V/U =~ G,. =

PROPOSITION 19.35. The reduced intersection of the Borel subgroups containing T is
T-R,(G).

PROOF. With the notation of (19.34), we have to show that V4 is the unipotent radical of G.
As obviously R, (G) C Vieq, and as Vieq is connected, smooth, and unipotent, it suffices to
show that G (k) normalizes Vieq. After (19.32), it suffices to prove that for all Borel groups B
containing 7" and all subtori Q of T of codimension 1, (B Q)u normalizes V;eq, or that BC
normalizes V. If O is regular, C(Q) is contained in all Borel subgroups of G containing 7T,
and therefore in V, and B€ normalizes V. If Q is singular, Lemma 19.34 shows that B2
normalizes V (because BC < I(B2), and I(B<) normalizes V). o

f.  Summary

Let G be a group variety over an algebraically closed field k. A Borel subgroup G is a
maximal connected solvable subgroup variety of G. For example, the group of invertible
upper-triangular matrices is a Borel subgroup in GL,,. Borel (1956) was the first to carry out
a systematic study of such subgroups.
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Borel subgroups are characterized by being minimal among the parabolic subgroups of
G (those subgroups such that G/H is projective). All Borel subgroups of G are conjugate
and if G and its Borel subgroups B, B, are defined over a subfield k¢ of k, then By and B,
are conjugate by an element of G (ko).

The intersection of any two Borel subgroups of a group G contains a maximal torus
of G; if the intersection equals the maximal torus, then the Borel subgroups are said to be
opposite. Opposite Borel subgroups exist in G if and only if G is a reductive group.

If G is connected, then it is the union of all its Borel subgroups, and every parabolic
subgroup coincides with its normalizer in G. In this case a Borel subgroup is maximal
among all (and not only algebraic and connected) solvable subgroups of G (k). Nevertheless,
maximal solvable subgroups in G (k) that are not Borel subgroups usually exist.

The commutator subgroup of a Borel subgroup B is equal to its unipotent part B,,, and
the normalizer of By, in G equals B.

When k has characteristic 0, the subalgebra b in the Lie algebra g of G defined by a
Borel subgroup B of G is often referred to as a Borel subalgebra in g. The Borel subalgebras
in g are its maximal solvable subalgebras.

When G is a group variety over an arbitrary field k, the minimal parabolic subgroups
in G play a role in the theory of algebraic groups over k similar to that of the Borel groups
when k is algebraically closed. For example, two such parabolic subgroups are conjugate by
an element of G (k) (Borel and Tits 1965).

(Adapted from the entry for “Borel subgroup” in the Encyclopedia of Mathematics; V.
Platonov)






CHAPTER 2 O

The geometry of reductive algebraic
groups

In this chapter, following Iversen 1976, we study the geometry of algebraic groups, especially
reductive algebraic groups. The proofs assume more algebraic geometry than usual, but most
statements will be given more conventional proofs later, and so the proofs can be skipped.

a. Definitions

Let G’ and G be connected group varieties. Recall (2.17, 8.4) that an isogeny ¢:G' — G
is a surjective homomorphism with finite kernel. If the order of the kernel is prime to
the characteristic, then Ker(¢p) is étale (13.7), hence of multiplicative type, and hence
contained in the centre of G’ (rigidity 14.30). In nonzero characteristic, there exist isogenies
with noncentral kernel, for example, the Frobenius map (2.16). The isogenies in nonzero
characteristic that behave as the isogenies in characteristic zero are those whose kernel is of
multiplicative type.

DEFINITION 20.1. A multiplicative (resp. central) isogeny' ¢: G’ — G is surjective homo-
morphism of connected group varieties whose kernel is finite of multiplicative type (resp.
finite and contained in the centre of G).

If ¢ is multiplicative, then it is central (rigidity 14.30). Conversely, if G’ is reductive
and ¢ is central, then it is multiplicative (because the centre of a reductive group is of
multiplicative type 19.20).

PROPOSITION 20.2. A composite of multiplicative isogenies is a multiplicative isogeny.

PROOF. Let ¢; and ¢ be composable multiplicative isogenies. Then

e — Ker(¢1) — Ker(¢2 0¢1) RN Ker(gz) — e

is exact (Exercise 6-5), and Ker(¢; o ¢1) is central (14.32), hence of multiplicative type
(14.27). o

versen (1976) defines a central isogeny to be an isogeny whose kernel is of multiplicative type. I find this
confusing, and so changed the terminology.

349



350 20. The geometry of reductive algebraic groups

b. The universal covering

DEFINITION 20.3. A connected group variety G is simply connected if every multiplicative
isogeny G’ — G of connected group varieties is an isomorphism.

For semisimple groups, this agrees with the usual terminology.’

REMARK 20.4. Let be G a connected group variety, and let ¢: G’ — G be a surjective
homomorphism with finite kernel of multiplicative type (G’ not necessarily smooth or
connected). Assume that k is perfect and that G is simply connected. Then (G').., is

a connected group variety, and (G')oy 2 Gisa multiplicative isogeny, and hence an
isomorphism. Therefore ¢ induces an isomorphism (G')~.; — G, and so G’ ~ Ker(p) xG =
Ker(¢p) x G (2.21).

DEFINITION 20.5. A multiplicative isogeny G — G of connected group varieties is called
a universal covering of G when G is simply connected. Its kernel is denoted 71 (G), and is
called the fundamental group of G. If G is semisimple, then G is also semisimple. In this
case G — G is sometimes called a simply connected central cover of G.

Later (20.21) we shall see that a universal covering exists if Hom(G, G;,) = 0. Here we
prove that, if it exists, it is unique up to a unique isomorphism.

PROPOSITION 20.6. Let G be connected group variety over a perfect field k, and let
7n:G — G be a universal covering of G. For every multiplicative isogeny ¢:G' — G
of connected group varieties, there exists a unique homomorphism G—G making the
following diagram commute

/1

G
|
i
G —*— G.
In particular, r: G—>Gis uniquely determined up to a unique isomorphism.

PROOF. The map G’ xg G — G is surjective with finite kernel of multiplicative type. Its
. . ~ o ~ . . . . . . . .
restriction (G/ XG G)re 4 — G 1s amultiplicative isogeny, and hence is an isomorphism. The

composite of the inverse of this map with the homomorphism (G’ x¢ G):e =G

If B G — G’ is a second homomorphism such that g o f = 7, then g > a(g)/f(g)
maps G to Ker(g), and is therefore trivial (because G is connected and smooth). Hence
o = ,3 O

ASIDE 20.7. We shall see later that a split semisimple groups (G, T') is simply connected if and
only if the coroots generate X, (7).

ASIDE 20.8. Let g be a Lie semisimple Lie algebra over a field k of characteristic zero. The group
attached by Tannakian theory (Chapter 11) to the tensor category Rep(g) is the universal covering
of G. This observation makes it possible to deduce the theory of reductive algebraic groups in
characteristic zero from the similar theory for reductive Lie algebras. See my notes Lie Algebras,
Algebraic Groups, and Lie Groups.

ZFor example, Conrad et al. 2010, p.419, say that a connected semisimple group is simply connected if
every central isogeny G’ — G with G’ a connected semisimple group is an isomorphism.
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c. Line bundles and characters

In this section, following Iversen 1976, we assume that k is algebraically closed. Let
X(G) = Hom(G, Gy,).

20.9. We assume (for the moment) that the reader is familiar with the notion of a vector
bundle (for the Zariski topology or, equivalently, for the flat topology). Let G be an algebraic
group acting on a variety X over k. Then there is a notion of a G-vector bundle on X (ibid.
p-59, where it called a G-homogeneous vector bundle on X).

20.10. Let V be a vector space over k. The projective space P(V') has a universal line
bundle L iy on P(V) (ibid. 1.2).

20.11. Let (V,r) be a representation of G. Then G acts on Ly if and only if r factors
through PGLy. More precisely, given f:G — PGLy, the actions of G on Lyy;y are in
one-to-one correspondence with the liftings of f to GLy (ibid. 1.3).

Now let G be a connected group variety and let B be a Borel subgroup of G. Let y be a
character of B, and let B acton G x A! according to the rule

(g.x)b=(gh, y(b"Hx), geG, xeAl', beB.

This is a B-line bundle on G, and we let L(y) denote the corresponding vector bundle on
G/BJ?

PROPOSITION 20.12. The map y — L(x) gives a bijection from X(B) to the set of iso-
morphism classes of B-line bundles on G/B .

PROOF. Let L be a B-line bundle on G/B. Then p(e) & ¢B is a fixed point for the action
of B on G/B, and so B acts on the fibre of L at p(e). This action gives a character yr of
B, which depends only on the isomorphism class of L. The map L +— yj gives an inverse
to the map sending y to the isomorphism class of L(y). O

Let T be a maximal torus of G contained in B. Every character of 7" extends uniquely
to a character of B (17.31), and so we get a linear map

x = L(x):X(T)— Pic(G/B).

This is called the characteristic map for G.
The basic fact we need is the following.

THEOREM 20.13. Let G be connected group variety, and let (B, T) be a Borel pair in G.
Then the following sequence is exact:

0 — X(G) - X(T) — Pic(G/B) — Pic(G) — 0. (136)

The proof, being mainly algebraically geometry, is deferred (at least) to the end of the
chapter.

3The proof that L()) is locally trivial for the Zariski topology uses that p: G — G/B has a section locally
for the Zariski topology (cf. 22.78). Alternatively, use that G — G/ B has a section locally for the flat topology
(because it is faithfully flat), and then use that a vector bundle is locally trivial for the Zariski topology if it is for
the flat topology.
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EXAMPLE 20.14. Let T be the diagonal maximal torus in G = SL,, and let B be the
standard (upper triangular) Borel subgroup. Consider the natural action of G on A2. Then
G acts on P! and B is the stabilizer of the point (0 : 1). The canonical line bundle L ., on
SL, /B ~ P! is equipped with an SL,-action, and B acts on the fibre over (0 : 1) through

the character
=7 >z !
0 z7! '

X(T) — Pic(SL, /B)

In this case the characteristic map

is an isomorphism. Therefore, X(SL,) = 0 = Pic(SL,). (See (21.49) and the proof of
(21.53) for direct proofs that X(SL,) = 0 and Pic(SL;) = 0.)

LEMMA 20.15. Let G — Q be a surjective homomorphism of connected group varieties.
The inverse image of a Borel pair in Q is a Borel pairin G.

PROOF. See (18.24). o

PROPOSITION 20.16. Let ¢: G’ — G be a surjective homomorphism of connected group
varieties whose kernel is of multiplicative type. Then there is an exact sequence

0 — X(G) - X(G') = X(Ker(¢)) — Pic(G) — Pic(G’) — 0. (137)

PROOF. Let (B, T) be a Borel pair in G, and let (B’,T") be its inverse image in G’ (so
G/B >~ G’/ B’). The columns in the following commutative diagram are the exact sequences
(136) for (G, B) and (G', B'):

0 0

~ ~

X(,G) — X(G)

~N ~

0 — X(T) —— X(T') ——— X(Kerp) —— 0

~N ~ l

0 —— Pic(G/B) —— Pic(G'/B’) 5 0 5 0

~N ~

Pic(G) —— Pic(G')

~N ~

0 0
Now the snake lemma gives the required exact sequence. O

PROPOSITION 20.17. Let G be a connected group variety. It X(G) = 0 and Pic(G) = 0,
then G is simply connected.



d. Existence of a universal covering 353

PROOF. Let ¢:G’ — G be a multiplicative isogeny of connected group varieties. In the
exact sequence (137)

X(G) = X(G') = X(Kerg) — Pic(G),

the groups X(G) and Pic(G) are zero, the group X (Kerg) is finite, and the group X (G’) is
torsion free (because G’ is smooth and connected). Therefore X (Kerg) = 0, which implies
that Ker(p) = e. O

EXAMPLE 20.18. The algebraic group SL, is simply connected because X(SL,) =0 =
Pic(SL5y) (see 20.14).

d. Existence of a universal covering

The existence of a universal covering G — G for a semisimple group G is usually deduced
from the classification theorems (including the existence and isogeny theorems) for reductive
groups, see, for example, Conrad et al. 2010 A.4.11. But the proof of such a basic fact,
shouldn’t require knowing the whole theory. In the rest of this section we sketch the proof in
Iversen 1976. Throughout k is algebraically closed.

LEMMA 20.19. Let G be a connected group variety, and let B be a Borel subgroup of G.
The group Pic(G/ B) is finitely generated, and its generators can be chosen to be line bundles
L with I'(G/B,L) # 0.

PROOF. This follows from the fact that G/ B is a rational variety (Bruhat decomposition; cf.
22.78). o

PROPOSITION 20.20. Let G be a connected group variety. Then there exists a multiplicative
isogeny G — G with G a connected group variety such that Pic(G) = 0.

PROOF. Let B be a Borel subgroup of G. Note that, because of (20.16, 20.17), it suffices
to prove that there exists a multiplicative isogeny ¢: G’ — G such that the map Pic(G) —
Pic(G’) is zero. After (20.19, 20.12, 20.13), it suffices to prove the following statement:
Let L be a line bundle on G/B with I'(G/B, L) # 0; then there exists a
multiplicative isogeny ¢: G’ — G such that the pull back of L to G'/¢~1(B) is
a ¢~ 1(B)-line bundle.

Let B’ = ¢~ 1(B), so that G'/B’ ~ G/B. Let V = I'(G/B, L). We have canonical
maps s:G — PGL(V) and : G/B — P(V) such that t* Ly = L. Let ¢: G’ — G denote
the pull back of the multiplicative isogeny SLy — PGLy along s. Because Ly is a
SLy -vector bundle, its pull back to G’/B’ is a G’-vector bundle (hence also a B’-vector
bundle). o

COROLLARY 20.21. Every connected group variety G such that X(G) = 0 admits a uni-
versal covering.

PROOF. Let ¢:G — G be as in (20.20). Because G is smooth and connected, X(G) is
torsion free. Now the exact sequence (137) shows that

X(G) =0 = Pic(G)

and so G is simply connected (20.17). O
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COROLLARY 20.22. Let G be a connected group variety. Then Pic(G) is finite.

PROOF. Let ¢: G — G be as in (20.20). Then the exact sequence (20.16),
X (Ker(¢)) — Pic(G) — Pic(G) =0
shows that Pic(G) is finite. o

COROLLARY 20.23. Let G be a connected group variety. If G is simply connected, then
Pic(G) = 0.

PROOF. If G is simply connected, then the multiplicative isogeny in (20.20) is an isomor-
phism, and so Pic(G) ~ Pic(G) = 0. o

COROLLARY 20.24. Let G be a connected group variety such that X(G) = 0. Then
Pic(G) ~ X(m:1G).
PROOF. For the universal covering G — G, the exact sequence (137) becomes

0— X(m1G) — Pic(G) — 0. o

e. Applications

The base field k is arbitrary.

PROPOSITION 20.25. Let
e—>D—->G —-G—e

be an extension of algebraic groups with G smooth, connected, simply connected, and
perfect. The extension splits in each of the following cases.

(a) D is a torus;
(b) k is perfect.
PROOF. (a) From (20.16), we have an exact sequence
X*(G) — X*(G') - X*(D) — Pic(Gpa).

As G is simply connected, Pic(Gra) = 0 (see 20.23), and as G is perfect, X*(G) = 0.

Therefore the restriction map X *(G’) — X *(D) is an isomorphism. On the other hand,

T G'/DG’ is a torus (14.72). Consider the maps

D—G —T.
The maps on the character groups are isomorphisms
X*(T)— X(G') — X(D)

and so the homomorphism D — T is an isomorphism. This shows that the complex splits.
(b) There is an exact sequence

e—-D —-D—->D"—>e
with D’ a torus and D" finite (14.18). This gives an exact sequence
Ext!(G, D") — Ext! (G, D) — Ext' (G, D’),

and so it suffices to prove the proposition in the two cases (a) D is finite, and (b) D is a torus.
The first case was proved in (20.4) and the second was proved in (a). o
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REMARK 20.26. (a) Every simply connected semisimple algebraic group G satisfies the
hypotheses of the proposition (22.123).

(b) Is the proposition true with k& nonperfect? For example, does there exist an algebraic
group G with a normal finite subgroup N of multiplicative type such that G/ N is semisimple
and simply connected but for which the quotient map G — G/ N has no section. A variant
of (1.43) or (1.44) may be such an example.

PROPOSITION 20.27. Let G be a reductive algebraic group. Assume that the semisimple
algebraic group G/RG admits a universal covering H — G/RG with H perfect. Then
there exists a multiplicative isogeny T x H — G with T the torus RG.

PROOF. On pulling back the extension
¢e—>RG—->G—>G/RG —e
by the universal covering map H — G/RG, we get an exact sequence
e—>RG—-G — H—e

and a multiplicative isogeny G’ — G. According to (20.25), this extension splits:

G'~ RG x H. -

PROPOSITION 20.28. Let G be a semisimple algebraic group. Assume that G admits a
universal covering G — G with G perfect. For any torus D,

Hom(r(G), D) ~ Ext!(G, D).

PROOF. Let f:71(G) — D be a homomorphism. Define E( f) to be the cokernel of the
homomorphism
x> (x, f(x" Y7 (G) - G x D.

Then E(f) is an extension of G by D. 5
For the converse, let 1: G’ — G be an extension of G by D. Then n:G — G factors

through £, say,
~ f ., h
G—G —aG,
and the factorization is unique (cf. 20.5). The restriction of f to 7r1(G) maps into D.
These operations are inverse. o

f.  Proof of theorem 20.13

Throughout this section, k is algebraically closed. For an algebraic variety X over k, we let
U(X)=TI'(X,0%)/k>. Recall (14.69) that for all algebraic varieties X and Y, the map

w,v) = p*u-¢g*v:UX)UY)—> U(X xY)
is an isomorphism.

THEOREM 20.29. Let H be a smooth connected algebraic group, let V' be a smooth alge-
braic variety, and let f: E — V be a right H -torsor over V. Then the following sequence is
exact

U Ul(ie L ic ic(ie
0= ) 2L viE)y 2 x ) *ZEP picr) L pic(E) " pic(H) — 0,
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Here e is a fixed point of £ and i,: H — E is the map & — he. The vector bundle L ()
is as in (20.12).

The proof will be included in the final version if I can make it reasonably concise (see
Fossum and Iversen 1973).

Let H be a connected solvable group variety. Then the flat torsors for H are locally
trivial for the Zariski topology (DG 1V, §4, 3.7, p.532). Moreover Pic(H) = 0.

Let G be a connected group variety, and let P be a parabolic subgroup. The G-torsor
G — G/ P is locally trivial for the Zariski topology. When G is reductive, Fossum and
Iversen 1973 refers to Borel and Tits 1965, 4.13.

Now for P and the map G — G/ P, the sequence in (20.29) becomes

0— X(G) - X(P) — Pic(G/P) — Pic(G) — Pic(P) — 0.
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Algebraic groups of semisimple
rank at most one

A semisimple group is said to have rank 1 if its maximal tori have dimension 1, and a
reductive group is said to have semisimple rank 1 if its semisimple quotient has rank 1.
In a sense, all reductive groups are built up of reductive groups of semisimple rank 1. In
preparation for the general case, we study such groups in this chapter. For example, we show
that every split reductive group of semisimple rank 1 is isomorphic to exactly one of the
following groups

G, xSLa, G, xGL,, Gj,xPGL,, reN.

This chapter also includes many preliminaries that will be needed for the general case.
Unless we say otherwise, the field k is arbitrary. Usually in this chapter R is a set of
roots; if it is a k-algebra we say so.

a. Brief review of reductive groups

Let G be a reductive group over k. Recall that this means that G is a connected group
variety containing no nontrivial connected unipotent normal subgroup variety, even over
the algebraic closure of k. The centre Z(G) of G is of multiplicative type, and its largest
subtorus Z(G); is equal to the radical R(G) of G (greatest connected solvable normal
subgroup variety); the formation of R(G) commutes with extension of the base field, and
G/R(G) is semisimple (8.41, 19.20).

DEFINITION 21.1. The rank of a group variety G over a field k is the dimension of a
maximal torus. Since any two maximal tori in G remain maximal in Gja and become
conjugate there (18.66, 18.67), the rank depends only on G and is invariant under extension
of the base field. The semisimple rank of a group variety over a field k is the rank of
Gra/R(Gpa).

Thus the semisimple rank of a reductive group the rank of its semisimple quotient G/RG.

PROPOSITION 21.2. Let G be a reductive group.
(a) The semisimple rank of G is rank(G) —dim Z(G).
(b) The algebraic group Z(G) N'D(G) is finite.

357
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(c) The algebraic group D(G) is semisimple, and its rank is at most the semisimple rank
of G.

PROOF. (a) A maximal torus T of G contains Z(G);, and
rank(G) & dim(T) = dim(T/Z(G)¢) + dim(Z(G)) = rank(G/R(G)) + dim(Z(G)).

(b) For any connected group variety G and central torus T, the group TN D(G) is finite.
Therefore Z(G); N'D(G) is finite, and this implies that Z(G) ND(G) is finite.

(c) We may suppose that k is algebraically closed. Let R = R(D(G)). Then R is weakly
characteristic in D(G), and so it is normal in R (1.65); hence R C R(G) = Z(G)¢. From
(b) we see that it is finite, hence trivial (being smooth and connected). Therefore D(G) is
semisimple, and the restriction of the quotient map G — G/R(G) to D(G) has finite kernel,
and so rank(D(G)) < rank(G/R(G)). o

b. Group varieties of semisimple rank 0

We first dispose of the easy case.

THEOREM 21.3. Let G be a connected group variety over a field k.
(a) G has rank O if and only if it is unipotent.
(b) G has semisimple rank 0 if and only if it is solvable.

(c) G is reductive of semisimple rank O if and only if it is a torus.

PROOF. We may suppose in the proof that k is algebraically closed.

(a) To say that G has rank 0 means that it does not contain a copy of G, but this is
equivalent to it being unipotent (17.65).

(b) If G is solvable, then RG = G, and so G has semisimple rank 0. Conversely, if G
has semisimple rank 0, then G/RG is unipotent, which contradicts its semisimplicity unless
it equals e (15.23). Thus G = RG is solvable.

(c) A torus is certainly reductive of semisimple rank 0. Conversely, if G is reductive of
semisimple rank 0, then it is solvable with G,, = e; this implies that G is a torus (17.37d).g

c. Limits in algebraic varieties
Cf. Section 19.b.
21.4. Let T be a split torus over k. Because T is split,

X*(T) = Hom(T, G,,) (group of characters of T')
X«(T) =Hom(G,,,T) (group of cocharacters of T').

There is a perfect pairing
() X*(T)x X5(T) —> End(Gpn) ~ Z.
For y € X*(T) and A € X«(T), we have
A (0) = %A (138)

forall t € T'(k).
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21.5. Let : A~ {0} - X be a regular map of algebraic varieties. If ¢ extends to a regular
map ¢:A! — X, then the extension ¢ is unique, and we say that lim,_.¢ ¢() exists and
set it equal to ¢(0). Similarly, we set lim;_, o0 @(f) = lim; 0 @(t~!) when it exists. (See
Section 14.k.)

When X is affine, ¢ corresponds to a homomorphism of k-algebras

> fop:O(X)— k[T, T,

and lim;_,¢ ¢ exists if and only if fo¢ € k[T] for all f € O(X). Similarly, lim;— s ¢
exists if and only if f og € k[T~!]forall f € O(X).

21.6. An action u:G, x X — X of Gy, on an affine algebraic variety X defines a Z-
gradation

0X) =P, _, 0%

on the coordinate ring O(X ), with O(X);, the subspace of O(X) on which G, acts through
the character ¢ > ¢" (see 14.13).! Note that

OX)m-O(X)n C O(X)m+n,
and so this is a gradation of O(X) as a k-algebra. For x € X(k), the orbit map
Ux:Gym —> X, t+—tx,

corresponds to the homomorphism of coordinate rings

f=0 far= ) ()T OX) —K[T.T7',

and so lim;_, o tx exists if and only if f,,(x) = 0 for all n < 0. Similarly, lim;_, o ?x exists
if and only if f,(x) = 0 for all n > 0. Thus, x is fixed by the action of G, if and only if
lim;—otx and lim; oo #x both exist.
Let X (1) be the closed subscheme of X determined by the ideal generated by @@,, .o O(X)n.
Then
X()(k) ={x € X(k) | limtx = 0}.
t—0

More generally, an element x € X(R) = Homy_4o(O(X), R) defines an orbit map in
X(R[T.T~"]) = Homy o (O(X), R[T, T~"]), namely,

f=20 far= ) x(f)T"OX) — RIT.T™'.

The element x lies in X(1)(R) if and only if the orbit map lies in the image of X(R[T]) —
X(RIT.T™1).

21.7. More generally, an action u: 7T x X — X of a split torus 7 on an affine algebraic
variety X defines a X *(T')-gradation on O(X),

0X) =D,y 0¥

with O(X), the subspace on which T" acts through the character y.

'We are letting G, act on O(X) “on the right”, i.e., (1) (x) = f(tx) fort € Gy (k), f € O(X), x € X(k).
Thus f(tx) =t"(f(x)) for f € O(X)p.
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For A € X«(T) and x € X(k), the map
Uxor: Gy —> X, t—>A@{)-x

corresponds to the homomorphism of coordinate rings
= T4 0(X) — k[T, T,
f=20 e ) ) (X) = k[T.T7"]

and so lim; o A(?) - x exists if and only if f,(x) = 0 for all y with (y,A) < 0. Thus

def

Xk)yA) ={xe X(k) | tli_r)r%)k(t) - X exists}

is the zero set of
@(X,A)<0 OX)y

in X (k); in particular, it is closed in X (k). Similarly, X (k)(—A) is the zero set of @(X,A)>0 O(X)y.
We define X(A) to be the closed subscheme of X determined by the ideal generated
by @(X’ 1)<0 O(X)y. The formation of X (1) commutes with extension of the base field.
Moreover,
XM NX(=1) = xCm), (139)

and
_vT
l IAGX*(T)X()L)HX(—)\) =X".

Note that X T is smooth if X is smooth (14.55).

The above discussion extends without difficulty to show that X (A) represents the functor
sending a k-algebra R to the set of points x € X(R) such that the morphism py o Ar:Gr —
X g extends to an R-morphism A}e — X R. In other words, the following diagram is cartesian

XM (R) — X(R)

l lb (140)

X(R[T)) <%= X(R[T.T)).

The map a is defined by the inclusion R[T] < R[T,T '] and the map b is defined by the
pairing G, x X — X.

d. Limits in algebraic groups

By a cocharacter of an algebraic group G we mean a homomorphism G,, — G (in the
literature, this is often called a one-parameter subgroup of G).

Let G be an algebraic group, and let A: G,, — G be a cocharacter of G. Then A defines
an action of G,, on G:

(t.g) > A1) -g- A1) G xG —G.

We define P (1) to be the closed subscheme G(A) of G attached to A, as in (21.7). Thus
P(1)(R) consists of the g € G(R) such that ¢ — tgt~!:G,,g — G extends to a morphism
A}e — GRr. Welet Z(A) = Cg(AGyy,). Note that Z(A) is smooth (resp. connected) if G is
smooth (resp. connected) (14.55, 18.44).
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PROPOSITION 21.8. Let G be an algebraic group over k, and let A be a cocharacter of G.
Then P(A) is an algebraic subgroup of G, and

P(A)NP(=X) = Z(M).

PROOF. For the first assertion it suffices to show that P(1)(R) is a subgroup of G(R) for
all R, but the maps a and b in (140) are group homomorphisms, and so this is obvious.
The second statement is a special case of (21.7). o

PROPOSITION 21.9. The subfunctor

R~ {g€G(R) | limi-g =1}

of G is represented by a normal algebraic subgroup U(A) of P(}).

PROOF. Clearly, U(A)(R) is the kernel of

P(A)(R) = G(R[T]) = G(R). .

EXAMPLE 21.10. Let G = GL,, and let A be the homomorphism ¢ +> diag(¢,#~!). Then

i 0\(a b\(t O\ ' [(a bi?
0 ' )\e d)\0 1) “\5 d)

. (a bt*\ . . . . . . a 0
and lim | . d exists if and only if ¢ = 0, in which case the limit equals 0o 4

e ew=ilo f 7= )

ro-|(
e O v - zen-on

In more detail, O(GL3) = k[T11,T12,T21, T22] with T, of weight 2, T»; of weight —2,
and 771 and T», of weight 0. Thus P(A) is defined by the ideal (7%;1) and U(A) by the ideal
(T11—1,T22—1,T21).

Therefore,

S %

*

EXAMPLE 21.11. Let G = SL,, and let A be the homomorphism # > diag(¢,#~1). Then

(e AR R

EXAMPLE 21.12. Let G = GL3, and let A be the homomorphism ¢ — diag(¢z™!,¢"2,¢"3)
with mq1 > my > m3. Then

Mmoo 0 0 a b ¢ ™M 0 0 a pmi—map gmi—ms3.
0 tm2 0 d e f 0 Z_mz O = [mz_mld e [mZ_m3f
0 0 ™3 g h i 0 0 fms (M3 g gm3Tma i
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If my > mo > ms, then

* k% 1 *x x *x 0 0
P} = 0 * = , UL = 0 1 =* , Z(W) = 0 % 0 ;
0 0 =« 0 0 1 0 0 =«
0 0 1 00
P(-1) = * 0 , UML) = * 1 0 , Z(=A)=Z(L).
*x %k * % ]
If m1 = m, > m3, then
* k% 1 0 = * *x 0
P = * k% , U) = 0 1 = , Z(M) = * % 0
0 0 x 0 0 1 0 0 =«
* % 0 1 00
P(—)) = * 0 , UMD = 01 0 , Z(=A)=Z).
* % * k1

Let G be an algebraic group over k, and let A: G, — G be a cocharacter of G. Then
Gy, acts on the Lie algebra g of G through AdoA. We let g, (1) denote the subspace of g on
which Gy, acts through the character ¢ — ¢”, and we let

oD =P s+ =Pan

n<0 n>0

Thus
g=9-(1)Dgo(A) Dg+(A).

THEOREM 21.13. Let G be a smooth algebraic group over k, and let A:G,, — G be a
cocharacter of G.

(a) P(A), Z(A), and U(A) are smooth algebraic subgroups of G, and U(A) is a unipotent
normal subgroup of P ().

(b) The multiplication map U(A) x Z(A) — P(A) is an isomorphism of algebraic groups.
(¢) Lie(U(=A4)) =g-, Lie(Z(1)) =go. Lie(U(A)) =g+.

(d) The multiplication map U(—A) x P(X) — G is an open immersion.

(e) If G is connected, then so also are P(A), Z(A), and U(A).

PROOF. For the proof, we may replace k with its algebraic closure.
We first prove the theorem for G = GLy,. According to (14.12), there exists a basis for
V such that A(Gy,) C Dy, say,

A(t) = diag(d™',...,t""), myp>my > - >my.

Then P (1) is defined as a subscheme of GL, by the vanishing of the coordinate functions
T;; for which m; —mj; < 0. Obviously, it is smooth and connected. It is similarly obvious
that U(A) is smooth, connected, and unipotent, and we already know that Z(A) is smooth
and connected. For (b) it suffices to prove that the map is an isomorphism of algebraic
varieties, which is obvious. Statement (c) can be proved by a direct calculation. From (c)
we deduce that the multiplication map U(—A) x P(A1) — G induces an isomorphism on
the tangent spaces at the identity elements; in particular it is dominant. It is also injective
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because U(—A) N P(L) = e (intersection as functors, and hence also as schemes). Finally,
U(—X) x P(A) = U(=A)- P(A) is an orbit map for an action of U(—A) x P(A) on G, and
hence it is an isomorphism from U(—A) x P(A) onto an open subset of the closure G of its
image (1.52).

We now consider the general case. Embed G in H = GLy for some V. Then A is also a
cocharacter of H, and, with the obvious notations,

Pc(A)=Pg(M)NG, Us(W) =UgMNG, ZcA)=Zzg(A)NG

because this is true for the functors they define. We let PG (1) = Pg(A)req and Ug (L) =
UG (A)red, and we first prove (c) for these groups. We have

Lie(Pg(1)") C Lie(Pg (1)) Ng = go(A) + g+ (). (141)
as we already know (c) for H. Similarly,
Lie(Ug(£A)) C g+ (A). (142)

From (d) for H, we deduce that

UL Uy(=1)-Pg(A)NG
is an open subset of G containing e.
Apply 4.19 to obtain a representation 7: H — GLy and a line L = kv in V such that
G is the algebraic subgroup of H stabilizing L. Let g € U(k). Using that we know (b)
and (d) for H, we write g = xyz with x € Ug(—A), y € Ug(LA), and z € Zg (1). We have
r(g)v = cv for some ¢ € k™; moreover, v is an eigenvector for G, acting on V viaro}
because Im(A) C G. It follows that for ¢ € kK,

cr(A@)-x"L A0 Ho =r(A@) -y -A@) 1 2)v. (143)

By an easy computation in H, with a basis as at the beginning of the proof, we see that the
coefficient of v on the right is a polynomial function of ¢ and on the left is a polynomial
function of r~!. These polynomial functions must be constant. It follows that the left hand
side equals cv and the right hand side r(z)v, and so z € G(k). Also r(x)v =r(y)v = v,
and so x,y € G(k). We have shown that Ug (—A)’- Pg(A)’ contains the open subset U of
G, and so

dimUg (—=A) +dim Pg (1)’ = dimG = dim(g— (1)) + (dimgo(1) + dimg+ (1)).

We conclude that equality holds in (141) and (142), and so (c) holds for G and the groups
Pg(A) and Ug (1)’
It follows that
Lie(Pg (1)) = Lie(Pg (1)) Ng, (144)

but this also equals Lie(Pg (1) (see 12.12). Therefore
dimLie(Pg (1)) = dimLie(PgG (A)req) = dim PG (A)reqd = dim Pg (1),

and so Pg(A) is smooth. Similarly, Ug (1) is smooth. Now statement (c) implies (d) as in the
case of GL,, and statement (d) obviously implies (e). Finally, Ug (1) is a unipotent normal
algebraic subgroup of G, because it is the intersection with G of such a group, namely,

Ub (A). o
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REMARK 21.14. In the situation of the theorem:
(a) P(A) is the unique smooth algebraic subgroup of G such that

P (kM) ={g € G(k™) | lim - g exists (in G (k™)}. (145)

(b) U(A) is the unique smooth algebraic subgroup of P(A) such that

UM (k™) = {g € PAA)(K™) | lim¢-g =1}. (146)

PROPOSITION 21.15. The subgroup variety U(A) is unipotent, and the weights of G, on
Lie(U(A)) are strictly positive integers. If G is connected and solvable, then Lie(U(1))
contains all the strictly positive weight spaces for G, on Lie(G).

PROOF. Choose a faithful representation (V,r) of G. There exists a basis for V' such that
r(AM(Gy)) C Dy (14.12), say, Aor(t) = diag(¢™!,...,t™"), m; > mp > --- > m,. Then
U(A) C Uy, from which the first statement follows.

Now assume that G is connected and solvable. Then there is a unique connected normal
unipotent subgroup variety G, of G such that G/ G, is a torus (17.37). We argue by
induction on dim Gy,. If dimG,, = 0, then G is a torus, and there are no nonzero weight
spaces.

Thus, we may assume that dim G, > 0. Then there exists a surjective homomorphism
©:Gy —> G4 (15.23) and

eA()-g- AN =1"-0(g), g€ Gulk), 1€Guk),

for some n € Z.
If n <0, then the map

t>oA(t)-g- A1) 1): Gy — Gg

doesn’t extend to A! unless ¢(g) = 0. Hence U(1) C Ker( ¢), and we can apply induction.
If n > 0, then ¢(U(1)) = G4, and we can again apply induction to Ker( ¢). o

COROLLARY 21.16. If G is connected and solvable, then G is generated by its subgroups
U(A), Z(A), and U(—A) (as a connected group variety).

PROOF. Their Lie algebras span g, and so we can apply (12.13). O

PROPOSITION 21.17. Let ¢:G — G’ be a separable surjective homomorphism of group
varieties. Let A be a cocharacter of G, and let A’ = ¢ o A. Then

¢(Pg(A) = Por(X),  ¢(Ug(L) = Ug/ (X))
PROOF. See Springer p.235. O

NOTES. Modulo nilpotents, Theorem 21.13 was announced in Borel and Tits 1978. Our proof is
adapted from that in Springer 1998, 13.4.2. Specifically, Springer defines P (1) as a subgroup variety
of Gpa by describing its k*-points, and then deduces from (144) that P (1) is defined over k. We
define P(A) directly as an algebraic subgroup of G by describing its points in every k-algebra R,
and then deduce from (144) that it is smooth.

For a generalization of the theorem to nonsmooth algebraic groups G, see Conrad et al. 2010,
2.1.8.
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e. Actions of tori on a projective space

LEMMA 21.18. Let X be an irreducible closed subvariety of P" of dimension > 1, and let
H be a hyperplane in P". Then X N H is nonempty, and either X C H or the irreducible
components of X N H all have dimension dim(X) — 1.

PrROOF. If X N H were empty, then X would be a complete subvariety of the affine variety
X ~ H, and hence of dimension 0, contradicting the hypothesis. The rest of the statement is
a special case of Krull’s principal ideal theorem (see, for example, AG 6.43). O

LEMMA 21.19. Let T be a split torus, and let (V,r) be a finite-dimensional representation
of T'. There exists a cocharacter A: G,, — T such that P(V)*©m) = p(v)T |

PROOF. Write V' as a sum of eigenspaces, V = @lm:l Vy; with the y; distinct. Choose
A so that the integers (x;,A), i = 1,...,m, are distinct (there exists such a A in X«(7T')g
because we only have to avoid the finitely many hyperplanes {y; — x; )L, i # j, and then
some multiple of A lies in X«(7')). Now A(Gy,) and T have the same eigenvectors in V', and
hence the same fixed points in P(V). a)

PROPOSITION 21.20. Let T be a torus, and let (V,r) be a finite-dimensional representation
of T. Let X be a closed subvariety of P(V') stable under the action of T on P (V') defined by
r. In X (k™) there are at least dim(X) + 1 points fixed by T

PROOF. We may suppose that k is algebraically closed. As T is connected, it leaves stable
each irreducible component of X, and so we may suppose that X is irreducible. Lemma
21.19 allows us to replace 7" with G,,. We prove the statement by induction on d + n where
d =dim X and n 4+ 1 = dim V. We may suppose that d > 0.

Let {eg,...,en} be a basis of V consisting of eigenvectors for G, say,

)L(t)ei =l‘miei, m; €2, tEe€ Gm(k),

numbered so that mo = min; (m;). Let W = (eq,...,e,). By induction, we may suppose
that X ¢ P(W). By induction again, G, has at least d fixed points in X NP(W). Let
[v] € X ~P(W), and write

v=eg+aje;+---+anen, ag#0.

If [v] is fixed by the action of G,,, we have at least d + 1 fixed points. Otherwise, as G,
acts on the affine space D(ey) = P(V) ~PP(W) with nonnegative weights 0,...,m, —my,
there exists a fixed point lim; o ¢[v] in D(ey) N X (14.46), and so again we have at least
d + 1 fixed points. O

COROLLARY 21.21. Let P be a parabolic subgroup of a smooth connected algebraic group
G and let T be a torus in G. In (G/ P) (k™) there are at least 1 4+ dim (G/ P) points fixed by
T.

PROOF. There exists a representation G — GLy of V and an o € P(V') such that the map
g+ go:G — P(V) defines a G-equivariant isomorphism of G/ P onto the orbit G -0 (see
the proof of 9.28). Now G -0 is a complete subvariety of (') to which we can apply the
proposition. o
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EXAMPLE 21.22. When G, acts on P” according to the rule

t(xpir iXjieeiXp) = (x0:~--:tixi:--':t”xn),

i

the fixed points are Py, ..., P, with P; = (0:---:0:1:0:---:0).

ASIDE 21.23. There is an alternative explanation of the proposition using étale cohomology. Con-
sider a torus 7" acting linearly on a projective variety X over an algebraically closed field. We may
suppose that the action has only isolated fixed points (otherwise X 7 is infinite). For some ¢ € T (k),
XT is the set of fixed points of ¢ (cf. 18.36), and so

2dim X
#XT = " (=1 Te(t | H (X))
i=0
(Lefschetz trace formula). On letting t — 1, we see that Tr(¢ | H (X)) = dim H?(X). The cohomol-
ogy groups of X can be expressed in terms of the cohomology groups of the connected components
of XT with an even shift in degree (Carrell 2002, 4.2.1). Therefore, the odd-degree groups vanish
when X7 is finite. On the other hand dim H? (X) > 1 for all i because the class of an intersection
of hyperplane sections gives a nonzero element of the group. Therefore,

#XT= Y dimH*(X) = dim(X) + 1.
0<i<dim(X)

f.  Homogeneous curves

21.24. Let C be a smooth complete curve over k. The local ring Op at a point P € |C|
is a discrete valuation ring with field of fractions k(C') such that k C Op, and every such
discrete valuation ring arises from a unique P. Therefore, we can identify |C| with the set
of such discrete valuation rings in k(C) endowed with the topology for which the proper
closed subsets are the finite sets. For an open subset U, we have Oc(U) = (\pey OP -
Thus, we can recover C from its function field k(C). In particular, two smooth complete
connected curves over k are isomorphic if they have isomorphic function fields.

21.25. According to the preceding remark, a smooth complete curve C over k is isomorphic
to P! if and only if k(C) is the field k(T") of rational functions in a single symbol 7'. Liiroth’s
theorem states that every subfield of k(T") properly containing k is of the form k(1) for some
u € k(T) transcendental over k (see, for example, my notes Fields and Galois Theory).

21.26. Let C be an curve (i.e., algebraic variety of dimension one) over k. If Cja &~ P!
and C (k) # @, then C ~ P! (the hypothesis implies that C is a smooth complete curve over
k of genus 0; projecting from a point P € C(k) defines an isomorphism from C onto P!).

PROPOSITION 21.27. Let C be a smooth complete algebraic curve over an algebraically
closed field. If C admits a nontrivial action by a connected group variety G, then it is
isomorphic to P!,

PROOF. Suppose first that C admits a nontrivial action by a connected solvable group
variety G. Then it admits a nontrivial action by a connected commutative group variety, and
hence by G, or Gy, (17.38).

If G4 acts nontrivially on C, then, for some x € C(k), the orbit map ux:G, — C is
nonconstant, and hence dominant. Now

k(C) = k(Ga) = k(T),
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and so k(C) ~ k(P!) by Liiroth’s theorem (21.25). Hence C ~ P! (21.24). The same
argument applies with G,, for G,.

We now prove the general case. If all Borel subgroups B of G act trivially on C, then

G(k) 1837 | B(k) acts trivially on C. As G is reduced, this implies that G acts trivially on

C, contrary to the hypothesis. Therefore some Borel subgroup acts nontrivially on C, and
we have seen that this implies that C is isomorphic to P!. o

21.28. There are alternative proofs of the proposition. If the genus of C is nonzero, then
a nontrivial action of G on C defines a nontrivial action of G on the jacobian variety of C
fixing 0, but abelian varieties are “rigid” (Borel 1991, 10.7). In fact, the automorphism group
of a curve of genus g > 1 is finite (and even of order < 84(g — 1) in characteristic zero).

g. The automorphism group of the projective line
Recall that

PY(R) = {P C R?| P is a direct summand of R? of rank 1}
for any k-algebra R (AG p.144). Moreover,

GL»(R) = GL(2, R)
PGL, = GL, /G
Aut(PY)(R) = Autg(PR).

For each k-algebra R, the natural action of GL,(R) on R? defines an action of GL,(R) on
P1(R), and hence a homomorphism GL, — Aut(P!). This factors through PGL,.

PROPOSITION 21.29. The homomorphism PGL, — Aut(P') just defined is an isomor-
phism.

This follows from the next two lemmas.

LEMMA 21.30. Leta € Aut(P')(R) = Aut(P}). If

a(0g) =0g, a(lg) =1gr, a(ocoR) = coR,
thenx =id.

PROOF. Recall that P = Uy U U; with Uy = Spec R[T] and U; = Spec R[T~']. The
diagram
Uo <~ U() N U1 —> U1

corresponds to
R[T] < R[T, T~ < R[T7].

The automorphism « preserves Uy and Uy, and its restrictions to Uy and U; correspond
to R-algebra homomorphisms

T+ P(T)=ao+a\T + P(T)T?
Tl QT Y =bo+bT 1+ 0T HT™2
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such that
P(TYQ(T™YH =1 (equality in R[T,T™!]). (147)

As a(0g) = Og, the coefficient ag = 0, and as a(cog) = ooR, the coefficient by = 0. The
equality (147) implies that y 3
P(T)=0=0(T).

Finally, a1 = 1 and P(T) = T because «(1g) = 1g. o
LEMMA 21.31. Let Py, P1, P, be points on P! with coordinates in R that remain distinct

in P! (k(x)) for all x € spm(R); then there exists an o € PGLy(R) such that «-Og = Py,
Ot-lR = Pl,anda'ooR = Pz.

PROOF. Let S be a faithfully flat extension of R; then each element of GL,(B), fixing the
points Og, lg, cog € P1(S), already lies in G,,(B). Therefore there exists at most one
g € PGL,(S) with g-0gr = Py, g-1g = P1,and g-00R = Xso. The direct summands Py,
P1, Ps of R? are projective, hence locally free. Therefore, we can find an open covering
spm(R) = 7, spm(Ry; ) such that (Po)s,, (P1)f;, (Poo)y; are free fori = 1,...,n. Thus

Yoi Yii Y2i
Po)r. = Ry , (P1)f. =Ry , (P2)r. =Ry, .
(Po)f, = Ry, (in) (PO, = Ry, (x”) (P2)y; = Ry, (le,)
For each o € spm(Ay, ), by assumption,
(Yoi Xooi — Yooi Xoi) () # 0.

Therefore, (Voi Xooi — Yooi X0i ) 1 invertible, and it follows that

def [ Y0i Yooi
H; = € GLy(Af,).
! (XOi )’ooi) 2(45)

h. Review of Borel subgroups

In this section, k is algebraically closed.

We list the properties of Borel subgroups that we shall need to use in the next section.
In the following G is a connected group variety, B is a Borel subgroup of G, and T is a
maximal torus in G.

21.32. All Borel subgroups in G are conjugate by an element of G (k) (see 18.12).
21.33. All maximal tori in G are conjugate by an element of G (k) (18.14).
21.34. If B is nilpotent, then G = B (18.27).

21.35. The only Borel subgroup of G normalized by B is B itself (18.39).

21.36. The connected centralizer Cg(T')° of T is contained in every Borel subgroup
containing 7" (18.33).

21.37. The group Ng (T)(k) acts transitively on the Borel subgroups containing 7' (18.15).

21.38. The reduced normalizer Ng(B)eq of B contains B as a subgroup of finite index
and is equal to its own normalizer. See (18.53) for a stronger result.

21.39. The centralizer of a torus S in G is smooth (16.23); therefore

dim Cg () "2 dimLie(Cg(S)) "2 dimLie(G)S.
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1. Criteria for a group variety to have semisimple rank 1.

Throughout this section, k is algebraically closed.

THEOREM 21.40. The following conditions on a connected group variety G over k and a
Borel pair (B, T) are equivalent:

(a) the semisimple rank of G is 1;

(b) T lies in exactly two Borel subgroups;
(¢c) dim(G/B) =1;

(d) there exists an isogeny G/ RG — PGL;.

The proof of this will occupy the rest of this section. Throughout, G is a connected
group variety over k (algebraically closed). In proving the theorem, we may replace G with
G/RG, and so assume that RG = e.

(a)=(b): A MAXIMAL TORUS IN A GROUP OF SEMISIMPLE RANK 1 LIES IN
EXACTLY TWO BOREL SUBGROUPS

Let G be connected group variety of semisimple rank 1. Let T be a split maximal torus in
G, and fix an isomorphism A:G,, — T. Call a Borel subgroup positive if it contains U(X)
and negative if it contains U(—A).

LEMMA 21.41. The following hold:
(a) T lies in at least two Borel subgroups, one positive and one negative.

(b) If B (resp. B’) is a positive (resp. negative) Borel subgroup containing T, then every
Borel subgroup containing T lies in the subgroup generated by B and B’.

(c) No Borel subgroup containing T is both positive and negative.

(d) The normalizer of T in G contains an element actingon T ast +—> L

PROOF. (a) The subgroup variety U(A) is connected, unipotent, and normalized by T .
Therefore TU(A) is a connected solvable subgroup variety of G, and so lies in a Borel
subgroup, which is is positive (by definition). A similar argument applies to U(—A).

(b) Apply Corollary 21.16 with G equal to a Borel subgroup containing 7'.

(c) Otherwise (b) would imply that every Borel subgroup containing 7 is contained in a
single Borel subgroup, which contradicts (a).

(d) The normalizer of T in G acts transitively on the set of Borel subgroups containing
T (21.37). Any element taking a negative Borel subgroup to a positive Borel subgroup acts
ast—>tlonT. o

LEMMA 21.42. Each maximal torus of G lies in exactly two Borel subgroups, one positive
and one negative.

PROOF. Let T be a maximal torus, and choose an identification of it with G,,. We use
induction on the common dimension d of the Borel subgroups of G (21.32).

If d = 1, then the Borel subgroups are commutative, and so G is solvable (21.34),
contradicting the hypothesis.

Next suppose that d = 2. We already know that T lies in a positive and in a negative
Borel subgroup. Suppose that 7" lies in two positive Borel subgroups B and B’. If B,, # B),,
then they are distinct subgroups of U(1), and therefore generate a unipotent subgroup of
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dimension > 1. This implies that the Borel subgroups of G are unipotent, hence nilpotent,
hence equal G, which contradicts the hypothesis. Therefore B, = B),, and so

B'Y'B, T=8B,.T'E" B

Now suppose that d > 3. Let B be a positive Borel subgroup containing 7. Let
N = Ng(B)red, and consider the action of B on G/N. Because of (21.35), B has a unique
fixed point in G/N. Let O be an orbit of B in G/N of minimum nonzero dimension.
The closure of O in G/N is a union of orbits of lower dimension, and so O is either a
projective variety or a projective variety with one point omitted. This forces O to be a curve,
because otherwise it would contain a complete curve, in contradiction with Theorem 21.28.

Therefore, there exists a Borel subgroup B’ such that B N Ng(B’) has codimension 1 in B.
def

Thus H = (BN B’)° has codimension 1 in each of B and B’. Either H = By, = B, orit
contains a torus. In the first case, (B, B’) normalizes H, and a Borel subgroup in (B, B’)/H
has no unipotent part, and so (B, B’} is solvable, which is impossible.

Therefore H contains a torus. We conclude that B and B’ are the only Borel subgroups
of (B, B') containing T, and one is positive and one negative. Then Lemma 21.41(d) shows
that B and B’ are interchanged by an element of N p/y(T') that acts a t — t~! on T. This
implies that B’ is negative as a Borel subgroup of G. Finally Lemma 21.41(b) implies that
every Borel subgroup of G containing 7 lies in (B, B’), hence equals B or B’ O

(b)=(c): IF T LIES IN EXACTLY TWO BOREL SUBGROUPS, THEN dim(G/B) =1

Let (B,T) be a Borel pair in G, and let N = Ng(B)req. Then G/B — G/N is a finite
covering (21.38). As N contains B, the quotient G/N is complete, and as N is its own
normalizer (21.38), it fixes only one point in B/ N, and so the stabilizers of distinct points
of G/N are the normalizers of distinct Borel subgroups. The fixed points of T in G/ N
correspond to the Borel subgroups that 7" normalizes, and hence contain 7'. Therefore T has
exactly 2 fixed points in G/N. As G is nonsolvable, G/ B (hence also G/ N ) has dimension
> 1. In fact, G/ N has dimension 1, because otherwise Corollary 21.21 would show that T
has more than 2 fixed points.

(¢)=(d): IF dim(G/B) = 1, THEN THERE EXISTS AN ISOGENY G/RG — PGL,

If dim(G/B) = 1, then G/ B is a smooth complete curve. Because G acts nontrivially on
G/ B, it is isomorphic to P! (21.27). On choosing an isomorphism G/B — P!, we get an
action of G on P!, and hence a homomorphism G — Aut(P!). On combining this with the
canonical isomorphism Aut(P') — PGL,, we get a surjective homomorphism G — PGL,
whose kernel is the intersection of the Borel subgroups containing 7. This gives the required
isogeny.

(d)=(a) IF THERE EXISTS AN ISOGENY G/RG — PGL,, THEN G HAS
SEMISIMPLE RANK 1
This is obvious.

NOTES. This section follows Allcock 2009.
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J. Split reductive groups of semisimple rank 1.

In this section, k is arbitrary.

LEMMA 21.43. Let (G, T) be a split reductive group of semisimple rank 1 over k. Then
there exists a Borel subgroup B of G containing T .

PrOOF. Firstlet (G, T) be a split semisimple group of rank 1. Then R(Gja) = e, and so
there exists an isogeny Ga — PGL,. Hence G has dimension 3 and any Borel subgroup has
dimension 2. Choose an isomorphism A:G,, — T. Then P(1) = T -U(X) is a connected
solvable algebraic subgroup of G of maximum dimension, and hence is a Borel subgroup
containing 7' (and P(—A) is the only other Borel subgroup of G containing 7).

Now let (G, T) be a split reductive group of semisimple rank 1. The derived group G’
of G has semisimple of rank < 1 (21.2). If G’ had rank 0, then it would be commutative,
and G would be solvable, contradicting the hypotheses. Thus, G’ is a split semisimple group
of rank 1. Let T’ be a maximal torus of G’ contained in 7', and choose an isomorphism
A:Gy — T'. Then T -U(A) and T - U(—A) are Borel subgroups of G containing 7 . o

THEOREM 21.44. Let G be a split reductive group over k of semisimple rank 1, and let B
be a Borel subgroup of G. Then G/B is isomorphic to P!, and the homomorphism

G — Aut(G/B) ~ PGL,
is surjective with kernel Z(G).

The algebraic group Ga is reductive of semisimple rank 1, and Bja is a Borel subgroup
of Gra. Moreover, (G/B)ga =~ Gya/Bga ~ P!, and so G/B ~ P! (21.26). The map
G — Aut(G/B) is surjective because this is true after a base change to k2. It remains to
prove that the kernel of G — Aut(G/B) is Z(G). It suffices to prove this with k algebraically
closed, and so for the remainder of the proof, k is algebraically closed.

Let T be a maximal torus in G, and write B and B~ for the two Borel subgroups
containing T (see 21.29). We choose the isomorphism G/B* — P! so that B fixes 0
and B~ fixes oo. The action of G on G/BT ~ P! determines a homomorphism ¢:G —
Aut(P!) ~ PGL,. Let B° denote the Borel subgroup of PGL, fixing 0.

As G is not solvable, the unipotent part B, of B is nonzero (18.27). As Ry (G) =0,
the homomorphism B, — BY has finite kernel. Now Bl is a smooth connected unipotent
group of dimension 1, and hence is isomorphic to G, (17.18). Choose an isomorphism
it:G, — B;I; then the action of 7 on B, by inner automorphisms corresponds to the
action of T on G, defined by a character «™: T — G,, of T

itt@)-x)=t-it(x)-t7Y, teT(R), xeGu(R)=R. (148)

This character does not depend on i ™ and is called the root of G with respectto (B+,T).
Similarly, there is a root @~ of G with respect to (B~, T') defined by the same equation (14)
but with — for +:

i@ (t)-x)=t-i"(x)-t7!, teT(R), xeGq(R)=R. (149)

PROPOSITION 21.45. Letn be an element of G (k) that normalizes T, but doesn’t centralize
it. Then

nBtn=! =B~

ato(inn®)|T)=a =—a™.
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PROOF. The first equality was proved in (21.41d). The second equality can be proved by a
direct calculation: let i~ denote the isomorphism

inn(n)oit:G, — By;

for x € B (R) andt € T(R),

iT@tmn™).-x) = ntn Vit (x)-nt~n! apply (148)
= nt-i~(x)-t"n7! definition of i ~
= n-i (¢ (t)-x)-n! apply (149)
= iT(@ (1)),

and so
at(mtn™Y) =a™(1).
On the other hand, because B™ is not nilpotent (18.27), @™ # 0. Because Kera™ is
equal to the centre of BT =i T (G,)- T, it is also equal to the centre of G (18.50). On the
other hand, inn(n) induces the identity map on Ker(a™), and gives a commutative diagram:

+
e —— Ker(a™) s T 2 Gp, > e
:lid :linn(n) :lv
e — Ker(a™) sy T -2 G > e

where v is induced by inn(n). If v = id, then inn(n) = id+A with A a homomorphism (of
algebraic groups) T — Ker(a ™). But then id = (inn(n))? =id 4+2A. As Hom(7, Ker(a ™)) is
torsion free, this implies that inn(n) = id, which contradicts our assumption that n & Cg (7).
Thus v is an automorphism, equal to —id, as required. O

COROLLARY 21.46. We have
B NB, =e.

PROOF. Note that T acts by inner automorphisms on B, N B;,. We use i T to identify B,
with G,. Then T acts on B, through o™, and as @™ is an epimorphism, B, N B, is a
Gm-submodule of G,. Therefore it equals c,- for some r > 1 or e. In the first case, T" acts

on & C apr via the map ™, but because @~ = —a ™, this is impossible. o
COROLLARY 21.47. We have
BTNB =T
PROOF. Clearly,
B*NB™=(BSNB7)-T=(BfNB,)T=T. o

COROLLARY 21.48. We have
Ker(a™) = Z(G) = Ker(p).

PROOF. The first equality was proved above. For the second, the kernel of ¢ is contained in
BTN B~ =T, and is therefore a diagonalizable normal subgroup of a connected group G.
Hence Ker(p) lies in the centre of G (14.30). But Z(G) C Ker(¢) because ¢ is surjective
and Z(PGL,) = e. 0

NOTES. This section follows SHS, Exposé 15, §3, p.395-397.

The remaining sections will be rearranged in the final version. Probably “Roots”
will be inserted here.
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k. Properties of SL;

PROPOSITION 21.49. The algebraic group SL, is perfect, i.e., it is equal to its derived
group.

PROOF. As SL, is smooth, it suffices to show that the abstract group SL (k) is perfect. In
fact, we shall show that SL, (k) is perfect if k has at least three elements. For a € k*, let

f12(a) = ((1) 611) 2,1(a) = (cll (1))

An algorithm in elementary linear algebra shows that SL; (k) is generated by these matrices.
On the other hand, the commutator

G266 )

Choose b # =1, and then ¢ can be chosen so that (% — 1)c = a. Thus t; »(a) is a commu-
tator. On taking transposes, we find that 75 1 (@) is also a commutator. O

The group SL; acts on itself by inner automorphisms, and so we have a homomorphism
of algebraic groups SL; — Aut(SL,), which factors through PGL,.

PROPOSITION 21.50. The homomorphism PGL, — Aut(SL,) is an isomorphism of alge-
braic groups.

PROOF. It suffices to show that every automorphism of SLy becomes inner over the algebraic
closure of the base field. Thus, assume k to be algebraically closed, and let y be an
automorphism of SL,. Let T be the diagonal maximal torus in SL;, and let U = U,. After
(possibly) composing y with an inner automorphism of SL», we may suppose that y(7) =T,
and after (possibly) composing it with inn(s), we may suppose that y acts as the identity map
onT. Then U —2» y(U) is a T-isomorphism, and so y(U) = U (as y(U) satisfies (152)).
Hence y stabilizes U, and therefore T'. After composing y with an inner automorphism by
an element of 7', we may suppose that y|B = idp (here we may have to take a square root).
Now x — y(x)x~! factors through SL, /B, and so is constant (18.25). o

REMARK 21.51. The proposition says that every automorphism of SL; is inner in the sense
that it becomes inner after a field extension. For ¢ € k,

S T I WA

and so conjugation by diag(+/7, +/¢~1) is an inner automorphism of SL, over k. However,
it is not of the form inn(A) with A € SL;(k) but only for A € SL,(k[+/1]). This reflects the
fact that SL, (k) — PGL; (k) is not surjective.

PROPOSITION 21.52. The algebraic group SL is simply connected.

In other words, every multiplicative isogeny G — SLy of connected group varieties is
an isomorphism. It suffices to prove this over an algebraically closed field. There are several
different proofs of this, which we now describe.
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PROOF BY ELEMENTARY GROUP THEORY
See Springer 1998, 7.2.4.

PROOF BY ALGEBRAIC GEOMETRY

It satisfies the criterion X(G) = 0 = Pic(G) — see (20.18).

PROOF USING ROOTS

It satisfies the criterion: a split semisimple group (G, T') is semisimple if X (7') is generated
by the coroots. See (22.104) et seq. This will be explained in the final version.

PROOF USING EXTENSIONS.

Recall (14.29) that the only action of a connected algebraic group on a group of multiplicative
type is the trivial action.

PROPOSITION 21.53. Let D be an algebraic group of multiplicative type. Then
ZY(SL,,D) =0= H?*(SL,, D), i.e.,
Ext’(SL,, D) = 0 = Ext!(SL,, D).
PROOF. Recall that GL, = SLj xGy,. Therefore a (nontrivial) G, -torsor over SL, extends
to a (nontrivial) G, -torsor over GL,. But GL, is a the spectrum of a unique factorization
domain, which implies that Pic(GL;) = Pic(SL;) = 0, and we can calculate the cohomology
of SL; acting on G, by means of the Hochschild complex. In order to describe this complex,
we must first determine the group Mor(SL}, Gp,) of invertible functions on SL,. According

to (14.68), every regular map SL), — G, sending e to e is a homomorphism. But there are
no nontrivial homomorphism SL, — G, because SL, is perfect. Therefore,

C'(SLy,Gp) = k>,
and as in the computation of H' (G4, Gp,),
HJ(SLy,Gyp) = k>
H{(SL2,Gpm) =0, i>0. o

1. Classification of the split reductive groups of semisimple rank 1

PROPOSITION 21.54. For every multiplicative isogeny G — PGL, of connected group
varieties, there exists a unique homomorphism SL, — G making the following diagram
commute

G —— PGL,.

PROOF. The homomorphism G’ = G Xpgr, SL» — SLj is surjective with finite multiplica-
tive kernel. If k& has odd characteristic, then G’ is smooth, and the restriction of the morphism
to G'° has a section. If k is perfect, the restriction to G/, — SL; has a section. We omit the
proof of the remaining case (k nonperfect of characteristic 2). Let ¢, ¢’ be two such maps;
then g — ¢(g)/¢’(g) is trivial because SL; has no finite quotients. O
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THEOREM 21.55. Every split reductive group G of semisimple rank 1 is isomorphic to
exactly one of the groups

an XSL2, G; XGLz, G:n XPGLz, reN.

FIRST PROOF

In the exact sequence
¢e—>RG—->G—>G/RG —e (151)

RG is atorus and G/RG is a split semisimple group of rank 1. According to (21.44), there
is a surjective homomorphism G/RG — PGL, with kernel the centre Z of G/RG. Now
the composed map G — PGL; realizes G as an extension of PGL, by an extension of Z by
RG. Thus, we see that G arises as extension of PGL, by a split group of multiplicative type,
and so it remains to classify such extensions.

PROPOSITION 21.56. Let D be an algebraic group of multiplicative type. Then
Hom(yiz, D) ~ Ext! (PGL,, D).
PROOF. We use the exact sequence
e >y — SLy - PGL, — ¢
to deduce this from (21.53). See SHS, Exp. 10, 1.5.1, p.290-2. The idea is to use
Hom(PGL,, D) — Hom(SLy, D) — Hom(u», D) — Ext! (PGL,, D) — 0.

In fact, defines
Hom(us, D) — Ext! (PGL,, D)

explicitly, and then defines an inverse.
Alternatively, we can argue directly as in (20.28). Let f: > — D be a homomorphism.
Define E( f) to be the cokernel of the homomorphism

x> (x, f(x™Y): pa — SLy xD.

Then E(f) is a central extension of PGL, by D.
On the other hand, let #: G’ — PGL; be a central extension of G by D. Then 7:G — G
factors through £,

G~i>G/—>G,

and the factorization is unique (cf. 20.5). The restriction of f to 71 (G) maps into D.
These operations are inverse. o

Thus, the extensions of PGL, are classified by the elements of
14.9
Hom(uz, D) ~ Hom(X(D),Z/27).

Let i be a homomorphism X(D) — Z/27Z.There are three cases to consider.
In the first case w = 0. This corresponds to the trivial extension

¢ — D — D xPGL, —5 PGL, —> ¢
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In the second case, there exists a decomposition X(D) = N & Z such that u|N = 0 and
|7 is the quotient map Z — Z/27. This corresponds to the extension

¢ — D(N) — D(N)xGLj %5 PGL, — e

with ¢ the obvious projection onto PGL,.
In the final case, there exists a decomposition X(D) = N @& Z/27Z such that u|N =0
and @|Z/27 = id. This corresponds to the extension
¢ — D(N) = D(N)xSLy -5 PGL, —> e

with g the obvious projection onto PGL,.

SECOND PROOF (USING 20.13)

Let G be a split reductive group of semisimple rank 1. Then G/RG admits a universal
covering SL, — G/RG, which can be used to pull (151) back to an exact sequence

e —> RG —> G —SL, —>e.
Because SL, is perfect, this extension splits, and so we have
RGxSL, ~G' - G

with RG a torus and G’ — G a central isogeny with kernel e or ;. From this it is easy to
deduce the theorem.

THIRD PROOF

We use that SL, is simply connected. Let 75 be the standard (diagonal) maximal torus in
SL,, and let a5 be the root diag (¢, 1) > £2.

PROPOSITION 21.57. Let (G,T) be a split reductive group of semisimple rank 1. There
exists a homomorphism :(SLy,T2) — (G,T) whose kernel is central and « o = o5.

Moreover, 7 is unique up to an inner automorphism by an element of T», and 7 (s) normalizes
T.

By “an inner automorphism by an element of 75 we allow (150).

PROOF. Let R = RG = (ZG)s. We know that D(PGL,) = PGL,, and so there is an exact
sequence (14.72)
e—> RNDG - RxDG—- G —e

with RNDG finite. On dividing by R, we get a central isogeny DG — G/ R, and hence a
central isogeny DG — PGLj (21.5). As SL; is simply connected, the canonical homomor-
phism SLy — PGL lifts to a homomorphism SLy, — DG. o

PROPOSITION 21.58. Every split reductive group G of semisimple rank 1 is isomorphic to
exactly one of the following:

T xSL,, T xGL,, T xPGL;.
Here T is an arbitrary split torus.

PROOF. It follows from (21.57) that G is a quotient of 7" x SL; by a finite central subgroup
scheme N. If N C T x 1, we get T’ x SL, as the quotient; if N C 1 x SL,, we get T x PGL,
as the quotient; otherwise, we get T' x GL;. O
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m. Roots
THEOREM 21.59. Let (G, T) be a split reductive group of rank 1, and assume that G is not

solvable.

(a) There exists an « € X*(T) such that
g=tDga D9

withdimgy = 1 =dimg_q.

(b) There exists a connected unipotent subgroup variety Uy (resp. U_y ) with Lie algebra
O (resp. g—qa).

(¢) There exists an isomorphism u: G, — Uy, and for every such isomorphism

t-u(a) -t =u(a(t)a), allt € T(R),a € Gy(R) (R ak-algebra).

(d) The Borel subgroups of G containing T are B = T U, and B~ = T U_; their Lie
algebras are t® gy and t P g—_q.

(e) The Weyl group W(G, T)(k) has order 2; its nontrivial element s is represented by an
n € Ng(T)(k), and for any such n, the orbit map
Uy—> G/B, ur—unB

is an isomorphism onto its image.

(f) The flag manifold B ~ P! and G is semisimple and perfect of dimension 3.

PRrROOF. This has largely been proved (see especially the proofs of 21.43 and 21.44). For
example, Uy is the group U(A) where A is any isomorphism G,, — T . For statement (c),
Uy ~ G, because it is smooth, unipotent, and of dimension 1 (15.52). Let u: G, — Uy be
an isomorphism. There is an action of 7' on G, such that u(z - x) = tu(x)t 1. This action is
linear because conjugation respects the group structure. Therefore ¢ - x = y(¢)x for some
character y of Gy, and tu(x)t~! = u(x(¢)x). On applying Lie, we see that T acts on gq
through the character y. But we know that 7" acts on g, through o, and so y = . O

EXAMPLE 21.60. Let T be the standard (diagonal) torus in G = SL,. The Lie algebra g of

SL, is
a b
5[2— {(C d) EMz(k)

and T acts on g by conjugation,
t 0 a b\ (7! 0\ _ a t?b
0 t7')\e —aJ\O ) \t7%2c —a)’

sh=t® gy D g—a

a—}—d:O},

Therefore

with « the character diag(¢,z~!) > t2 and

{0 o) == ol
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Let U, = { (1 *)} . Then Lie(Uy) = go, and B = T U is a Borel subgroup of SL;. Note

0 1

that
t 0 1 a\ (™! 0\ _ (1 b
o 7'J\o 1J\o ) \o 1)’

and so the map a — ((1) ?) is an isomorphism of algebraic groups u:G, — U with the
property that

t-u(a) -t =u(a(t)a), allteT(R), acGu(R). (152)

The Weyl group W(G, T)(k) = {1,s} where s is represented by the matrix n = (_(1) (1))

LEMMA 21.61. Let (G,T) be a split reductive group of semisimple rank 1, and let H be a
smooth algebraic subgroup of G normalized by T. If g,, C Lie(H ) for some root «, then
Uy CH.

PROOF. Because T normalizes H, TH is a smooth algebraic subgroup of G. Suppose that
U, C TH; then the image of Uy in TH/H ~ T /T N H is trivial, and so U, C H. Thus we
may replace H with TH and assume T C H.

Note that dimG = dim T + 2. As Lie(H) D t & gq, the dimension of H isdim7 + 1 or
dim T + 2. In the second case, H = G and so H D U,. In the first case, we let B denote a
Borel subgroup of H containing 7. If B = T, then B is nilpotent, and H = B = T, which
contradicts the hypothesis. Thus H = B, and so H is a connected solvable subgroup variety
of G of maximum dimension dim(G) — 1. Therefore it is a Borel subgroup of G, and so it
contains Uy because its Lie algebra contains gg. o

THEOREM 21.62. Let (G,T) be a split reductive group of semisimple rank 1.

(a) The derived group G’ of G has semisimple rank 1, and the map G’ — G/RG is an
isogeny with kernel RGN G’.

(b) There exists ana € X *(T) such that
g=1tDga D9

withdimgy =1 =dimg_,.

(¢) There is a unique homomorphism uy:(gy)a — G such that Lie(uy) is the given
inclusion gy — g.

(d) LetUy =Im(ugy). Then Uy, is the unique subgroup of G isomorphic to G,, normalized
by T, and such that, for every homomorphism u: G, — U,

t-u(a)-t ' =u(a(t)a), allt e T(R),a € Gq(R) (R ak-algebra).

(e) The Borel subgroups of G containing T are B, = TUy and B_y = T U_q. Their Lie
algebras are by, =t® gy and b_q =P g_q.

(f) Let T’ be the unique maximal torus in G’ contained in T. There exists a unique
aV € Xi(T") C X«(T) such that {a,av) = 2.
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(g) The Weyl group W(G, T)(k) contains exactly one nontrivial element sy, and

sa(0) = x—(x.@")at
SaA) = A — (o, )V,

forall y € X*(T) and A € X«(T).
(h) The algebraic group G is generated by T', Uy, and U_,,.

PROOF. The algebraic subgroup RG N G’ is finite, and the sequence
e—>RGNG' - RGXxG' -G —e

is exact because G/ RG =~ PGL; is perfect (14.72). From this the statement (a) follows. The
remaining statements follow from (21.59) applied to (G’, T”), except for the uniqueness of
Uy, which follows from the lemma.

Alternatively, the unscrupulous can prove it case-by-case using the classification (21.58).
(Readers should check this; in particular, they should find the coroot @ in each case.) o

n. Forms of GL,

Let G be a reductive group of semisimple rank 1, and let 7" be a maximal torus in G. Then
T splits over k*°P, and so G is a k*P/k-form of one of the groups in (21.55). Thus, to
determine all reductive groups of semisimple rank 1 over k, it remains to determine the
k-forms of these groups. For GLj, this is easy.

FORMS OF M, (k): QUATERNION ALGEBRAS

The k-forms of M5 (k) are the quaternion algebras over k. Every quaternion algebra splits
over a separable extension of k. Every automorphism of of M5 (k) is inner, and so its
automorphism group is PGL; (k). The isomorphism classes of the forms of M5 (k) are
classified by H!(k,PGL,) (Galois cohomology).

ForMS OF GL,

Because Aut(GL,) = PGL;, the isomorphism classes of the forms of GL, are also classified
by H!(k,PGL,). For each quaternion algebra A over k,

GA:R» (A® R)*

is a k-form of GL,, and the cohomology classes of 4 and G4 agree. Therefore this functor
induces a bijection from the set of isomorphism classes of quaternion algebras over k to the
set of isomorphism classes of k-forms of GL;.






CHAPTER 2 2

Reductive groups

In this chapter, we reap the benefit of our hard work in the earlier chapters to give a complete
description of the structure of split reductive groups.
Usually in this chapter R is a set of roots; if it is a k-algebra we say so.

a. Semisimple groups

THE RADICAL

22.1. Let G be a connected group variety over k. Recall (8.39) that, among the connected
normal solvable subgroup varieties of G there is a greatest one, containing all other such
subgroup varieties. This is the radical R(G) of G.

22.2. For example, if G is the group variety of invertible matrices (61 g) with A4 of size

m xm and C of size n x n, then R(G) is the subgroup of matrices of the form (“(I)’” ci,)

with a I, and c I, nonzero scalar matrices. The quotient G/RG is the semisimple group
SL,, xSL,,.

22.3. The formation of R(G) commutes with separable field extensions k’/k (not nec-
essarily finite). It suffices to prove this for a finite extension. We may suppose that k’ is a
finite Galois extension of k£ with Galois group I". By uniqueness, R(Gy) is stable under the
action of I", and therefore arises from a subgroup variety H of G (1.41). Clearly,

R(G)r C R(Gy) = Hyr,
and so R(G) C H. As Hj is connected normal and solvable, so also is H (5.48, 8.29), and
so R(G) = H by maximality.
SEMISIMPLE ALGEBRAIC GROUPS

22.4. Recall (8.39) that a connected group variety G over an algebraically closed field is
semisimple if R(G) = e, and a connected group variety G over a field k is semisimple if
G is semisimple.

22.5. Let G be a group variety over k. If G is semisimple, then Gy is semisimple for all
fields k' containing k; conversely, if G/ is semisimple for some field &’ containing k, then
G is semisimple. This is obvious from the definition [actually, not quite; should prove (22.3)
for not necessarily algebraic field extensions].

381
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PROPOSITION 22.6. Let G be a group variety over a perfect field k.
(a) The group G is semisimple if and only if RG = e.
(b) The quotient G/ RG is semisimple.

PROOF. (a) This follows from (22.3).
(b) Let N be the inverse image of R(G/RG) in G. Then N is a normal algebraic
subgroup of G, and it is an extension

e —> RG — N — R(G/RG) — e.

of smooth connected solvable algebraic groups. Therefore it is smooth connected and
solvable, and so RG = N. Hence R(G/RG) =e. O

PROPOSITION 22.7. Let G be a connected group variety over k. If G is semisimple, then
every smooth connected normal commutative algebraic subgroup is trivial; the converse is
true if k is perfect.

PROOF. Suppose that G is semisimple, and let H be a connected normal commutative
subgroup variety of G. Then Hypa C RGra = e, and so H =e.

For the converse, suppose that k is perfect and that G is not semisimple. Then RG # e
(22.6), and there is a chain of distinct subgroup varieties

RG D DY (RG) DD*(RG)D---DD"(RG) =e

of G with r > 1. As RG is smooth and connected, each group D" (RG) is smooth and
connected; moreover D" (RG) is characteristic in RG (8.21), hence normal in G, and each
quotient D*G/D"T1G is commutative (8.21). The last nontrivial term in the chain is a
connected normal commutative subgroup variety of G. =

22.8. If one of the conditions in (22.7) is dropped, then a semisimple group may have such
an algebraic subgroup. Let p = char(k).

(a) The subgroup Z/27Z = {£1} of SL, (p # 2) is normal, commutative, and smooth,
but not connected.

(b) The subgroup p, of SL, (p = 2) is connected, normal, and commutative, but not
smooth.

(c) The subgroup U, = {((1) ’f)} of SL, is connected, commutative, and smooth, but not
normal.

(d) The subgroup {e} x SL, of SL, xSL, is connected, normal, and smooth, but not
commutative.

22.9. Let G = SL,. Let p be the characteristic exponent of k, and set n = mp” with
ged(m, p) = 1. Then Z(G) = pn, Z(G)° = ppr, Z(G)red = m» and R(G) = Z(G); , =
1.

b. Reductive groups

THE UNIPOTENT RADICAL

22.10. Let G be a connected group variety over k. Recall (8.41) that, among the connected
normal unipotent subgroup varieties of G there is a greatest one, containing all other such
subgroup varieties. This is the unipotent radical R, (G) of G.
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22.11. For example, if G is the group variety of invertible matrices (‘3 g) with A of size

m xm and C of size n X n, then Ry G is the subgroup of matrices of the form (I(’)" }i ) The
quotient G/ R, G is isomorphic to the reductive group GL,, x GL,,.

22.12. The formation of R, (G) commutes with separable field extensions. The proof of
this is the same as for R(G) (22.3).

REDUCTIVE ALGEBRAIC GROUPS

22.13. Recall (8.41) that a connected group variety G over an algebraically closed field is
reductive if R, (G) = e, and a connected group variety G over a field k is reductive if G
is reductive.

Sometimes a group variety G is said to be reductive if G° is reductive in the above sense.
For us, reductive group varieties are always connected.

22.14. Let G be a group variety over k. If G is reductive, then Gy is reductive for all
fields kK’ containing k; conversely, if Gy is reductive for some field &’ containing k, then G
is reductive. This is obvious from the definition.

22.15. Let G be a connected group variety over a perfect field k.
(a) The group G is reductive if and only if R,G =e.
(b) The quotient G/ R, G is reductive.

The proof of this is the same as that of (22.6).

22.16. Let G be a reductive group. The centre Z(G) of G is of multiplicative type, and
R(G) is the greatest subtorus of Z(G). The formation of R(G) commutes with all extensions
of the base field. This is proved in (19.20).

The centre of a reductive group need not be connected (e.g., SL, p # 2) or smooth (e.g.,
SL,, pP = 2)

22.17. Let G be a connected group variety over a field k. If G is reductive, then every
connected normal commutative subgroup variety is a torus; the converse is true if k is perfect.
The proof of this is the same as that of (22.7).

PROPOSITION 22.18. A normal unipotent algebraic subgroup U of an algebraic group G
acts trivially on every semisimple representation of G .

PROOF. Let V be a semisimple representation of G, and let W be a simple subrepresentation
of V. Because U is normal, WU is stable under G, and because U is unipotent, it is nonzero.
Therefore WY = W. As V is a sum of its simple subrepresentations, it follows that U acts
trivially on V. O

COROLLARY 22.19. If a connected group variety G admits a faithful semisimple represen-
tation, then its unipotent radical is trivial.

PROOF. The unipotent radical acts trivially on the faithful representation, and hence is
trivial. O

COROLLARY 22.20. A connected group variety G is reductive if it admits a faithful
semisimple representation that remains semisimple over k.
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PROOF. The hypothesis implies that the unipotent radical of Ga is trivial. O
Proposition 22.18 shows that, for a connected group variety G,

R,G C m Ker(r).
(V,r) simple

If k has characteristic zero, then all representations of a reductive group are semisimple
(22.138), and so equality holds. In the general case, let (V,r) be a faithful representation of
G,andletV =Vy DV D---Vs_1 D Vs =0 be afiltration of V' by stable subspaces such
that (V;/ Vi41,r;) is simple for all i. Then () Ker(r;) is a normal unipotent subgroup of G,
and so it is contained in R, G if it is smooth and connected.

EXAMPLE 22.21. The group varieties GL;, SL;, SO, and Sp,,, are reductive, because
they are connected and their standard representations are simple and faithful.

MAXIMAL TORI IN REDUCTIVE GROUPS

22.22. Let G be a reductive algebraic group. The centralizer of a torus in G is reductive;
in particular, it is smooth and connected (19.19). A torus T in G is maximal if and only if
Cg(T) =T (19.19). As the formation of centralizers commutes with extension of the base
field, we see that maximal tori in reductive groups remain maximal after extension of the
base field.

22.23. Every connected group variety contains a maximal torus (18.65). Any two split
maximal tori in a reductive group G are conjugate by an element of G (k) (18.68).

22.24. Let T be a maximal torus in a reductive group G. The Weyl group of G with respect
to T is
W(G.T) = Ng(T)/Ca(T).

As Ng(T)° centralizes T (by rigidity), we see that W(G,T) is the finite étale group
7o(Ng(T)).

EXAMPLE 22.25. The torus I, is maximal in GL,, because ID,, (k*°P) is its own centralizer
in GL,, (k*°P). In fact, let A € M,,(R) for some k-algebra R. If

(I +Eij)A=A(l + E;;)

then a;; = 0 = a;; for all j # i, and so A must be diagonal if it commutes with all the
matrices I + Ej;.

The conjugacy classes of maximal tori in GL;, are in natural one-to-one correspondence
with the isomorphism classes of étale k-algebras of degree n. The (unique) conjugacy class
of split maximal tori corresponds to the étale k-algebra k x --- x k (n-copies). See (18.69).

NOTES

22.26. In SGA 3, XIX, it is recalled that the unipotent radical of a smooth connected affine
group scheme over an algebraically closed field is the greatest smooth connected normal
unipotent subgroup of G (ibid. 1.2). A smooth connected affine group scheme over an
algebraically closed field is defined to be reductive if its unipotent radical is trivial (ibid. 1.6).
A group scheme G over a scheme S is defined to be reductive if it is smooth and affine over
S and each geometric fibre of G over § is a connected reductive group (ibid. 2.7). When S
is the spectrum of field, this definition coincides with our definition.
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22.27. In SHS (Exp. 5, p.188), a reductive algebraic group is defined as follows:

Let k be an algebraically closed field, and let G be an algebraic group over k.
We say that G is reductive if it is affine and smooth over £ and if it contains no
normal subgroup isomorphic to G} with n > 0.

Let G be a connected group variety G over an algebraically closed field. If G is not reductive
(in our sense), then it contains a normal algebraic subgroup of the form G/, r > 0. To see
this, note that if R, (G) # e, then it has a centre Z of dimension > 1. Let H be the kernel
of the Verschiebung on Z (SHS Exp 11). Then H?, is stable under all automorphisms of Z,
or R, G, or G. Therefore H?, is normal in G. After SHS Exp 11, H; is isomorphic to G.

(See also 15.51, 15.) Thus our definition of a reductive group coincides with that in SHS
except that SHS doesn’t require the group to be connected.

22.28. Borel and Tits (1965) define the unipotent radical R, (G) of a k-algebraic group
G to be the greatest connected unipotent closed normal subgroup of G, and they say that
G is reductive if R,(G°) = e. By the first definition, I think they mean that R, (G) is
the abstract subgroup of G°(£2), where 2 is a universal field, with these properties. If so,
their definitions agree with our definitions. Since they decline to say what they mean by an
“algebraic group over k”, instead offering the reader a choice of three possibilities including
an “affine algebraic group scheme geometrically reduced over k”, it is difficult to interprete
many of their statements.

22.29. Let G be a semisimple group over an algebraically closed field k, and let g, g’ €
G(k). If g and g’ are conjugate in G(k), then r(g) and r(g’) are conjugate in GL(V') for
every simple representation (V,r) of G. Is the converse true? The answer is yes if the
characteristic of k is zero or “big” (depending on G), but the answer is (perhaps) not known
in general (Steinberg 1978).

c. The roots of a split reductive group

In the theory of reductive groups, there are only two possibilities: either one proves every-
thing case-by-case or one uses roots. The second is usually much more efficient.

SPLIT REDUCTIVE GROUPS

A reductive group is split" if it contains a split maximal torus.” Every reductive group over a
separably closed field is split because it contains a maximal torus (22.23) and every torus
over a separably closed field is split (14.25)).

We show later that, for every reductive group G over an algebraically closed field & and
subfield kg of k, there exists a split reductive group Gg over kg, unique up to isomorphism,
that becomes isomorphic to G over k.

DEFINITION 22.30. A split reductive group over k is a pair (G, T') consisting of a reductive
group G and a split maximal torus 7 in G.

IStrictly, one should say that it is “splittable” (Bourbaki).

2Don’t confuse “split maximal torus” with “maximal split torus”. Every algebraic group contains a maximal
split torus. The maximal split tori in a connected group variety G are conjugate and their common dimension is
called the k-rank of G. The rank of G is the k?-rank of Gpa. A reductive group is split if its k-rank equals its
rank. Every maximal split torus in a split reductive group is a maximal torus.
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THE ROOTS OF A SPLIT REDUCTIVE GROUP

Let (G, T) be a split reductive group. Let
Ad:G — GL4, g =Lie(G),

be the adjoint representation (12.19). Then 7" acts on g, and because T is a split torus, g
decomposes into a direct sum of eigenspaces for 7' (14.12)

0=000 0

where g is the subspace on which T acts trivially, and g, is the subspace on which T
acts through a nontrivial character «. The nontrivial characters o of 7" occurring in this
decomposition are called the roots of (G, T'). They form a finite subset R(G,T) of X*(T).?
By definition

go=g" =Lie(GT)

As Lie(G)T =Lie(GT) (12.31)and GT = Cg(T) = T (19.19), we find that go = t where
t=Lie(7),* and so
g=to @a Ja-

LEMMA 22.31. Let (G, T) be a split reductive group. The action of W(G,T) on X*(T)
stabilizes R(G,T).

PROOF. Let s € W(G,T)(k¥), and let n € G(k™) represent 5. Then s acts on X *(T') (on
the left) by

(s0)(0) = x(n~'tn), € T(k™).
Let a be a root. Then, for x € (gq)ga and ¢ € T (k¥),

t(nx) =nm ltn)x = s(a(s™ts)x) = a(sls)sx,

and so T acts on sg, through the character so, which must therefore be a root. o

EXAMPLE: GL,

22.32. We take T be the split maximal torus
_ 1 O
=i )

X*(T)=Zx1®Zy>

lllz#()}.

Then

where a y1 + by» is the character

diag(t1.12) > diag(ty, 1) X1 bx2 = 104

3There are several different notations used for the roots, R(G,T), ®(G,T), and ¥(G,T) all seem to
be used, often by the same author. Conrad et al. 2010 write R = @(G,T) in 3.2.2, p. 94, and R(G,T) =
(X(T),®(G,T),X«(T),®(G,T)) in 3.2.5, p. 96.

4Usually, the Lie algebra of T is denoted by b.



c. The roots of a split reductive group 387

The Lie algebra g of GL; is gl, = M»(k) with [A,B] = AB — BA, and T acts on g by

conjugation,
n 0\(a b\ (7' 0\ _[ a £b
0 n)\c d)J\0 ') \e d)

Write E;; for the matrix with a 1 in the ij th-position, and zeros elsewhere. Then T" acts
trivially on g9 = kE11 + kE»2, through the character « = y1 — y2 on gy = kE12, and
through the character —o = y, — y1 on g—q = kE>;.

Thus, R(G,T) = {a,—a} witha = y1 — y2. When we use y; and y» to identify X *(T)
with Z & Z, the set R becomes identified with {3-(e; —e2)}.
EXAMPLE: SL,

22.33. We take T to be the split torus
t 0
r={o )i

X*(T) =17y
where y is the character diag(¢,#~1) ~ ¢. The Lie algebra g of SL, is

a b
sl = {(C d) € Mz(k)
and T acts on g by conjugation,
t 0 a b\ (7! 0\ _ a t%b
0 t7')\ec —a)\O0 ) \t2c -a

Therefore, the roots are « = 2y and —a = —2y. When we use y to identify X *(7") with Z,
the set R(G,T) becomes identified with {2, —2}.

Then

a+d=0},

EXAMPLE: PGL,

22.34. Recall that this is the quotient of GL; by its centre, PGL, = GL, /G,. For all
local k-algebras R, PGL,(R) = GL,(R)/R*. We take T to be the torus

SRS

X*(T)="2Zy
where y is the character diag(1,?,) +— #1/t2. The Lie algebra g of PGL; is

t;«éo}.

Then

g = pgly = glp/{scalar matrices},

and 7 acts on g by conjugation:

(5 D 2= %

0 )\c dJ\L0 ;1 %c d)l

Therefore, the roots are @ = y and —a = —y. When we use y to identify X *(7") with Z,
R(G,T) becomes identified with {1,—1}.
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EXAMPLE: GL,

22.35. We take T to be the torus

T=D,=

1 0
( ) ' 111y #0}
0 th

* —_— .
XM=, _,_, 2

where y; is the character diag(¢1,...,t,) > t;. The Lie algebra g of gl,, is

Then

al, = M, (k) with [4, B] = AB — BA,

and T acts on g by conjugation:

ayyp -+ v dAin

—1
no 0 : : gl 0 : t
. S i . = : 7 4
0 : : 0 ! :

anl ** - Qapn th
ﬁanl ann

Write Ej; for the matrix with a 1 in the ij th-position, and zeros elsewhere. Then T acts

trivially on go =k E11 +--- +k Ej, and through the character «;; déf)(,' —Xj ongq;; =kE;;.
Therefore
R(G.T)={ajj |1 <i,j<n, i#]j}

When we use the y; to identify X *(7") with Z", then R(G, T) becomes identified with
lei—ej|1<i,j=n, i#]}

where e1, ..., e, is the standard basis for Z”".

d. The centre of a reductive group

We explain how to compute the centre of a reductive group from its roots.

PROPOSITION 22.36. Let G be a reductive algebraic group.
(a) Every maximal torus T in G contains its centre Z(G).
(b) Let T be a maximal torus in G. The kernel of Ad:T — GL4 is Z(G).

PROOF. (a) Clearly Z(G) C Cg(T),but Cg(T) =T (see 22.22).

(b) Clearly, Z(G) C Ker(Ad), and so Z(G) C Ker(Ad|T). The quotient Ker(Ad)/Z(G)
is a unipotent algebraic group (15.25). Therefore the image of Ker(Ad|T') in Ker(Ad)/Z(G)
is trivial (15.15), which implies that Ker(Ad|T) C Z(G). o

From the proposition,

Z(G) =Ker(Ad|T) =) Ker().

a€R(G,T)
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For example,
Z(GLz) = Ker(x1 — x2) ={diag(t1.12) | 112 # 0, 11 =12}
>~ Gp;
Z(SL,) = Ker(2y) = {diag(t,t ") | 1> =1}
= 2,
Z(PGL,) = Ker(y)
=1:

Z(GLa) =), L Ker(xi = 1))

= {diag(t1,....ta} | t1-th #0, t; =t;ifi # j}
~ G

On applying X * to the exact sequence

1= (a(t))o

0—>Z(G)—>T —2 ]‘[aeR(G’T) Gm (153)
we get an exact sequence
B, ..~ L 7y L X*(Z(G)) = 0

(see 14.17), and so

* _ X*(T)
X1(z6) = {subgroup generated by R(G,T)} (154)

For example,

X*(Z(GLy)) ~7%)7(e1 —e2) ~7 by (a1,az) — ay +az;
X*(Z(SLy)) ~7Z/(2);
X*(Z(PGL,)) ~Z/7Z = 0;

X*(Z(GL,)) ~ 7" /Zi#j Z(ej—ej) ~Z by (a;)+— ) a;.

e. Root data and root systems

We briefly introduce the notions of a root datum and of a root system. These are explained
in more detail in Chapter 23, which is logically independent of the rest of the book.

Let X be a free Z-module of finite rank. We let XV denote the linear dual Hom(X, Z)
of X and (, ): X x XY — Z the perfect pairing (x, /) = f(x).

DEFINITION 22.37. A root datum is a triple R = (X, R,a — «") in which X is a free
abelian group of finite rank, R is a finite subset of X, and & > " is an injective map from
R into the dual XV of X, satisfying

(rd1) (o,aV) =2foralla € R;
(rd2) sq(R) C R for all « € R, where s,, is the homomorphism X — X defined by

se(x)=x—(x,a¥)a, x€X,a€R,
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(rd3) the group generated by the automorphisms s, of X is finite (it is denoted W(R) and
called the Weyl group of R).

Note that (rd1) implies that
so(@) = —a,

and that the converse holds if o # 0. If, for every o € R, the only multiples of « in R are
Fa, then the root datum is said to be reduced. Because sy (o) = —«,

Sa (50 (0)) = S0 (x = (x.0¥)@) = (x — (x.aV)ar) — (x.0¥)sq (@) = x,

1.€.,
sé = 1.

Clearly, also s (x) = x if (x,a") = 0. Thus, s should be considered an “abstract reflection
in the hyperplane orthogonal to &””. We let RY denote {&" | « € R}. The elements of R
and RY are called the roots and coroots of the root datum (and oV is the coroot of «).

DEFINITION 22.38. Let V be a finite-dimensional vector space over Q. A subset R of V is
aroot system in V if
(rs1) R is finite, spans V', and does not contain 0.
(rs2) for each o € R, there exists a vector «¥ € V'V such that
o Aa,a¥)=2,
o Sq(R) C R, where sy is the homomorphism V' — V be defined by
Sa:x > x—(x,a¥)a,

o (B,aV)eZforall B €R.

The map s, and hence the vector ", are uniquely determined by « (23.4). The map s
is the reflection with vector «.

DEFINITION 22.39. Let R be a root system in V.
(a) The root lattice Q (R) is the Z-submodule of V spanned by R, Q(R) = ZR;
(b) The weight lattice P(R) is the Z-submodule of V defined by

P(R)y={veV|(v,a¥)eZforalla € R}.
Both Q(R) and P(R) are full lattices in V, and the last condition in (rs2) says that
Q(R) C P(R).

Because P(R) and Q(R) are full lattices in the same (Q-vector space, the quotient P(R)/Q(R)
is finite.
A root datum (X, R, o — ") is semisimple if R spans the Q-vector space Xg.

PROPOSITION 22.40. If (X,R,a — ") is a semisimple root datum, then (Xq, R) is a root
system. Conversely, if (V, R) is a root system, then, for any choice of a lattice X in V such
that

Q(R) C X C P(R),

(X, R,a — aV) is a semisimple root datum.
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PROOF. Let (X, R,a > a") be a semisimple root datum. Certainly O ¢ R because (o,a") =
2,and (B,a") € Z because «¥ € XV. Therefore (Q ®z X, R) is a root system.

Let (V, R) be a root system, and let X be a lattice between O and P. As noted above,
a” is uniquely determined by «, and so there is a well-defined map o + «"'. The group of
automorphisms of V' (hence of X)) generated by the sy acts faithfully on R, and so it is finite.
Therefore (X, R, — ") is a root datum (obviously semisimple). =

DEFINITION 22.41. A diagram is a root system (V, R) together with a lattice X,
O(R)C X C P(R).

Thus, to give a semisimple root datum is the same as giving a diagram.

Let (X,R,x — a") be a root datum, not necessarily semisimple. Then R is a root
system in the Q-subspace V of X ® Q spanned by R. To recover the map « — «" from
(V,R), we need a section to (X  Q)V — V'V.

f.  The root datum of a split reductive group

LEMMA 22.42. LetT be a split torus. If y is a nonzero character of T then S = Ker(x)° isa
subtorus of T' of codimension one; moreover S = Ker(m y)° forallm # 0, and S = Ker(my)
for some m. Every subtorus S of codimension is the kernel of a character of T, and if
S =XKer(y)° = Ker(y')°, then my = ny’ for some nonzero integers m,n.

PROOF. Easy exercise using the duality between diagonalizable algebraic groups and Z-
modules (14.9). o

THEOREM 22.43. Let (G, T) be a split reductive group, and let @ be a root of (G,T). Let
To = Ker(a);,y, and let G = Cg (Ty).

(a) The pair (Gy, Ty) is a split reductive group of semisimple rank 1;

anddimgy = 1 =dimg—,.

(b) There is a unique homomorphism uy:(go), — G such that Lie(uy) is the given
inclusion g, — @.

(¢c) Let Uy = Im(uy). Then Uy is the unique subgroup U, of G isomorphic to G,
normalized by T, and such that, for every isomorphism u: G, — Uy,

t-u@)-t7 'V =u(a(t)a), allt € T(R), a € G4(R). (155)

(d) The algebraic group G, is generated by T, Uy, and U_y,.

(e) The group W(Gy,T)(k) contains exactly one nontrivial element sy, and there is a
unique " € X«(T') such that

Se(x) = x—{x,aVa, forallx € X*(T).

Moreover, {a,a") = 2.
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PROOF. Our assumption that there exists a root implies that G # T'.
(a) That G is a (connected) reductive group is a particular case of (19.19¢). Moreover,
Lie(Gy) = Lie(G5*) 2" g5 = t@ gy @ g_o. (156)
Clearly T, C Z(Ggy) and so Ty C R(Gy). It follows that T/ R(G4) is a maximal torus in
Go/R(Ggy) of dimension 0 or 1. If the dimension were 0, then T would be central in G,
ie., Go CCg(T) =T, and so Gy = T; then Lie(Gy) = t contradicting (156). Therefore
(Gg,T) has semisimple rank 1, and we have proved (a).

(b) This follows from (a) and (21.62).

(c) That Uy, has this property follows from (a) and (21.62). Let H be a second algebraic
subgroup of G with this property. It suffices to show that H O U, and for this we may pass
to the algebraic closure of k. Then (H N Gg);,; D Uy because it is normalized by T and its
Lie algebra contains gy, and so we can apply (21.61).

(d,e) These statements follow from (a) and (21.62). o

The cocharacter ¥ is called the coroot of ¢, and the group Uy, in (a) is called the root
group of «. Thus the root group U, of « is the unique copy of G, in G normalized by T
and such that T acts on it through o.

THEOREM 22.44. Let (G, T) be a reductive group. For each o € R(G,T), let o be the
element of X, (T') defined by 22.43(e). Then (X*(T),R(G,T),a — ") is a reduced root
datum.

PROOF. Condition (rdl) holds by (b). The s, attached to « lies in W(G,,T)(k) C
W(G,T)(k), and so stablizes R by Lemma 22.31. Finally, all s, lie in the Weyl group
W(G,T)(k), and so they generate a finite group. 0

EXAMPLE 22.45. Let G = GL,, and let @ = 12 = y1 — y2. Then
To = {diag(x,x,x3,...,X5) | XXX3...X, # 1}

and G, consists of the invertible matrices of the form

* 0 0

¥ % 0 0

0 0 x 0

0 0 O *

Clearly
010 0
1 00 0
Ny = 0 0 1 0],

O 0 0 - 1

represents the unique nontrivial element s, of W(Gy, T). It acts on T by

diag(x1,x2,x3,...,Xx,) —> diag(x2,X1,X3,...,Xn).
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Forx =myiy1+--+muyn,

SqX =M X1+MmM1Y2+mM3x3+ - +Muxn
=x—(x,A1—A2) (1 —x2)-

Thus (155), p.391, holds if and only if oV is taken to be A1 — A,.
In general, the coroot o of e is

- j
t s diag(1,..., 1,61, 1, 41,0 1),

Clearly (aij,ai\;> = oij Oaij' =2.

SEMISIMPLE AND TORAL ROOT DATA

It is possible to determine whether a reductive group is semisimple or a torus from its
root datum. Recall that a root datum (X, R, — «") is semisimple if the subgroup of X
generated by R is of finite index. The root datum is foral if R is empty.

PROPOSITION 22.46. A split reductive group is semisimple if and only if its root datum is
semisimple.

PROOF. A reductive group is semisimple if and only if its centre is finite, and so this follows
from (154), p. 389. ]

PROPOSITION 22.47. A split reductive group is a torus if and only if its root datum is toral.

PROOF. If the root datum is toral, then (154) shows that ZG = T. Hence G has semisimple
rank 0, and so it is a torus (21.3). Conversely, if G is a torus, then the adjoint representation
is trivial and so g = go. O

THE MAIN THEOREMS CONCERNING SPLIT REDUCTIVE GROUPS AND ROOT
DATA

22.48. Let (G, T) be a split reductive group over a field k, with root datum R(G, T). If
T’ is a second split maximal torus, then 7' is conjugate to T by an element g of G (k).
Conjugation by g induces an isomorphism of root data R(G,T) — R(G,T'). Thus, to some
extend, the root datum depends only on G. See (18.68).

22.49. (Isomorphism theorem) Let (G,T) and (G’,T’) be split reductive groups. An
isomorphism 7" — T’ extends to an isomorphism G — G’ if and only if it induces an
isomorphism R(G,T) — R(G’,T’) of the root data. Thus (G,T) is determined up to
isomorphism by its root datum. In fact, with the appropriate definitions, every isogeny of
root data (or even epimorphism of root data) arises from an isogeny (or epimorphism) of
reductive groups (G,T) — (G',T"). See Section 22.1.

22.50. (Existence theorem) Let k be a field. Every reduced root datum arises from a split
reductive group (G, T) over k. Thus, the isomorphism classes of split reductive groups are
completely classified by their root data. See Chapter 25.
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ASIDE 22.51. (Deligne and Lusztig 1976, 1.1). “Suppose that in some category we are given a
family (X;);er of objects and a compatible system of isomorphisms ¢;;: X; — X;. This is as
good as giving a single object X, the “common value” or “projective limit” of the family. This
projective limit is provided with isomorphisms o0;: X — X; such that ¢;; co; = 0;. We will use
such a construction to define the maximal torus 7" and the Weyl group W of a connected reductive
algebraic group G over k (algebraically closed).

As index set I, we take the set of pairs (B, T) consisting of a maximal torus 7" and a Borel
subgroup B containing 7. Fori € I,i = (B,T), wetake T; = T, W; = N(T)/ T. The isomorphism
@ji is the isomorphism induced by adg where g is any element of G(k) conjugating i into j; these
elements g form a single right T;-coset, so that ¢;; is independent of the choice of g.

One similarly defines the root system of 7', its set of simple roots, the action of W on T and the
fundamental reflections in W.”

g. The root data of the classical semisimple groups

We compute the root system attached to each of the classical almost-simple groups. In each
case the strategy is the same. We work with a convenient form of the group G in GL,,.
We first compute the weights of the maximal torus of G on gl;, and then check that each
nonzero weight occurs in g (in fact, with multiplicity 1). Then for each o we find the group
G, centralizing T, and use it to find the coroot V.

EXAMPLE (A,): SL,,41.
Take 7" to be the maximal torus of diagonal matrices
diag(tl,...,tn+1), 1-tht1 750.

Then

X'T) = @ Zai /Ty, | KR
X« (T) = {Zai/\i e, Zri | Y ai = 0}, Zaiki:t — diag(t?',..., 1),
with the pairing such that
(1j» 2iaiti) = a;.
Write jy; for the class of y; in X*(T"). Then T acts trivially on the set go of diagonal matrices
in g, and it acts through the character «;; & Xi—JXjonkE;;, i # j. Therefore

R(G,T)={oyj |1 <i,j<n+1, i#j}

It remains to compute the coroots. Consider, for example, the root « = «15. Then G in
(22.43) consists of the matrices of the form

* % 0 0
* x 0 0
0 0 =« 0
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with determinant 1. As in (22.45), W(Ggy, T) = {1, s} Where sy acts on T by interchanging
the first two coordinates — it is represented by

0 10 0
1.0 0 0

ng=|0 01 O e No(T)(k).
0 00 1

Let y = Y "l a; i € X*(T). Then

i=1

sa(¥) = az)1 +a1)?2+2;1i31 ai xi
= x— (X, A1 —2A2) (X1 — X2)-

In other words,
Sarn(X) = x— (X,a}/z)alz

with afz = A1 — A2, which proves that A1 — A, is the coroot of a15.
When the ordered index set {1,2,...,n + 1} is replaced with an unordered set, we find
that everything is symmetric between the roots, and so the coroot of «;; is

Otl-\;- Z)L,'—)Lj
foralli # j.

EXAMPLE (B,): SOz;41.

Consider the symmetric bilinear form ¢ on k2"+1,

¢(;CJ_}) =2Xx0Y0 +X1Yn+1 +Xn+1Y1+ -+ XnY2n + X2nVn

Then SOz, 41 «f SO(¢) consists of the 2n + 1 x 2n + 1 matrices A of determinant 1 such
that
P(AX, Ay) = ¢(X.)).

1.e., such that
1 00
A=10 0 I
071 O
The Lie algebra of SO5;+1 consists of the 2n 4+ 1 x 2n 4+ 1 matrices A of trace 0 such that
$(AX,y) +¢(x,Ay) =0,
1.e., such that

1 0 1 00
A0 I1+l0 0 I]4=0.
0 0 0 I 0

o N O O

Take T to be the maximal torus of diagonal matrices

diag(1,t1,....tn. 17,0t 1)
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Then

-1

, X,-:diag(l,tl,...,t,,,tl_l,...,tn )t

~.

* —
X1 =€D,_,_, 2
. i+1
X*(T):@lgsnm,-, Aitt > diag(1,..., ¢t ,...,1)

with the pairing (, ) such that
(xiAj) =6ij.
All the characters
Eyxi, Exixx, i#J

occur as roots, and their coroots are, respectively,

£24;, E£A XA, P #)
EXAMPLE (Cp): Sp,,.
Consider the skew symmetric bilinear form k2" x k2" — k,

d)()?,f) =X1Yn+1—Xn+1Y1 + -+ XnY2n —X2nYn.

Then Sp,,, consists of the 2n x 2n matrices A such that

P(AX, Ay) = ¢(X.)).

(7 o)=(000)

The Lie algebra of Sp,, consists of the 2n x 2n matrices A such that

0 1 0 I
Af(_l o)+(—1 O)A:o.

Take T to be the maximal torus of diagonal matrices

i.e., such that

i.e., such that

diag(ty,....tn.t7 .. 1Y),
Then
X*(T) = @lsisnz){i’ )(,-:diag(tl,...,tn,tl_l,...,tn_l) > 1
Xl =D, P At s diag(1,....t..... 1)
with the obvious pairing ( , ). All the characters
2xi, Exity, i#J
occur as roots, and their coroots are, respectively,

A, EA XA, T #)
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EXAMPLE (D,): SO,,.

Consider the symmetric bilinear form k2" x k?"* — k,

¢(5é»)7) =X1Yn+1 T+ Xn+1Y1+ -+ XnY2n + X2nY2n.

Then SO, = SO(¢) consists of the n x n matrices A of determinant 1 such that

P(AX, Ay) = $(X.)).

(o)1= )

The Lie algebra of SO,, consists of the n x n matrices A of trace 0 such that

P(AX.Y) + (X, Ay) =0,

t —

When we write the matrix as (

i.e., such that

i.e., such that

B . ..
C D)’ then this last condition becomes

A+D'=0, C+C'=0, B+B'=0.
Take T to be the maximal torus of diagonal matrices
diag(ty, ... tn,t7 .. 1, 1Y)
and let y;, 1 <i <r, be the character
diag(ty, ...ty t7 V.ot ) > 1

All the characters

it 1FJ
occur, and their coroots are, respectively,

A kA, T # )

REMARK 22.52. The subscript on 4,, B, C,, D, denotes the rank of the group, i.e., the
dimension of a maximal torus.

h. The Weyl groups and Borel subgroups
Let (G, T) be a split reductive group over k. The Weyl group of (G, T) is

W(G.T) = Ng(T)/Cg(T) = mo(Ng(T)).

Thus, W(G, T) is an étale group scheme over k. It acts faithfully on 7', and hence on X *(T').
For eachroot « € R(G,T), W(G,T)(k) contains the reflection s4. In this section, we show
that W(G, T) is generated by the s,. In particular, this means W(G, T) is a constant finite
group scheme.
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Let R = (X*(T), R,a — ') be the root datum of (G,T). Let V = X*(T) ®z R and
VY = X«(T)®zR. For aroot o € R, we let

Hy={f €V’ |{a f)=0}

It is a hyperplane in VY. The Weyl chambers of the root datum R are the connected

components of
VY~ H,.
UaeR o

DEFINITION 22.53. An cocharacter A in X« (T) is regular if, for alla € R, (o, A) #£ 0, i.e.,
A is contained in a Weyl chamber.

LEMMA 22.54. If the cocharacter A is regular, then BT = BA(©Gm).

PROOF. We may replace k with its algebraic closure. Let X be a connected component of
B*Cm) Then X is complete and it is stable under 7', and so it contains a fixed point B
(18.4). We have an isomorphism G/B — B mapping ¢B to B. In particular, the tangent
space of B at B is isomorphic to g/b. Now t C b, and so

TBBZQ/[]:@ o

a€R(B)

for some subset R(B) of R. The weights of G,, on this space are the integers (o, A) for
« € R(B), which are nonzero by assumption. On the other hand G, acts trivially on X and
Tp X ; therefore Tg X = 0 and X has dimension 0. Thus B*Gm) is finite and stable under T,
and hence contained in B7 . o

LEMMA 22.55. Let B € BT, and leto € R(G,T). Then B contains exactly one of Uy, or
U—a-

PROOF. Define Ty and G4 as in (22.43). Then G, contains exactly two Borel subgroups
containing 7', namely, T - Uy and T - U_y. As B N Gy is a Borel subgroup of G, containing
T, the statement follows. o

LEMMA 22.56. Let A be a regular cocharacter of T. There is a unique Borel subgroup
B(A) € BT such that

Lie(B(A)) = t® @W)>O o
The group B(A) depends only on the Weyl chamber containing A.

PROOF. In fact, P(A) has this property (21.15). Any Borel subgroup B with b =t®
@(a,k)>0 go is generated by the subgroups 7" and Uy, (&, A) > 0, and so equals P(A). If A/
lies in the same Weyl chamber as A, then

(0,A) >0 < (a,)) >0,
and so B(1) = B(\)). o

NOTATION 22.57. (a) Let C be a Weyl chamber; we set B(C) = B(A) forany A € C. Itis
a Borel subgroup containing 7', which is independent of A (22.56).

(b)For Be BT, let RT(B)={a € R|Uy e B} ={a € R| gy €b}.

(c) For B € BT, let

CB)={feVV|{a, f)>0foralla € R (B)}.
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THEOREM 22.58. The map C — B(C) is bijective, with inverse B +— C(B).

PROOF. Let B € BT, let C be a Weyl chamber, and let A € C. There exists an n €
Ng(T) (k™) such that B =nB(A)n~'. Let w = 7 be the class of n in W(G, T) (k™).

b =Lie(B) = Lie(nB(A)n™ 1)

=ho @(a,k)>0 Jw ()
=00D 5 10209
- bw_l(k)'

Thus B = B(w~!(1)) and the map C — B(C) is surjective. Furthermore, we have that
C(B) is the chamber w™!(C) proving that the map is injective. o

THEOREM 22.59. The group scheme W(G,T) is generated by the sy, o € R, i.e., the
abstract group W(G, T) (k™) is generated by the s.

PROOF. Let R = (X*(T), R,a +— a") be the root datum of (G, T'). By definition, its Weyl
group W(R) is the group of automorphisms of X *(7") generated by the reflections sy, @ € R.
The Weyl group W(R) of R acts simply transitively on the set of Weyl chambers — this is
an elementary statement about sets of hyperplanes in real vector spaces and groups generated
by symmetries (see 23.16 or Bourbaki LIE V, §3). On the other hand, W(G, T) (k™) acts
simply transitively on the set of Borel subgroups of Ga containing Tja (18.59). Thus, it
suffices to construct a bijection from the set of Weyl chambers of the root datum R (G, T) to
the set of Borel subgroup of Ga containing 7ja compatible with the actions of the Weyl
groups. This Theorem 22.58 does. o

COROLLARY 22.60. Regard W(R) as a constant finite group scheme. Then the canonical
map W(R) — mo(Ng(T)) is an isomorphism. Moreover, the homomorphism Ng(T) —
o(Ng(T)) has a section, and so

Ng(T) = Ng(T)° xmo(Ng(T)).

PROOF. The first statement restates the theorem. For the second, we have to show that
every element w of W(G, T)(k) is represented by an element n, of Ng(T)(k). It suffices
to check this for sy, but s, is represented by an element of Ng,, (Ty) (k) (21.59). o

We can rewrite the displayed equation as
Ng(T) = Cg(T)xW(G,T).

EXAMPLE 22.61. Let G = SL; with T the standard (diagonal) torus. In this case, Cg(T) =

van={(2 ) ol(0 )

Therefore W(G,T) = {1,s} where s is represented by the matrix n = (_(1) !

0

o) =6 )0 =6 0)

and so s interchanges diag(a,a™!) and diag(a™',a).

) . Note that
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EXAMPLE 22.62. Let G = GL, and T =D,,. In this case, Cg(T) = T but Ng(T') contains
the permutation matrices (those obtained from the identity matrix / by permuting the rows).
For example, let £ (ij) be the matrix obtained from / by interchanging the ith and jth rows.
Then

E(ij)-diag(---a; -~-aj~--)-E(ij)_l = diag(-+-aj---aj-+).

More generally, let o be a permutation of {1,...,n}, and let E (o) be the matrix obtained
by using o to permute the rows. Then o — E (o) is an isomorphism from S, onto the set
of permutation matrices, and conjugating a diagonal matrix by E (o) simply permutes the
diagonal entries. The E (o) form a set of representatives for Cg(T)(k) in Ng(T)(k), and
so W(G,T) >~ Sy.

i. Subgroups normalized by T

LEMMA 22.63. Let (G, T) be a split reductive group, and let H be a connected subgroup
variety of G normalized by T'. If go C Lie(H) for some root o, then Uy C H.

PROOF. We may suppose that k is algebraically closed. Then (H N Gg)oy is a connected
subgroup variety of G4, which contains U, because its Lie algebra contains g, (21.61).
Therefore H contains U,. [Cf. 21.61.] o

THEOREM 22.64. Let (G, T) be a split reductive group. Let B be a Borel subgroup con-
taining T, and let RT(B) = {a1,...,a,} be the corresponding set of positive roots (22.57).

(a) The multiplication morphism
@:Ual Xeee X Uar — Bu

is an isomorphism of algebraic varieties with an action of T'.
(b) The morphism B, xT — B is an isomorphism.

(c) LetU be a subgroup variety of By, normalized by T, and let {f1,...Bs} be the weights
of T on Lie(U). Then U is connected, and the multiplication morphism

Uﬂ X---XUﬂS —U

is an isomorphism of algebraic varieties with an action of T .

PROOF. (a)Let V = Uy, x---x Uy, . There are natural actions of 7" on V and B, for which
the map @ is equivariant. Note that @ induces an isomorphism d,® on the tangent spaces
TeV — T By. Let A lie in the Weyl chamber of B; then the weights of A(Gy,) on V and
By, are positive. Now (19.9) shows that the Luna maps V' — T,V and B, — T, B, are
isomorphisms, and so @ is an isomorphism.

(b) We saw in the proof of Lemma 22.56 that every Borel subgroup B containing 7" is of
the form P(A) for some regular character A. Then B, = U(A) and T = Z(A), and so the
required isomorphism is the isomorphism U(1) x Z(A1) — P(A) of (21.13).

(c) If U is connected, then, because of (22.63), the same proof applies as in (a). Therefore,
it remains to show that U is connected. From (a) and (b) we obtain an isomorphism

U°xW — By
with W = [[{Uqy | @ € R™, Uy ¢ U°}. On restricting to U, we get an isomorphism
U°xUNW = U,
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and on dividing by U°, we get an isomorphism U N W — U/U°. This last group is finite
and stable under 7" (because U and W are). As T is connected, all the points of U N W are
fixedby T, and so liein Cg(T) =T. Hence UNW C B, NT = {e}, and it follows that U
is connected. o

j. Big cells and the Bruhat decomposition

Let G = GL, with T the diagonal torus and B the standard Borel subgroup. The Weyl
group W is the group of permutation matrices, and every matrix can be written uniquely as a
produce U; PU, with Uy, U, upper triangular and P in W, i.e.,

G =[] BywB(k).

wew

In this section, we show that every split reductive group has such a (Bruhat) decomposition.

Let (G, T) be a split reductive group, and let B € BT . Let Rt = RT(B) denote the set
of positive roots defined by B (22.57). For w € W, the coset w B is independent of w, and
we let ey, denote the point wB/B in G/B — it fixed by T'.

DEFINITION 22.65. The dominant Weyl chamber for B is
Ct={AeX«(T)®zR| (@, 1) >0foralla € RT}.

Choose a representation (V,r) of G such that B is the stabilizer of a line in B, so that
G/B — P(V). FixaA € C*. When k is algebraically closed, we have a Bialynicki-Birula
decomposition (19.12):

G/B= || Cw). Cw)={xeG/B] lim 2.(1)-x = ew}.
wew

Here C(w) is a locally closed subset of | X |; for a unique (attracting) point, C(w) is open
and dense in G/ B, and for unique (repelling) point, C(w) is a single point.

PROPOSITION 22.66. Suppose that k is algebraically closed. The cell C(w) is the By, -orbit
Uey in G/B.

PROOF. Let G, acton G and G/ B via the character A, and let x € C(w). As the weights of
G onu = Lie(By) are > 0, forall u € B, and t € G,,, we have lim; o A(¢)-u-A(z)"! = 1.
This implies that

lim A(f)ux = im A(OuA (@)™ - A )u = ey.

t—0 t—0

This proves that C(w) is stable under the action of U. Therefore By ey, C C(w).
Conversely, if By, x is a nonempty open By, -orbitin C(w), then, by the Kostant-Rosenlicht

theorem (19.25), this orbit is closed, and therefore e,, € By, x and B, x = Byey,. This proves

that C(e) = Byey. O

As the Weyl group acts simply transitively on the Weyl chambers, there exists a unique
wo € W such that wo(C+) = —C*. Moreover, wo is an involution as w3 (C ) = C*. We
choose a representative ng for wo in Ng (T') (k).
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THEOREM 22.67 (BRUHAT DECOMPOSITION). (a) We have the cellular Bruhat decompo-
sitions

G/B= || BunwB/B
weW

G = |_| Buny B.
wew

(b) The open orbit for the action of B, on G/ B is BynoB/B and the open orbit for the
action of By, x B on G is ByngB.

PROOF. (a) The first equality is the Bialynicki-Birula decomposition (19.12), and the second
follows from it.

(¢) Recall that the tangent space Te,, (G/B) can be identified with

wo

g/n0(0) ~ P ga-

a€RT

Therefore, all the weights are positive in the tangent space, and so, by Theorem 19.12, this is
a dense open orbit. O

THE SUBGROUPS U,, AND U".

LetU = B,. Let R~ = —R" and U~ = no(U). Then U~ is a subgroup variety of G
normalized by 7', and hence equal to the product of the groups U, such that g C U™. Note

that
Uy CU << «acR"

UyCcU™ <<= oacR". (157)

DEFINITION 22.68. For w € W, define

U = UNny(U7).

LEMMA 22.69. The algebraic subgroups Uy, and U" of G are smooth and normalized by
T (hence equal to the product of the groups Uy they contain).

PROOF. We may suppose that k is algebraically closed. Then (Uy )req is smooth and
normalized by T, and so is equal to

[[{Ue | € RT Nw(R)*}.
From the exact sequence
0 — Lie(Uy) — Lie(U) x Lie(ny (U)) — Lie(G)
we see that the Lie algebra of Uy, is
PiLieUs) |« € RT Nw(R)F}.
Hence dim(Uy ) = dim(Lie(Uy)), and so Uy, is smooth. The proof for UY is similar. g

LEMMA 22.70. (a) Forallw e W,U, NUY =e.
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(b) Multiplication induces an isomorphism
Uy, xUY = U.

PROOF. We may suppose k to be algebraically closed.
(a) The subgroup variety (Uy, N U YW )eq is normalized by 7', and so is equal to the product
of the U, that it contains. But

Uy CUyp <= a € RTNw(RT)

Uy CUY < a e RTNnw(R").
These conditions are exclusive, which proves that (Uy, N UY).q = e. On the other hand,
Lie(Uy NUY) =0, and so Uy, N UY is smooth, and hence trivial.

(b) Every root « satisfies one of the above conditions and U is smooth. Therefore the
homomorphism Uy, x UY — U is surjective which, together with (a), proves (b). o

PROPOSITION 22.71.  (a) Forw € W, the stabilizer of ey, in G (resp. U ) is ny, (B) (resp.

Uy ); hence the stabilizer of ey, in g (resp. u) is ny, (b) (resp. uNny (b) = Lie(Uy)).

(b) There is an equality Ue,, = UY ey, and the orbit map UY — U%e,, = Uey, is an
isomorphism. In particular, dim Ue,, = n(w) with n(w) = }R"’ N w(R_)‘ .

PROOF. (a) Let 7:G — G/B be the quotient map. The stabilizer of ey, = ny, B/B is
obviously ny,(B) since the stabilizer of eB/B = e is B. Translating & by n,,, we get
w:G — G/ B defined by 1y, (g) = gny B/ B. The stabilizer of eG/B is now ny,(B). The
statement for the Lie algebras follows from the statement for groups by considering the
k[¢]-points.

The stabilizer of ey, in U is U Nny(B) = U Ny (U) = Uy, and the kernel of the
restriction of (d 1wy )e Nt = 14, (b) Nu = Lie(Uy,). Since Uy, x UY — U is an isomorphism,
the morphism UY — U%Ye,, is bijective and the kernel of the differential is Lie(U¥) N
Lie(Uy) = 0; therefore it is separable and an isomorphism. O

THEOREM 22.72 (BRUHAT DECOMPOSITION). Let G be a reductive algebraic group.

(a) There are decompositions
G=|] _,U"nwB
G/B = |_|weW UYny,B/B
and for every w € W, the morphism
UYxB—U%nyB, (u,b)r>unyb
is an isomorphism. In particular, every element g € G (k™) can be written uniquely as
g=unytu', uelU¥, teT, u eU.

(b) There are open coverings

G = U npyU™ B
wew
G/B= |J nwU B/B.
wew
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PROOF. (a) This summarizes what was proved above.

(b) We have shown that U~ B and U~ B/ B are open subsets containing e. Therefore,
their translates by n,, are open subsets containing 7,,. Their unions are all of G or G/B
because 11, U™ B = (ny U‘n;l)nw B D U%ny B and the decomposition in (a). O

DEFINITION 22.73. Forw € W, let
Nw)={aeRT|w @) e R }=RTNnw(R).
and let n(w) = |N(w)].

22.74. Forw e W,
(a) dimC(w) =dimUY = n(w).

(b) n(w) =n(w™) and n(wow) = n(wwg) = |R+} —n(w).
COROLLARY 22.75. We have
dimG =dimT + |R|.

PRrROOF. Count dimensions in

G=VTU=1_[a€R+U_a-T-Ha€R+Ua. .

EXAMPLE 22.76. Let (G, T) be GL, with its diagonal torus. The roots are
jjrdiagty.....tn) > 2 =12, i # ]

The corresponding root groups are U;; = {I +aE;; |a € k}. Let Rt ={a;; | i < j }. Then
U and V are, respectively, the groups of superdiagonal and subdiagonal unipotent matrices
and C is the set of matrices for which the i xi minor in the upper left hand corner is nonzero
for all i.

THE B1G CELL (FOLLOWING SHS)

THEOREM 22.77. Let (B,T) be a Borel pair in a connected group variety G. Then there
exists a unique Borel subgroup B’ of G containing T and such that

BNB' =T-Ry(G).
Moreover, B’ - B is an open subscheme of G .

For example, let B be the group of upper triangular matrices in GL,, and let 7" be the
diagonal torus. Then B’ is the group of lower triangular matrices. Borel subgroups B and
B’ of G such that B N B’ is a maximal torus are said to be opposite. Thus Borel subgroups
are opposite if their intersection is as small as possible.

Before proving the theorem, we list some consequences.

COROLLARY 22.78. Let (B, T) be a Borel pair in a reductive group G. Then there exists a
unique Borel subgroup B’ of G such that BN B’ = T ; the map

(b',t,b) > b'th: B, xT x B, > G

is an open immersion.
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PROOF. As R,G = e, there exists a unique B’ such that BN B’ =T. Let B}, x B act on
B by left and right translations, and let H be the isotropy group at e. The canonical map
(B;, x B) /H — G is an immersion (9.27). But B, N B = e, and so H = ¢ and

(b',b) > b'eb:B,xB - G
is an immersion. It is an open immersion because b + b’ = g (see 22.80). o

COROLLARY 22.79. Let G be a connected group variety. The field of rational functions of
G is a pure transcendental extension of k.

PROOF. If G is reductive, the open subscheme B, - T - B,, of G is isomorphic to an open
subscheme of affine space, which proves the statement in this case.

Let S be an algebraic scheme. Then H1(S,G,) = H'(S,Og), which equals 0 if S is
affine. It follows that H!(S,U) = 0if U has a filtration whose quotients are isomorphic to
Gg. The exact sequence

1> Ry(G)—>G—G/R,G—1

realizes G as a torsor under R, (G) over G/R,G. Tt is the trivial torsor, and so G is

isomorphic as a scheme to
Ru(G) x (G/ Ry (G)). m

PROOF OF THEOREM 22.77

Because of the one-to-one correspondence between Borel subgroups of G containing 7" and
Borel subgroups of G/R,,(G) containing the image of 7' (18.24), we may suppose that G is
reductive.

Let A be a regular cocharacter of 7" such that B = P(A), and let B’ = P(—A). We prove
that BN B’ =T and B - B’ is an open subscheme of G. For this, we may suppose that k is
algebraically closed.

Let

0=000P,_, %
be the decomposition of g ] Lie(G) under the action of T. As B and B’ contain T, and as
go = Lie(Cg(T)) = Lie(T)
(19.19), we have
b :g()@@aeRgamb

’_ ’
b _g()@@aeRgaﬂb'

LEMMA 22.80. We have

bNnb =g°
b+b' =g
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PROOF. If this were false, then there would exist an @ € R with

g N(bNB') #£0

or
ga Z b+ 1.

Consider T, = (Keroz):ed and Gy = Cg(Ty). Then
Lie(Go) = 87 D ga.

and therefore G, # T and Ty is a singular torus. But G, is a reductive group of semisimple
rank 1, and B N G4 and B’ N G, are the two Borel subgroups of G, containing 7. But

(BNGy)N(B'NGy)=T

(21.47), and
Therefore
gaNbNb =0
and
g Cb+D.
Therefore

Lie(B N B') = Lie(T),

and so Lie(B,, N B),) = 0. As B, N B}, is connected (19.29, which applies because B! = e),
we certainly have By, N B], = e, and so BN B’ = T'. Make the group B, x B act by left and

right translation on G:
(b,b")x =b'xb™ 1.

Then (B’, B)(k) = (B,,- B)(k) and the orbit of e is therefore a locally closed subset of G (k).
As B], N B = e, its dimension is

dim(B) + dim(B,,) = dim(B) + dim(B’) —dim(T)
= dim(b) + dim(b") — dim(go)
= dim(g)
= dim(G).

It follows that (B’- B)(k) = G(k), hence (B’- B) (k) is open in G(k), and B’- B is certainly
an open subscheme of G.

Finally, we prove the uniqueness. Let B be a Borel subgroup of G containing 7" and
such that By N B = T'. For any torus S of codimension 1 in 7', we have Bf NBS = T,
hence necessarily BY = B’S , which proves that By = B’ by 19.31. O

COROLLARY 22.81. The intersection of the Borel subgroups of G is the product of the
diagonalizable part of Z(G) with Ry, (G).

PROOF. It is the product of R, (G) with the intersection of the maximal tori of G. o
COROLLARY 22.82. Let B be a Borel subgroup of G, and let T be a maximal torus. Then

dim(G) = dim(T) + 2dim(By) — dim(Ry (G)).
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k. The parabolic subgroups

Let (G, T) be a split reductive group.

THEOREM 22.83. Let A be a cocharacter of G. Then P (1) is a parabolic subgroup of G,
and every parabolic subgroup of G is of this form.

If P D T,then P = P(A) for any cocharacter Aof T such that the set of weights of T
acting on Lie(P) consists of the roots « of (G, T) with {«,A) > 0.

We now fix a Borel subgroup B of G containing 7', and describe the parabolic subgroups
of G containing B. Fix a base S for R (B), and let I be a subset of S. Let R; = ZI N R,
let S7 = (Nyer Ker(a)):ed, and let Ly = Cg(Sy).

LEMMA 22.84. (a) The pair (L, T) is a split reductive group with root datum (X *(T), Ry, >
aY); its Weyl group Wy is the subgroup of W generated by the sq witha € 1.

(b) The intersection B N Ly is a Borel subgroup By of Ly, and R (B;) = Ry N R1(B)
has base I.

PROOF. Omitted for the moment (Perrin p.110, Springer p147). O
Recall that, for w € W(G,T),

C(w) = {x € G/B| lim A(1)-x = wB/B}

for any (one or all) A in the dominant Weyl chamber for B, and that C(w) is the By -orbit of
wB/B.

THEOREM 22.85. For each subset I of S, there is a unique parabolic subgroup Py of G

containing B such that
Pr=\, p, Cw)-

The unipotent radical of Py is generated by the U, witha € R ~ Ry, and the map
Ru(PI) A L[ — PI

is an isomorphism. Every parabolic subgroup P of G containing B is of the form Py for a
unique subset I of S.

We prove these theorems in several steps.

STEP 1. THEOREM 22.83 IS TRUE OVER k IF IT IS TRUE OVER k2.

Let A be a cocharacter of G. Then P(A) is parabolic because P(A)ga = P(Aga) is parabolic.
For the converse, let P be a parabolic subgroup of G, and let 7" be a maximal torus in P.
Let R C X*(T) be the set of roots of (G, Tx). The nonzero weights of 7 on Lie(P) form

a subset R’ of R stable under I' & Gal(k*P/ k). Let
A={L € X«(T)|{x,A) >0 & a €R'}.

By hypothesis, Pra = P(A) for some A € X4«(T), and such a A € A. Therefore A is
nonempty. Because R’ is stable under I, so also is A. The group I" acts on X« (7) through
a finite quotient I'’, and we let
r_
A= Zyep yA.
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Then P = P())).
The remaining steps are omitted for the moment. See Springer 1998, 8.4.3, p.147, and
15.1.2, p.252.

22.86. Let G be a connected group variety over k. The subgroups of G of the form P (1)

with A are cocharacter of G are said to be pseudo-parabolic. They are smooth and connected
(21.13). When G is reductive or k is perfect, the pseudo-parabolic subgroups are exactly the
parabolic subgroups (22.83). In general, G contains a proper pseudo-parabolic subgroup if
and only if G/ R, (G) contains a split noncentral torus. If k is infinite, the unipotent group
U(Q) is split. Let P be a pseudo-parabolic subgroup of G. If k is infinite, the quotient
map G — G/ P has local sections for the Zariski topology, and so G(k) — (G/P)(k) is
surjective. See Springer 1998, 15.1 (to be included).

1. The isogeny theorem: statements

All root data are reduced. The field k has characteristic exponent p (possibly 1).

Let (G, T) be a split reductive group, and let R C X *(T') be the root system of (G, T).
For each o € R, let Uy be the corresponding root group. Recall that U, is the unique
algebraic subgroup of G isomorphic to G,, normalized by 7', and such that, for every
isomorphism uy: G, — U,

t-ug(a)-t™ ' =ug(a(t)a), teT(R),acR. (158)

Recall that a root datum is a triple (X, R,a — a") with X a free Z-module of finite
rank, R a subset of X, and o > «" an injective homomorphism R — XV satisfying the
conditions (rd1-3), p. 389. Here XV is the Z-linear dual of X. We sometimes write f for
the map o — V.

DEFINITION 22.87. An isogeny of root data (X,R,a — o¥) — (X',R,a’ =~ a'V) is a
homomorphism ¢: X’ — X such that

(a) ¢ is injective with finite cokernel (equivalently, both ¢ and its Z-linear dual ¢" are
injective);

(b) there exists a bijection o — o’ from R to R’ and a map ¢: R — p" such that

p(@) = g(a)a
@Y (@) =g

forall @ € R.

The isogeny is said to central if () = 1 for all @ € R. It is an isomorphism if it is central
and ¢ is an isomorphism.

Because we are requiring root data to be reduced, given «, there exists a most one o’
such that ¢(c’) is a positive multiple of . Therefore, given ¢: X’ — X, there exists at most
one bijection o — ' and one map ¢: R — p" such that the equations hold.

EXAMPLE 22.88. Let R = (X, R,a — a") be a root datum, and let g be a power of p.
The map x +> gx is an isogeny R — R, called the Frobenius isogeny (the bijection « > o’
is the identity, and ¢(«) = ¢ for all ).
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ASIDE 22.89. Our terminology is that of Steinberg 1999.

Springer 1998, p.172, defines a p-morphism to be a homomorphism ¢: X’ — X equipped with a
bijection « > o’ and a map ¢: R — {p" | n > 0} satisfying the conditions of (22.87). Conrad et al.
2010, follow Springer, except that they allow g(c) to be p°.

SGA 3, XXI, 6.8.1, p.100, define a p-morphism of root data to be a homomorphism ¢: X' — X
such that there exists a bijection & > a: R — R’ and a map g: R — p" satisfying (b) of (22.87). This
agrees with (22.87) except that they don’t require g to be an isomorphism.

PROPOSITION 22.90. Let f:(G,T) — (G',T’) be an isogeny of split reductive groups.
Then o = X*(f): X*(T') — X™*(T) is an isogeny of root data. Moreover, roots & € R and
o’ € R’ correspond if and only if f(Uy) = Uy, in which case

Fua(a)) = ug (cea?®), allack, (159)
where ¢, € k™ and g () is such that (') = q(a)a.
PROOF. By definition,

o(x) =y o f|T forall y' € X*(T).

Applying f to (158), we see that f(Uy) is a one-dimensional unipotent subgroup of G’
normalized by 7", and so equals U, for some «’ € R’. From (15.40), we find that

fua(a)) = ua(g(a)) (160)
with g(a) a polynomial ) "c;a” "ina having coefficients in k. On applying f to (158), we
find that

@) flua(@)- fO)7' = flua(a(t)a).
Using that (160), we can rewrite this as

[0 -ug(g(@)- f(O)™! = ug(g(a(t)a)),
and using (158) in the group G’, we find that
ua (o' (f(1))g(a)) = ua (g(e(t)a).
Asa’o f = ¢(a), this implies that
o) (t)-g(a) = gla(t)-a)). (161)
It follows that g(a) is a monomial, say,
gla)=ca?®, cek, qa)eph,

and

() (1) = (1)1,
i.e., p(a’) = g(a)a. Note that f(wy) normalizes T’ in G4 and acts nontrivially on it, and
so we can take wy = f(wgy). Therefore

po(l—wy)=(1-wg)op.
On applying this to y’ € X*(T") and using that we' y' = ' — (x’,&’V)a, we find that
(.o = (p(x).a)e,

which equals (y’,¢" («"))a. As this holds for all ' € X*(T"’), it follows from ¢(«’) =
g(a)a that ¢ (aY) = g(a)a’Y, and so condition (b) of (22.87) holds. Finally, f|T is an
isogeny, and so (a) holds. O
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Thus, an isogeny (G,T) — (G’,T’) defines an isogeny of root data. The isogeny of
root data does not determine f', because an inner automorphism of (G, T') defined by an
element of (T'/Z)(k) induces the identity map on the root datum of (G, T'). However, the
next lemma shows that this is the only indeterminacy.

LEMMA 22.91. If two isogenies (G,T) — (G’,T’) induce the same map on the root data,
then they differ by an inner automorphism by an element of T >

PROOF. We may suppose that k is algebraically closed (because if f and g differ by an
automorphism over k¥, their kernels are equal, and so they differ by an automorphism over
k, and we are only claiming that the automorphism is of the form inn(¢) with ¢ € 7' (k)).
Let f and g be such isogenies. Then they agree on 7" obviously. Let S be a base for R.
For each « € S, it follows from ¢ (') = g(a)a that f(ue(a)) = g (coa?@®), and similarly
for g with ¢y replaced by dy. As S is linearly independent, there exists a ¢ € T'(k) such
a(t)?@ = dycy ! foralla € S (here we use k is algebraically closed). Let h = f oinn(t).
Then g and & agree on every Uy, @ € S, as well as on T, and hence also on the Borel
subgroup B that these groups generate. It follows that they agree on G because the regular
map x — h(x)g(x)~':G — G’ is constant on each coset, hence factors through G/ B (9.44),
and the resulting map G/B — G’ is constant because G/ B is complete and G’ is affine (cf.
18.25). As h(e)g(e)~! =1, we see that i(x) = g(x) for all x. o

THEOREM 22.92. Let (G,T) and (G',T’) be split reductive algebraic groups over k, and
let f:T — T’ be an isogeny of tori. If X*(f): X(T') — X(T) is an isogeny of root data,
then f extends to an isogeny G — G'.

This will be proved in the next section.

THEOREM 22.93 (ISOGENY THEOREM). Let (G,T) and (G’,T’) be split reductive alge-
braic groups over k. An isogeny f:(G,T) — (G’,T') defines an isogeny of root data
¢:R(G,T) — R(T',T’), and every isogeny of root data ¢ arises from an isogeny f ; more-
over, f is uniquely determined by ¢ up to an inner automorphism by an element of T .

PROOF. Combine (22.90), (22.91), and (22.92). o

THEOREM 22.94 (ISOMORPHISM THEOREM). Let (G, T) and (G’,T") be split reductive
algebraic groups over a field k. An isomorphism f:(G,T) — (G’,T’) defines an isomor-
phism ¢ of root data, and every isomorphism of root data ¢ arises from an isomorphism f;
moreover, f is uniquely determined by ¢ up to an inner automorphism by an element of T .

PROOF. This is an immediate consequence of the isogeny theorem. If ¢: X’ — X is an
isomorphism of root data, then the isomorphisms f7:7 — T’ and f7': T’ — T extend to
isomorphisms f:(G,T) — (G’,T') and g:(G',T") — (G, T). The composite g o f induces
the identity map on the root datum of (G, T") and hence equals inn(¢) for some ¢ € T (k).
Let g’ =inn(t~!)og. Then g'o f =id,and fog’o f = f, which implies that f o g’ =id
because f is surjective. Hence f is an isomorphism with g’ as its inverse. O

NOTES. The isogeny theorem was first proved by Chevalley in his famous 1956-58 seminar for
semisimple groups (the extension to reductive groups is easy — see 22.103 below). Chevalley’s proof
works through semisimple groups of rank 2, and is long and complicated. The proofs in Humphreys

5By this, I mean that they differ by an automorphism of (G, T') that becomes of the form inn(z), t € T'(k?),
over k2. In fact, they differ by an automorphism inn(z) with ¢ € (T/Z) (k).
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1975, Springer 1998, SGA 3, and elsewhere follow Chevalley (Borel 1991 doesn’t prove the isogeny
theorem). Takeuchi (1983) gave a proof of the isogeny theorem in terms of “hyperalgebras” that
avoided using systems of rank 2, which inspired Steinberg to find his simple proof (Steinberg 1999).
Our proof follows Steinberg except that we have rewritten it in the language of group schemes (rather
than group varieties) and we have extended it to split reductive groups over arbitrary fields (instead of
algebraically closed fields).®

GENERALIZATIONS

The next statement can be can be proved by similar methods (k algebraically closed for the
moment).

THEOREM 22.95. Let H be a group variety, let T be a maximal torus in H, and let S be
a finite linearly independent subset of X *(T'). Suppose that for each « € S we are given a
reductive subgroup (G4, T) of G of semisimple rank 1 with roots +«. Let Uy, be the root
group of o in Gg. If U— and Ug commute for all o, € S, a # B, then the algebraic group
G generated by the G, is reductive; moreover, T is a maximal torus in G, and S is a base
forR(G,T).

PROOF. Steinberg 1999, 5.4. o

THEOREM 22.96. Let H, T, and (Gg)ges be asin 22.95. Let R = (X,R,a +— «") be a
root datum such that X = X*(T') and S is a base for R. Then R = R(G,T).

PROOF. The Weyl groups of R and (G, T') are the same because their generators wy, o € S,
satisfy the same formulas. Hence, so are the root systems and coroot systems, given by
R =WS and RY = WSV. Thus (22.95) implies (22.96). o

THEOREM 22.97. Let (G, T) be a split reductive group, let S be a base for the root system,
and let (Gy)qes be the corresponding family of reductive subgroups of semisimple rank
1. Let f:{Jyes Ga = H be a map such that f|Gy is a homomorphism for each o. If
Ja(U-q) and fg(Ug) commute foralla, B € S, a # B, then f extends to a homomorphism
f:G—H.

PROOF. The graphs G}, = {(x, f(x) | x € Go}, @ € S, in G x H satisfy the hypotheses of
(22.95), and hence generate a reductive group L in G x H with R(G,T) as its root datum.
The projection py: L — G is an isomorphism (isomorphism theorem 22.94), and p; o pl_l
is the required extension of f. O

6Steinberg 1999, p.368:

These theorems were first proved by Chevalley in his famous 1956-58 seminar, with slightly
different formulation since he considered only semisimple groups... That is certainly the main
case, and further the step from semisimple groups to reductive groups is a simple one. .. Cheval-
ley’s proofs are quite long, occupying the last five Exposés of his seminar. Other proofs and
expositions have been given by Humphreys (1967, 1975), Demazure and Grothendieck (see SGA
3 and the guide Demazure 1965 to it), Springer (1998) (who, following Tits 1966, also considers
the isomorphism theorem over an arbitrary base field), and Takeuchi (1983). In SGA 3 and
Takeuchi 1983 the theorems are proved for group schemes. Our own proof, at least in broad
outline, is patterned after that of Takeuchi.
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m. The isogeny theorem: proofs

PRELIMINARY REDUCTIONS

LEMMA 22.98. Let f:(G,T) — (G',T") be a homomorphism of split reductive groups
overk. If X*(fr): X*(T") — X*(T) is an isogeny of root data R(G,T) — R(G',T’),
then f is an isogeny.

PROOF. Certainly f is surjective, because it maps each U, onto U, and T onto T’, and
the subgroups U, and T’ generate G'. As

dimG =dimT + |R| = dim T’ + |R'| = dim G’
(22.75), this shows that f is an isogeny. O

22.99. Every normal étale finite subgroup scheme of a connected algebraic group G is
central. However, a normal (nonétale) finite subgroup scheme of even a reductive algebraic
group need not be central (e.g., the kernel of a Frobenius isogeny).

LEMMA 22.100 (CHEVALLEY). Let f1:(G,T) — (G1,T1) and f»:(G,T) — (G»,T3) be
isogenies of split reductive groups, and let fr:T), — T be a homomorphism such that fr o
f1IT = f2|T. If X*(fr) is an isogeny of root data, then fr extends to a homomorphism
f:Gy — Gy suchthat f o f1 = f>.

PROOF. We have to show that the homomorphism f> factors through f, which will be true
if and only if Ker( f1) C Ker( f2). If f1 and f, are central isogenies (for example, k has
characteristic zero), then the kernels are contained in 7' (because 7 = Cg (7)), and so this
follows from the fact that f1|7 factors through f>|T.

Clearly the statement Ker( 1) C Ker( f>) is true if and only if it becomes true after an
extension of the base field, and so we may suppose that k is algebraically closed. The kernels
of fi(k) and f>(k) are central in G(k), and so fi(k): G(k) — G (k) factors through £ (k),
say, go f1(k) = f2(k). It remains to show that g: G1(k) — G(k) is a regular map.

Let o, o1, and ay be roots of (G,T), (G,T1), and (G, T>) related in pairs by the
maps 91 = X*(f1|T), 92 = X*(f2|T), and ¢ = X*(f). Then f1(Uy(k)) = Uy, (k) and
f2(Ug(k)) = Uy, (k), so that g(Uy, (k)) = Uy,. Moreover, g:Uy, — Uy, is a morphism
because, for some ¢ € k, it has the form

g(Ua, (@) = ug, (cal®)), a e Uy, (k)

(cf. (159). It follows that g is a morphism on the big cell of G, and hence on the union of
its translates, which is G itself. Thus g is an isogeny of algebraic groups. =

LEMMA 22.101 (CHEVALLEY). Let f1:(G1,T1) — (G,T) and f>:(G2,T2) — (G, T) be
isogenies of reductive algebraic groups, and let fr:Ty — T, be a homomorphism such that

f2|T o fr = AA|T. If X*(fr) is an isogeny of root data, then fr extends to a homomor-
phism f:Gy — G, such that fo f = f1.

PROOF. Let G3 be the identity component of G; xXg G»:

G3L>G2

lpl f\r lfz

G, —" ¢
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It suffices to show that p, factors through pq, say f o p; = p», because then

fao fopr= fropr= fiopi,

and the surjectivity of p; implies that f> o f = f; as required.

Now p, factors through p; if and only if Ker(p;) C Ker(p2), and it suffices to check
this after an extension of the base field. Thus, we may suppose that k is algebraically closed,
and we may replace G3 with its reduced algebraic subgroup. The projections p; and p;
of G3 onto G1 and G, are isogenies, and so G3 is reductive. Let T3 be the inverse image
torus of 7 in G3 (under f, 0 pp or fi o py). Then fro pi|T3 = p»|T3, and so (22.100)
applied to p1:(G3,T3) — (G1,T1) and p»:(G3,T3) — (G2, T») shows that fr extends to
a homomorphism f:G; — G, such that f o py = p», as required. O

LEMMA 22.102. Let (G,T) and (G’,T’) be split reductive groups over a field k. An
isogeny fr:T — T' extends to an isogeny G — G’ if the restriction of fr to a homo-
morphism of finite group schemes T N DG — T' N DG’ extends to a homomorphism
DG — DG'.

PROOF. Use the diagram

~
Q
~
[N

e —— IT'NDG —— T xDG

| ! |

e —— T'NDG' —— T’ xDG’

~
Q
~
[N
O

PROPOSITION 22.103. If Theorem 22.92 holds for split semisimple groups then it holds
for split reductive groups.

PROOF. Omitted for the moment. o

PROOF OF THEOREM 22.92 FOR GROUPS OF SEMISIMPLE RANK AT MOST 1

If (G,T) and (G’,T’) have semisimple rank 0, then G = T and G’ = T’, and so there is
nothing to prove.

LEMMA 22.104. Let (G,T) and (G’,T’) be split reductive algebraic groups over k of
semisimple rank 1, and let f7:T — T' be an isogeny of tori. If ¢ = X*( fT) is an isogeny
of root data, then f extends to a homomorphism f:G — G'.

PROOF. It suffices to prove this for semisimple groups (22.103) .

Let (G, T) be a split semisimple group of rank 1. For such a group, the root datum is
(X, {*a},a— o) with X ~ Z and oV the unique element of X with («,a¥) = 2. Let B
be a Borel subgroup in G. Then G/B ~ P!, and we obtain an isogeny

f:G — Aut(G/B) ~ PGL,,

and hence an isogeny ¢ of root data. We claim that the integers ¢ () = g(—«) € p" arising
from @ equal 1. To see this, let B =T Uy and V = U_. For v € V, we can recover v from
f(v) by applying the following sequence of morphisms: first restrict the action of f(v)
from G/B to VB/ B, then evaluate at B/B to get vB/B, and finally apply the isomorphism
VB/B — V which comes from the fact that VB = V,, T U, is a direct product of its factors.
It follows that f:V — f(V') is an isomorphism, and hence that g(—«) = 1.



414 22. Reductive groups

We now prove the lemma when G and G’ are semisimple of rank 1. Assume first that
G’ =PGL,. Let f1:(G,T) — (PGL;,D,) be the isogeny of the previous paragraph and let
1 = R(f1). We have ¢1(¢') = « and ¢(a) = g(a)a, so that ¢ = g(a)@;. Therefore the
composite Fy(q) o f1 of f1 with the Frobenius map raising coordinates to their g (a)th powers
is an isogeny that realizing ¢. We now consider the case G’ # PGL,. Let g: G’ — PGL, be
an isogeny and let v = R(g). By the previous case, there exists an isogeny 4: G — PGL,
with R(h) = ¢ oyr. Then (22.101) applied to the isogenies 1: G — PGL; and g: G’ — PGL,
yields an isogeny f:G — G’ with R(f) = ¢. o

A consequence of Lemma 22.104 is that every split semisimple group of rank 1 is
isomorphic to SLy or PGL;.

PROOF OF THEOREM 22.92 IN THE GENERAL CASE.

Let (G,T) and (G',T’) be split reductive groups over k, with root data (X *(7T), R,«
aY) and (X*(T"),R',a' — o'V). Let fr:T — T’ be a homomorphism such that ¢ =
X*(fr): X*(T")y — X*(T) is an isogeny of root data. It remains to show that f7 extends
to a homomorphism f:G — G’ (22.98).

22.105. Theset S’ = {a’ | o € S} is a base for R'.

PROOF. Because ¢ is an isogeny of root data, each element R’ has a unique expression
as a linear combination of elements of S’ in which the coefficients are rational numbers
all of the same sign. Clearly those elements of R’ for which the signs are positive from a
positive subsystem R'" of R’. From this and the fact that R’ is reduced, it follows that a
decomposition

a/ — ,8/+)//, al = S/, ﬁ/,yl € R/+
is impossible, and so S’ is a base for R’. 0

For each « € S, let G, be the subgroup defined in (22.43) (generated by 7', U,,, and
U_y). Similarly, let Go/ be the subgroup attached to o’ € S”.

22.106. Foreacha € S, the isogeny fr extends to an isogeny fo:Gy — Ggy.

PROOF. As G4 and G, are both of semisimple rank 1, this was proved in (22.104). o
It suffices to prove the following statement.

22.107. The family of maps fy: Gy — G’ extends to a homomorphism f:G — G’.

See (22.97) for a more general result. We construct f by constructing its graph. Let G”
be the subgroup variety of G x G’ generated by the family of maps x — (x, fy(x)): Gy —
G x G’ (see Section 2.f). It is connected because each G, is connected. It suffices to prove
the following statement (because then p’ o p~! will be the map sought).

22.108. The projection p:G x G’ — G maps G” isomorphically onto G.
We prove this (also) in several steps. We may suppose that k is algebraically closed.
22.109. The projections of G” to G and G’ are both surjective.

PROOF. The image of p contains | J, g G«, Which generates G because S is a base for R.
Similarly for p’ because of (22.105). O
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22.110. The group G" is reductive.

PROOF. As G and G’ are reductive, their radicals are tori, and it follows from (22.109) that
the radical of G"’is also a torus. o

For each o € S, let U}/ denote the graph of f|Uy,

U/ ={(x. f(x)) | x € Uy}.
Define U”

", T", and G}, similarly, and let U” and V" be the group varieties generated by
all U} and all U”, respectively. The groups U/, U”, U, and V" are connected unipotent
subgroup varieties of G”, and they are all normalized by 7", which is a torus isomorphic to

T via p.
22.111. The groups U”, and Ug commute (elementwise) for alla, B € S, o # B.

PROOF. This follows from the corresponding results in G and G’, which hold because S
and S’ are bases for R and R’. O

22.112. The subset C =V"-T"-U" of G” is open and dense.

PROOF. First C is dense and open in its closure because it is an orbit in the leftxright
action of V" x T”U" on G”. For the proof that this closure is G”, we use (22.111) and the
definition of C. We first show by induction on 7 that

u,u’, U, - U", cC (162)
for any elements o, &1, ..., of S. If n = 0, this is obvious. Assume that n > 0. If @ # o,

then
UC/I/UL/al — U// U//

—0] T

by (22.111), and if « = o, then
UO/[UZO[1 cG,=U0",T"0/.

Thus in both cases (162) follows from the induction assumption. We have Uy V" C C by
(162) since V" =V, V| --- for some elements 1,2, ... of S. It follows that U)/C C C

and clearly U”,C C C and T"C C C. Since the subgroups Uy, U, @ € S, and T"”
generate G”, the set C equals G, as required. o

22.113. The torus T" in G” equals its centralizer, and so is maximal.

PROOF. The centralizer of 7" in C is T"” because the corresponding result is true in G and
G’. 1t follows from (22.112) that the centralizer of 7" in G”, which is connected (18.44),
contains 7" as a dense open subset and hence equals it. O

22.114. The projection p:G" (k) — G(k) is bijective and the induced map of maximal
tori T"” — T is an isomorphism.

PROOF. The last point was noted earlier, and the surjectivity of p holds by (22.109). For
the injectivity, we note first that since (Ker p)°(k) is normal and disjoint from the maximal
torus 7", it consists of unipotent elements and therefore is solvable and equal to its own
radical (Lie-Kolchin 17.38). On the other hand, this radical consists of semisimple elements
since Ker(p):,, is a connected normal subgroup of the reductive group G”, and hence is
itself reductive. Thus Ker(p)°(k) is trivial. Then Ker(p)(k) is also trivial since it is finite
and normal, hence also central and therefore contained in 7. O
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We can now complete the proof of (22.108), which is all that remains to be done.
The properties in (22.114) are not quite enough to make p an isomorphism, as shown by
the examples following (22.116) below. However, in the present case, p also induces an
isomorphism between all corresponding pairs of root subgroups of G” and G, since this is
true for the root subgroups U, and Uy (« € ) by construction and the others are conjugate
to these under the Weyl groups. It therefore induces an isomorphism between the big cells
of G” and of G. Since the translates of the big cell form an open covering, it follows that p
itself is an isomorphism. Thus (22.108) is proved, and with it the isogeny theorem.

COMPLEMENTS

PROPOSITION 22.115. The following conditions on an isogeny f:G — G’ of reductive
groups over an algebraically closed field are equivalent:

(a) f iscentral,ie., Ker(f) C Z(G);
(b) Ker(df) is central;
(c) the map X*(f|T) on root data is central.

PROOF. Omitted for the moment. o

The rest of this subsection is quoted from Steinberg 1999.

The central isogenies are the familiar ones from the theory of Lie groups, Spin,, — SOy,
SL, = PGL,, G — G* , ... If char(k) = 0, these are the only isogenies, but if char(k) =
p # 0 there are others and those enter into another important classification, that of the
finite simple groups, a substantial subset of which (the finite Chevalley groups, twisted and
untwisted — see Steinberg 1968 and the references given there) can be constructed in terms
of fixed-point-subgroups of isogenies that are endomorphisms of simple algebraic groups.
We have already mentioned the simplest of these, the Frobenius F; (¢ = p", n > 0) which, in
terms of a suitable matrix realization, simply replaces each coordinate of the given group by
its gth power. Accordingly the isogeny of root data is multiplication by ¢, or its composition
with an automorphism, and the fixed-point-subgroup is finite since its coordinates are all
in the finite field IF;. More exotic examples occur when there are two root lengths whose
ratio squared is just p = char(k). Then, with «" identified with (2/(«, «))a, multiplication
by p" (o, ®0)/2 (g any long root n > 0) effects an isogeny between D = (X, R) and its
dual DV = (XY, RY) which sends ¥ € R to p"a or p" 1o according as « is a long root
or a short root. In case RY is isomorphic to R, this leads us back to D, and hence to an
endomorphism of the given algebraic group and yet other finite simple groups (the Suzuki
groups and the Ree groups). There remains only the case p = 2, D of type By, and DV of
type C,, (n > 3), which enters into other interesting phenomenon.

PROPOSITION 22.116. An isogeny (G,T) — (G’,T') of simple algebraic groups is an
isomorphism if it restricts to an isomorphism T — T, except for the isogenies SOz, +1 —
Sp,,, 1 > 1, in characteristic 2 described below.

PROOF. Exercise (Steinberg 1999, 4.11). o

Let G = SO, 41 be the group variety attached to the quadratic form xg + ZLI XiXp4i
on k2" *1 and G’ = Sp,,, the group variety attached to the skew-symmetric form Yo (i x), L
xn+ixlf ) on k2", Then G fixes the basis vector e (only because the characteristic is 2) and
hence acts on k2" *1/keg ~ k?". From this isomorphism, we get an isogeny from G to G’

inducing an isomorphism on the diagonal maximal tori.
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n. The structure of semisimple groups

SPLIT SEMISIMPLE ALGEBRAIC GROUPS AND THEIR ROOTS

By a split semisimple group we mean a pair (G, T) consisting of a semisimple algebraic
group G and a split maximal torus 7.

PROPOSITION 22.117. Let (G,T) be a split semisimple algebraic group, and let V =
Q®X*(T). Let R=R(G,T) C V. Then,

(a) R is finite, spans V', and does not contain 0;

(b) for each «, there exists an a” € V'V such that {(«,a") =2, (R,aV) C Z, and the
reflection sg: x — x — (x,a")a maps R into R.

PROOF. (a) Certainly R is finite and does not contain 0. That it spans V' follows from
(22.46).
(b) See (22.43, 22.44). o

The proposition says exactly that R(G, T) is a root system in V' (see 23.10). The coroot
a" attached to « in (b) is unique. An elementary argument (23.18) shows that R admits a
base: this is a linearly independent subset S of R such that each root 8 € R can be written
uniquely in the form f = ), . g mqo With the mg integers all of the same sign. If all the
mg are positive (resp. negative) then f is said to be positive for S.

Let B be a Borel subgroup of G containing 7". Then the set of roots & whose root group
U, is contained in B is the set of positive roots for a (unique) base for R. In this way, we
get a one-to-one correspondence between the Borel subgroups of G containing 7" and the
bases for R (cf. 22.57, 22.58).

AUTOMORPHISMS OF A SEMISIMPLE ALGEBRAIC GROUP

The results in this section also follow directly from the isogeny theorem (22.93).

PROPOSITION 22.118. Let G be a semisimple algebraic group over an algebraically closed
field. The group of inner automorphisms of G has finite index in the full group of automor-
phisms of G.

PROOF. Choose a Borel pair (B,7T) in G, and let D denote the group of automorphisms
of (G,B,T). Let y be an automorphism of G. According to (18.17), there exists an
inner automorphism a such that y(B) = a(B) and y(T) = a(T). Now a~'y € D. Thus
Aut(G) = Inn(G) - D, and so

Aut(G)  Inn(G)-D D
Inn(G)  Inn(G) ~— DNInn(G)

The next lemma shows that D/(D NInn(G)) acts faithfully on the set of roots of (G, T),
and hence is finite. O

LEMMA 22.119. Lety € Aut(G, B,T). If y acts trivially on R(G,T), then y = inn(¢) for
somet € T (k).

PROOF. Let S be the base corresponding to B. Let « € S, and let u,: G, — Uy be an
isomorphism. As y acts trivially on S, y(Uy) = Uy and so y(uq(a)) = ug(cqa) for some
cq € k. The set S is linearly independent, and so there exists at € T'(k) such a(t) = c; 1
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for all @ € S. Now y oinn(z) is the identity map on U, for all « € S. It is also the identity
map on 7. As T and the Uy with & € S generate B, y oinn(t) is the identity map on B, and
hence on G (18.25). Thus y = inn (t_l). o

COROLLARY 22.120. Let G be a semisimple algebraic group over k. Then Aut(G) is an
algebraic group over k with Aut(G)° >~ G/Z(G). If G is split with split maximal torus T,
then 7o (Aut(G)) acts faithfully on the Dynkin diagram of the root system of (G, T).

THE DECOMPOSITION OF A SEMISIMPLE ALGEBRAIC GROUP

An algebraic group is simple (resp. almost-simple) if it is semisimple, noncommutative,
and every proper normal subgroup is trivial (resp. finite). In particular, it is smooth and
connected. For example, SL,, is almost-simple for n > 1, and PSL,, = SL,, /i, is simple.
Let N be an algebraic subvariety of a semisimple algebraic group G. If N is minimal
among the nonfinite normal subgroups of G, then it is almost-simple.
An algebraic group G is said to be the almost-direct product of its algebraic subgroups
G1,...,Gy if the multiplication map

(&15---.8r) > 8181 G1 XX Gr > G

is a surjective homomorphism with finite kernel. In particular, this means that the G;
commute and each G; is normal in G. For example,

G:(SL2XSL2)/N, N:{(I,I),(—I,—I)},

is the almost-direct product of SL; and SL,, but it is not a direct product of two almost-simple
algebraic groups.

THEOREM 22.121. A semisimple algebraic group G has only finitely many almost-simple
normal subgroup varieties G1,..., Gy, and the map

(&15---.8) > 8181 G1 XX Gr > G (163)

is surjective with finite kernel. Each connected normal algebraic subgroup of G is a product
of those G; that it contains, and is centralized by the remaining ones.

In particular, an algebraic group is semisimple if and only if it is an almost-direct product
of almost-simple algebraic groups. The algebraic groups G; are called the almost-simple
factors of G.

PROOF. Let G1,Ga3,..., G, be distinct smooth subgroups of G, each of which is minimal
among the nonfinite normal subgroup varieties of G.
Fori # j, (G;,Gyj) is the algebraic subgroup generated by the map

GixG; — G, (ab) — aba b1,

Then (G;, G;) is a connected normal subgroup variety of G (8.26) contained in G; and so it
is trivial because G; is minimal. Thus, the map

u:Gix---xG—> G

is a homomorphism of algebraic groups, and H £ G1 -Gy is a connected normal subgroup
variety of G. The kernel of u is finite, and so

dimG > Zf (dimG;.
l:
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This shows that 7 is bounded, and we may assume that our family contains them all. It then
remains to show that H = G. For this we may assume that k = k%. Let H' = Cg(H). The
action of G on itself by inner automorphisms defines a homomorphism

G(k) — Aut(H)

whose image contains Inn(H) and whose kernel is H'(k) (which equals H, (k)). As
Inn(H) has finite index in Aut(H) (see 20.1), this shows that (G/H - H,;)(k) is finite,
and so the quotient G/ (H . Hr/ed) is finite. As G is connected and smooth, it is strongly
connected, andso G = H - H/ ;; in fact, G = H - H};,.

Let N be a smooth subgroup of H,7;, and assume that N is minimal among the nonfinite
normal subgroups of H5,. Then N is normal in G (because G = H - H' and H centralizes
H’), and so it equals one of the G;. This contradicts the definition of H, and we conclude

that H’°, = 1. O

red

COROLLARY 22.122. All nontrivial quotients and all connected normal subgroup varieties
of a semisimple algebraic group are semisimple.

PROOF. Every such group is an almost-product of almost-simple algebraic groups. O

COROLLARY 22.123. If G is semisimple, then DG = G, i.e., a semisimple group has no
commutative quotients. In particular, X*(G) = 0.

PROOF. This is obvious for almost-simple algebraic groups, and hence for an almost-product
of such algebraic groups. O

ASIDE 22.124. When k has characteristic zero, (22.121) is most easily proved using Lie algebras
(see LAG).

COMPLEMENTS ON REDUCTIVE GROUPS

Let G be an almost-simple group. Then G has a faithful representation (V,r), which has a
simple subrepresentation (W, ry) on which G acts nontrivially. The kernel of ryy is finite.

THEOREM 22.125. Let G be a connected group variety over a perfect field k. The following
conditions are equivalent:

(a) G isreductive;

(b) R(G) is a torus;

(c) G is an almost direct product of a torus and its derived group DG, which is semisimple.

(d) G admits a semisimple representation with finite kernel.

PROOF. (a) <= (b). See (20.7).
(c)=(d): The group G is an almost direct product of almost simple groups Gq,...,Gy.
It suffices to take a direct sum of nontrivial simple representations of the quotients

G/(G1...Gi—1Git1...Gn).

(d)=(b): Let (V,r) be a semisimple representation, and let 1y be a simple factor of V.
Let U = R,(G). Then VOU is a nonzero subspace of Vj stable under G, and hence equals
Vo. Therefore VU =V, which implies that U is finite, hence trivial.

(b)=(c): Let S = R(G). It is normal subtorus of G, hence central. The group G/S is
semisimple, therefore equal to its commutator subgroup, which implies that G = S - DG. It
remains to show that S N DG is finite, which is a consequence of the next lemma. O
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LEMMA 22.126. Let H be a connected group variety, and let S be a central torus in H.
Then S N DH is finite. (Duplicates 14.72.)

PROOF. Embed H into GLy for some V. Then V is a direct sum of subspaces V; stable
under G on which S acts by homotheties. The lemma follows from the fact that every
homomorphism H — GL,; maps DH into SL,;,. =

REMARK 22.127. Let G be a connected group variety over a field k (not necessarily
perfect). The following conditions are equivalent:

(a) G is reductive;
(b) R(Gpa) is a torus;
(c) G isan almost direct product of a torus and its derived group DG, which is semisimple;

(d) G admits an absolutely semisimple representation with finite kernel.

REMARK 22.128. From a reductive group G, we obtain a semisimple group G’ (its derived
group), a group Z of multiplicative type (its centre), and a homomorphism ¢: ZG' — Z.
Moreover, G can be recovered from (G', Z, ¢): the map

2 (p(z) 1 2):ZG' - Zx G’

is an isomorphism from ZG’ onto a central subgroup of Z x G’, and the quotient is G.
Clearly, every reductive group arises from such a triple (G’, Z,¢) (and G’ can even be
chosen to be simply connected).

SIMPLY CONNECTED SEMISIMPLE ALGEBRAIC GROUPS

A semisimple algebraic group G is simply connected if every central isogeny G’ — G of
connected group varieties is an isomorphism — this agrees with (20.3). In characteristic
zero, all isogenies of connected group varieties are central, and so this just says that the only
isogenies G’ — G are the isomorphisms.

For every semisimple algebraic group G over k, there is an initial object in the category
of central isogenies G’ — G (20.21, or deduce it from the isogeny theorem).

Let G be a simply connected semisimple group over a field k, and let I" = Gal(k*?/ k).
Then Gysep decomposes into a product

Gksep == Gl X X Gr (164)

of its almost-simple subgroups G;. The set {G1,...,G,} contains all the almost-simple
subgroups of Ggsp. When we apply o € I" to (164), it becomes

Gksep :GGksep :GGI X"'XGGr

with {cdG1,...,0G,} a permutation of {G1,...,G,}. Let Hy,..., Hg denote the products of
G, in the different orbits of I". Then 0 H; = H;, and so H; is defined over k (1.41), and

G=H;x---xHg

is a decomposition of G into a product of its almost-simple subgroups.
Now suppose that G itself is almost-simple, so that I acts transitively on the G; in (164).
Let
AZ{O€F|OG1=G1},

and let K = (k5P)4.
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PROPOSITION 22.129. We have G ~ (G1) g/ (restriction of base field).

PROOF. We can rewrite (164) as

Gksep = HUleSep

where o runs over a set of cosets for A in I". On comparing this with the decomposition of
((Gl) K/ k) s> WE see that there is a canonical isomorphism

Gksep = ((GI)K/k)kscp

over k*°P. In particular, the isomorphism commutes with the action of I", and so is defined
over k (A.41). O

The group G over K is geometrically almost-simple, i.e., it is almost-simple and
remains almost-simple over K (often “absolutely almost-simple” is used for “geometrically
almost-simple”).

CLASSIFICATION OF SPLIT ALMOST-SIMPLE ALGEBRAIC GROUPS

It remains to classify the geometrically almost-simple algebraic groups over a field, and their
centres. We do this here only for the split groups.

Let (V, R) be a reduced root system over Q. For each o € R, leta¥ € V'V be the dual
root. The root lattice Q(R) in V is the Z-submodule of V' generated by the roots, and the
weight lattice P(R) is

{veV|(v.a¥)eZforalla € R}.
If S ={o1,...,0,} is a base for R (in particular, a basis for the QQ-vector space V), then
Q(R) is the free Z-module on B — in particular, it is visibly a lattice in V. Moreover,

P(R)={veV|{v,aj)eZfori=1,...,r}.
In terms of a W-invariant inner product on V,

2(r,a)
(o,

P(R):{veV €Z,allae R} .

PROPOSITION 22.130. The set of roots of (G,T) is a reduced root system R in V &
X*(T)® Q; moreover,
O(R)C X*(T) C P(R). (165)

By adiagram (V, R, X), we mean a reduced root system (V, R) over Q and a lattice X
in V that is contained between Q(R) and P(R).

THEOREM 22.131 (EXISTENCE). Every diagram arises from a split semisimple algebraic
group over k.

THEOREM 22.132 (ISOGENY). Let (G,T) and (G',T’) be split semisimple algebraic
groups over k, and Iet (V, R, X) and (V, R’, X') be their associated diagrams. An isogeny
(G, T) — (G’,T') defines an isomorphism V — V' sending R onto R’ and X into X', and
every such isomorphism arises from an isogeny.

In characteristic zero, these statements can be deduced from the similar statements for
Lie algebras (see my notes LAG). In the general case, the isogeny theorem for semisimple
groups follows from the isogeny theorem for reductive groups (22.93); the existence theorem
will be proved in proved in Chapter 25.
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0. Reductive groups in characteristic zero

Through out this section, k is a field of characteristic zero.

THE CASIMIR OPERATOR

A Lie algebra is said to be semisimple if its only commutative ideal is {0}. The Killing form
kg of a Lie algebra g is the trace form for the adjoint representation ad: g — g, i.e.,

kg(x,y) =Tr(ad(x)oad(y)|g), x.y€g.

Cartan’s criterion says that a nonzero Lie algebra g is semisimple if and only if its Killing
form is nondegenerate (LAG, I, 4.13).

Let g be a semisimple Lie algebra, and let g¥ = Homyg _jpe,r (9. k). Then kg defines an
isomorphism g¥ — g and hence an isomorphism f:g® g — g ® g. The image of idy under
the homomorphisms

B
Endj jinear(9) ~ 9® 9" >~ g®g C T(g) > U(g) (166)

is called the Casimir element. It lies in the centre of U(g) because id, is invariant under
the natural action of g on End(g) and the maps in (166) commute with the action of g. Let
e1,...,e, be abasis for g, and let e’1 e ,e,’1 be the dual basis with respect to 4. Then

n /
c= E G

For a representation (V, p) of g,
def n
cy = plc) = Zi=1 eiv-ely
is called the Casimir operator. Because c lies in the centre of U(g), ¢y is a g-homomorphism
V — V. If (V,p) is a faithful representation of g, then
n , n .
Tr(cy|V) = Ziler(ei ®e;|V) = Zi 181-,' = n = dim(g)

(cf. Humphreys 1972, 6.2).

Now let G be a semisimple algebraic group over k. The Lie algebra g of G is semisimple
(LGA, 11, 4.1). Let (V,r) be a representation of G. The Casimir operator cy for (V,dr) is a
g-homomorphism V — V. Thus, cy is fixed under the natural action of g on End(}'), and
hence the subspace (cy) is stable under G (12.25). As X(G) = 0 (22.121), this implies that
cy is fixed by G.

SUMMARY 22.133. Let G be a semisimple algebraic group. For every nonzero represen-
tation (V,r) of G there is a canonical G-equivariant linear map cy:V — V whose trace is
nonzero.

SEMISIMPLICITY.

LEMMA 22.134 (SCHUR’S). Let (V,r) be a representation of an algebraic group G. If
(V,r) is simple and k is algebraically closed, then End(V,r) = k.

PROOF. Leta:V — V be a G-homomorphism of V. Because k is algebraically closed, o
has an eigenvector, say, «(v) = av, a € k. Now o« —a:V — V is a G-homomorphism with
nonzero kernel. Because V' is simple, the kernel must equal . Hence o = a. O
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LEMMA 22.135. Let G be an algebraic group over k. A representation of G is semisimple
if it becomes semisimple after an extension of scalars to k.

PROOF. Let (V,r) be a representation of G. If (V,r)a is semisimple, then End((V, r)a)
is a matrix algebra over k% (22.134). Now

End((V,r)ga) ~ End(V,r) @ k¥,

and so this implies that End(V/,r) is a semisimple k-algebra, which in turn implies that (V,r)
is semisimple. (References to be added.) o

LEMMA 22.136. Let G be an algebraic group such that X(G) = 0. The following condi-
tions on G are equivalent.

(a) Every finite-dimensional G -module is semisimple.

(b) Every submodule W of codimension 1 in a finite-dimensional G-module V' is a direct
summand: V = W @ W’ (direct sum of G-modules).

(c) Every simple submodule W of codimension 1 in a finite-dimensional G -module V is
a direct summand: V = W @ W’ (direct sum of G -modules).

PROOF. The implications (a) = (b) = (c) are trivial.

(c) = (b). Let W C V have dimension dim V' — 1. If W is simple, we know that it has
a G-complement, and so we may suppose that there is a nonzero G-submodule W’ of W
with W/ W’ simple. Then the G-submodule W/ W' of V/ W’ has a G-complement, which
we can write in the form V’/ W' with V" a G-submodule of V' containing W’; thus

VIW =W/ W eV /W,

As(V/W"/(W/W') ~V/W,the G-module V'/ W’ has dimension 1,and so V' = W& L
for some line L. Now L is a G-submodule of V', which intersects W trivially and has
complementary dimension, and so is a G-complement for .

(b) = (a). Let W be a G-submodule of a finite-dimensional G-module V'; we have
to show that it is a direct summand. The space Homy_jipeqr(V, W) of k-linear maps has a
natural G-module structure:

(gf)w)=g- f(g " v).
Let

Vi ={f € Homp_jjpear(V, W) | f|W = aidw for somea € k}
W = {f € Homk-linear(V» W) | f|W = 0}

They are both G-submodules of Homy_jipear (V, W). As V1 /Wi has dimension 1,
Vi=Wi®L

for some one-dimensional G-submodule L of V;. Let L = (f). As X(G) =0, G acts
trivially on L, and so f is a G-homomorphism V — W. As f|W = aidw with a # 0, the
kernel of f is a G-complement to . o

PROPOSITION 22.137. Let G be a semisimple algebraic group over a field k of character-
istic zero. Every finite-dimensional representation of G is semisimple.
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PROOF. After (22.135), we may suppose that k is algebraically closed. Let V be a nontrivial
representation of G, and let W be a subrepresentation of V. We have to show that W has
a G-complement. By (22.136) we may suppose that W is simple of codimension 1. As
X(G) =0(22.123) and V/W is one-dimensional, G acts trivially on V/W, and so the
Casimir operator ¢y, = 0. On the other hand, cy acts on W as scalar by Schur’s lemma
(22.134). This scalar is nonzero because otherwise Try ¢y = 0, which contradicts the
nontriviality of the representation. Therefore the kernel of cy is one-dimensional. It is a
G-submodule of V' which intersects W trivially, and so it is a G-complement for W'. =

THEOREM 22.138. The following conditions on a connected algebraic group G over a field
of characteristic zero are equivalent:

(a) G is reductive;
(b) every finite-dimensional representation of G is semisimple;

(c) some faithful finite-dimensional representation of G is semisimple.

PROOF. (a) = (b): If G is reductive, then G = Z - G’ where Z is the centre of G (a
group of multiplicative type) and G’ is the derived group of G (a semisimple group). Let
G — GLy be arepresentation of G. When regarded as a representation of Z, V' decomposes
into a direct sum V = @, V; of simple representations (14.50). Because Z and G’ commute,
each subspace V; is stable under G’. As a G’-module, V; decomposes into a direct sum
V; = @j V;; with each Vj; simple as a G’-module (22.137). Now V = @i’j Vijis a
decomposition of V' into a direct sum of simple G-modules.

(b) = (c): Obvious, because every algebraic group has a faithful finite-dimensional
representation (4.8).

(c) = (a): This is true over any field (see 20.14). O

COROLLARY 22.139. Over a field of characteristic zero, all finite-dimensional representa-
tions of an algebraic group G are semisimple if and only if the identity component G° of G
is reductive.

PROOF. To be added (easy). o

p- Roots of nonsplit reductive groups: a survey

This section will be completely rewritten. The present text has been extracted from Springer’s
Corvallis talk.

22.140. Let G be a reductive group over k, and let S be a maximal split torus in G, i.e., a
subtorus of G that is maximal among the split tori in G. Any two such tori are conjugate by
an element of G (k). Their common dimension is called the k-rank of G.

22.141. The root system of G with respect to S is called the relative root system of (G, S),
and denoted ; R(G, S). This is a root system (not necessarily reduced) in the subspace V' of
X*(S) ® Q spanned by . R. Its Weyl group is called the relative Weyl group of G (notation
W or . W(G)). The quotient Ng(S)/Cg(S) acts on ;R in V. In fact, it can be identified
with . W. Every coset of Ng(S)/Cg(S) can be represented by an element of Ng(S) (k).

22.142. The centralizer Cg(S) of S in G is a connected reductive group over k (19.17).
Its derived group C(S)’ is an anisotropic semisimple group, i.e., its k-rank is 0 . To a certain
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extent, G can be recovered from C(S)’ and the relative root system y R (see Tits 1966 and
Chapter 26 below). There is a decomposition of the Lie algebra g of G:

g=go+ Y fon G« ={X€g|AdS)X =a(s)X, seS}

a€x R

Here g is the Lie algebra of Z(S). For each @ € ; R there is a unique unipotent subgroup
Uy of G normalized by S and with Lie algebra gq.

22.143. If G is split over k, then S is a maximal torus, and ; R coincides with the root
system of (G, S). In the general case, ; R need not be reduced, and the dimension of gy
need not be 1.

PARABOLIC SUBGROUPS

22.144. Recall that a parabolic subgroup P of an algebraic group Gan is a subgroup
variety such that G/ P is a projective variety. Over an algebraically closed field, they are the
subgroup varieties containing a Borel subgroup.

22.145. In the general case, any two minimal parabolic subgroups of G are conjugate
by an element of G(k). If P is one, then there is a maximal split torus S of G such that
P = R, (P)xCg(S). There is an ordering of ; R such that P is generated by Cg(S) and
the Uy with o > 0. The minimal parabolic subgroups containing a given .S' correspond to the
Weyl chambers of ; R. They are permuted simply transitively by the relative Weyl group.

22.146. Fix an ordering of j R and let ; A be the basis of ; R defined by it. For any other
subset 6 C A, denote by Py the subgroup generated by Cg (S) and the U corresponding to
the o € . R that are linear combinations of the roots of ; A in which all roots not in 6 occur
with a nonnegative coefficient. Then

PkAZG, Pg=P, PypDP.

22.147. The Py are the standard parabolic subgroups of G containing P. Every parabolic
subgroup is conjugate by an element of G (k) to a unique Py. The identity component Sg of
(Nyeco (Ker@) is a k-split torus of G, and we have Py = Ry, (Pg) x Cg(Sg). The unipotent
radical Ry, (Py) is generated by the U, where o runs over the positive roots that are not
linear combinations of elements of 6.

22.148. Let Q be a parabolic subgroup of G with unipotent radical V. A Levi subgroup
of Q is a subgroup L such that Q is the semidirect product Q = V x L. It follows from the
above that such L exist. Any two Levi subgroups of Q are conjugate by an element of G (k).
If A is a maximal split subtorus of G, then there is a parabolic subgroup Q of G with Levi
subgroup L. Two such Q are not necessarily conjugate by an element of G (k) (as they are
when A is a maximal split torus). Two parabolic subgroups Q1 and Q5 are associated if
they have Levi subgroups that are k-conjugate. This defines an equivalence relation on the
set of parabolic subgroups.

22.149. If Q1 and Q, are two parabolic subgroups, then (Q1 N Q3)- Ry, (Q1) is also a
parabolic subgroup, which is contained in Q1. It equals Q; if and only if there is a Levi
subgroup of O containing a Levi subgroup of Q5. The parabolic subgroups Q1 and Q>
are called opposite if Q1N Q5 is a Levi subgroup of @ and Q».
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BRUHAT DECOMPOSITION OF G (k)

22.150. Let P and S be as before, and let U = Ry, (P). For w € ; W, let ny, represent w
in N(S)(k). The Bruhat decomposition of G (k) states that G (k) is the disjoint union of
the double cosets U(k)ny, P(k):

Gk)= || UKy Pk).

werw

We can rephrase this in a more precise way. For w € W there exist two subgroup varieties
U,, and U}, of U such that the map

(x,y) > xnyy: Uy x P —>Uny P

is an isomorphism. We then have

(G/P)(k) = G(k)/P(k) = | ) =(U k),

wer W

where 7 is the projection G — G/ P.
When k is algebraically closed, this gives a cellular decomposition of the projective
variety G/ P.

22.151. For 6 € ; A, let Wy denote the subgroup of ;W generated by the reflections sq,
a € A. For 0,60’ € A, there is a bijection of double cosets

Po(k)\G(k)/ Py (k) = W(O)\i W/ W(&)).

Let X' be the set of generators of ;W defined by ; A. The above assertions (on the level of
sets) all follow from the fact that (G (k), P(k), Z(S)(k), X)) is a Tits system in the sense of
Bourbaki.

q. Pseudo-reductive groups: a survey

We briefly summarize Conrad, Gabber, and Prasad 2010, which completes earlier work of
Borel and Tits (Borel and Tits 1978; Tits 1992, 1993; Springer 1998, Chapters 13-15).

DEFINITION 22.152. An algebraic group G is pseudo-reductive if it is smooth and con-
nected, and R, (G) = e.

A connected group variety is pseudo-reductive it admits a faithful semisimple represen-
tation (22.19).

22.153. Let k be a separably closed field of characteristic p, and let G = (G, g’/ Where
k' is an extension of k of degree p (necessarily purely inseparable). Then G is a commutative
smooth connected algebraic group over k. The canonical map G, — G realizes G, as the
greatest subgroup of G of multiplicative type, and the quotient G/G,y, is unipotent. Over k%,
G decomposes into (Gp,)ga X (G/Gy)ga (see 17.31), and so G is not reductive. However,
G contains no smooth unipotent subgroup because G (k) = k’*, which has no p-torsion.
Therefore G is pseudo-reductive. (Recall 3.29 that if G is reductive, then (G)g//x (k) is
dense in (G )/ if k is infinite.)
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22.154. Let k' be a finite field extension of k, and let G be a reductive group over k’. If k’
is separable over k, then (G )/ is reductive, but otherwise it is only pseudoreductive.

22.155. Let C be a commutative connected algebraic group over k. If C is reductive,
then it is a torus, and the tori are classified by the continuous actions of Gal(k**P/k) on
free commutative groups of finite rank. By contrast, “it seems to be an impossible task to
describe general commutative pseudo-reductive groups over imperfect fields” (Conrad et al.
2010, p. xv).

22.156. Let kq,...,k; be finite field extensions of k. For each i, let G; be a reductive
group over k;, and let 7; be a maximal torus in G;. Define algebraic groups

G<—T—>T
by
G = l_L.(Gi)k,-/k
r :l_[l.(Ti)kl-/k

T Ini(Ti/Z(Gi))kl—/k-

Let ¢:T — C be a homomorphism of commutative pseudoreductive groups that factors
through the quotient map 7" — T':

r % c T

Then ¢ defines an action of C on G by conjugation, and so we can form the semidirect
product
G xC.

The map
t—t"1o@1): T —>GxC

is an isomorphism from 7" onto a central subgroup of G x C, and the quotient (G xC)/ T is
a pseudoreductive group over k. The main theorem (5.1.1) of Conrad et al. 2010 says that,
except possibly when k has characteristic 2 or 3, every pseudoreductive group over k arises
by such a construction (the theorem also treats the exceptional cases).

22.157. The maximal tori in reductive groups are their own centralizers. Any pseudore-
ductive group with this property is reductive (except possibly in characteristic 2; Conrad
etal. 2010, 11.1.1).

22.158. If G is reductive, then G = DG - (ZG)° where DG is the derived group of G and
(ZG)° is the greatest central connected reductive subgroup of G. This statement becomes
false with “pseudoreductive” for “reductive” (Conrad et al. 2010, 11.2.1).

22.159. For areductive group G, the map
RG =(ZG)° - G/DG

is an isogeny, and G is semisimple if and only if one (hence both) groups are trivial. For
a pseudoreductive group, the condition RG = 1 does not imply that G = DG. Conrad
et al. 2010, 11.2.2, instead adopt the definition: an algebraic group G is pseudo-semisimple
if it is pseudoreductive and G = DG. The derived group of a pseudoreductive group is
pseudo-semisimple (ibid. 1.2.6, 11.2.3).
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22.160. A reductive group G over any field k is unirational, and so G (k) is dense in G if
k is infinite. This fails for pseudoreductive groups: over every nonperfect field k there exists
a commutative pseudoreductive group that it not unirational; when k is a nonperfect rational
function field ko (T), such a group G can be chosen so that G (k) is not dense in G (Conrad
et al. 2010, 11.3.1).

r. Levi subgroups: a survey

We have studied reductive groups in this chapter. Every connected group variety G over a
field k is an extension
e > R,(G)—>G—>G/Ry(G) —>e

of a pseudo-reductive group by a unipotent group. If k is perfect, then G/ R, (G) is reductive
and the unipotent group Ry, (G) is split. In good cases, the extension splits.

DEFINITION 22.161. Let G be a connected group variety over k. A Levi subgroup of G is
a connected subgroup variety L such that the quotient map Gya — Gpa /Ry Gya restricts to
an isomorphism Lja — Gya /Ry Gra. In other words, Gya is the semidirect product

Gkal = Rqual Dl Lkal
of a reductive group Lja with a unipotent group Ry, Gpa.

22.162. Suppose that there exists a unipotent subgroup R of G such that Rpa = Ry (Gya)
(so G/R is reductive). Then a Levi subgroup of G is a connected subgroup variety L such
the quotient map G — G/ R restricts to an isomorphism L — G/R. In this case, G is the
semidirect product

G=RxL

of a reductive group L with a unipotent group R.

22.163. When k is perfect, a subgroup R as in (22.162) always exists. In characteristic
zero, Levi subgroups always exists (Theorem of Mostow; Hochschild 1981, VIII, Theorem
4.3).

22.164. In nonzero characteristic, a connected group variety G need not have a Levi
subgroup.

22.165. Every pseudo-reductive group with a split maximal torus has a Levi subgroup
(Conrad et al. 2010, 3.4.1).

This section will be expanded somewhat. For the present, here are some references.

mo133249.

Humphreys, J. E. Existence of Levi factors in certain algebraic groups. Pacific J. Math.
23 1967 543-546.

McNinch, George J. Levi decompositions of a linear algebraic group. Transform. Groups
15 (2010), no. 4, 937-964.

McNinch, George On the descent of Levi factors. Arch. Math. (Basel) 100 (2013), no.
1,7-24.

McNinch, George J. Levi factors of the special fiber of a parahoric group scheme and
tame ramification. Algebr. Represent. Theory 17 (2014), no. 2, 469—-479.


http://mathoverflow.net/questions/133249/
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s. Exercises

EXERCISE 22-1. Show that a linearly reductive algebraic group has only finitely many
simple representations (up to isomorphism) if and only if it is finite. Deduce that an algebraic
group (not necessarily affine) has only finitely many simple represenations if and only if its
identity component is an extension of unipotent algebraic group by an anti-affine algebraic
group.[Let G be an affine linearly reductive group scheme over a field. Suppose that there
are only finitely many simple representations (up to isomorphism) and let X be the direct
sum of them. Then every representation of G is isomorphic to a subquotient (in fact, direct
factor) of X" for some n. This implies that is finite (see, for example, Deligne and Milne,
Tannakian Categories, 2.20).]

EXERCISE 22-2. Let G be a reductive group.
(a) Show that the kernel of the adjoint representation of G on Lie G is the centre of G.
(b) Show that Z(G/Z(G)) = 1.

EXERCISE 22-3. A semisimple algebraic group G over a field of characteristic zero has a
faithful simple representation if and only if X*(ZG) is cyclic (m029813). (Spin groups in
even dimensions have center a non-cyclic group (of order 4) and so have no faithful simple
representations. )






CHAPTER 2 3

Root data and their classification

This chapter will be revised but not expanded (perhaps I'll include a direct proof that the
Weyl group acts simply transitively on the Weyl chambers, 23.16).
Throughout, F is a field of characteristic zero, for example, Q or R.

a. Equivalent definitions of a root datum

The following is the standard definition (SGA 3, XXI, 1.1.1).

DEFINITION 23.1. A root datum is an ordered quadruple R = (X, R, X", RY) where
o X, XV are free Z-modules of finite rank in duality by a pairing (, ): X x XV — Z,
o R, RY are finite subsets of X and X in bijection by a correspondence « <> ",
satisfying the following conditions
RD1 (o, aV) =2,
RD2 s5,(R) C R, s, (RY) C RY, where

se(x) =x—(x,a¥)a, forxeX,uacR,
sg(V)=y—{a,y)a’, foryeX',aeR.

Recall that RD1 implies that so (@) = —« and 52 = 1.

Thus in (23.1), the condition s, (RY) C RY replaces the condition that W(R) is finite in
(22.37). Definition 23.1 has the merit of being self-dual, but (22.37) is usually easier to work
with.

Set!

Q=7ZRcCX QY =ZRYCXY
V=Q®z0 VY =Q®z0".
Xo={xeX|(x,RY)=0}

By ZR we mean the Z-submodule of X generated by the o € R.
LEMMA 23.2. Fore € R,x€ X,andy € X"V,

(s (x),y) = (x.55 (), (167)

and so
(sa(x),54 (¥)) = (x,y). (168)

IThe notation Q" is a bit confusing, because Q" is not in fact the dual of Q.

431



432 23. Root data and their classification

PROOF. We have
(sa(x),y) = (x = (x,@)a, y) = (x, ) = (x,@"){a, )
(X,S&/(y)) = (x,y—(a,y)av) = (an’)—<x»05V>(0l,y>,

which gives the first formula, and the second is obtained from the first by replacing y with
Sy (1) o

In other words, as the notation suggests, s, (which is sometimes denoted sqv) is the
transpose of sy .

THEOREM 23.3. Let (X,R,X",RY) be a root system, and let f: R — R" be the bijection
a+— «V. Then (X, R, f) satisfies the conditions (rdl), (rd2), and (rd3) of (22.37). Con-
versely, let (X, R, f) be a system satisfying these conditions; let XV = Hom(X,Z) and let
RY = f(R); then the system (X, R, X", R") together with the natural pairing X x X¥ — 7
and the bijection o <> f(«) form a root system in the sense of (23.2).

PROOF. For the first statement, we only have to check (rd3): the group of automorphisms
of X generated by the s, is finite.
For the second statement, we have to show that

sy (RY) C RY where sy (y) =y — (o, y)a".

As in Lemma 23.2, (sq(x), 54 () = (x, ).
Leta,B € R, and let 1 = s, (8)Sa585a. An easy calculation? shows that

1(x) = x +((x,54 (BY)) = (x,50(B)"))sa(B), allx €X.
Since
(sa(B). 54 (BY)) = (sa(B).5a(B)") = (B.B”) — (sa(B).5a(B)*) =2~2=0,
we see that (55 (8)) = sq(B). Thus,
(t—1)*=0,

and so the minimum polynomial of ¢ acting on Q ®7 X divides (7 — 1)2. On the other hand,
since 7 lies in a finite group, it has finite order, say ¢ = 1. Thus, the minimum polynomial
also divides 7" — 1, and so it divides

ged(T"—1,.(T—1)?) =T—1.
This shows that r = 1, and so
(x,55 (BY)) —(x,50(B)") =0forall x € X.

Hence
So (BY) = sa(B)” € RY. o

Thus, to give a root system in the sense of (23.1) amounts to giving a system (X, R, f)
satisfying (22.37).

20r so it is stated in Springer 1979, 1.4; details to be added.
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b. Deconstructing root data

Explain how they are built up from semisimple root data and toral root data

c. Semisimple root data and root systems

An inner product on a real vector space is a positive-definite symmetric bilinear form.

GENERALITIES ON SYMMETRIES

A reflection of a vector space V is an endomorphism of V' that fixes the vectors in a
hyperplane and acts as —1 on a complementary line. Let « be a nonzero element of V. A
reflection with vector o is an endomorphism s of V such that s(«) = —« and the set of
vectors fixed by s is a hyperplane H. Then V = H & («) with s acting as 1 & —1, and so
52 = —1. Let V'V be the dual vector space to V, and write { , ) for the tautological pairing

VxVY —k.IfaV is an element of V'V such that {a,a") = 2, then
Sa:x > x—(x,a")a (169)

is a reflection with vector o, and every reflection with vector « is of this form (for a unique
V)3
a’)’.

LEMMA 23.4. Let R be a finite spanning set for V. For any nonzero vector « in V', there
exists at most one reflection s with vector o such that s(R) C R.

PROOF. Let s and s’ be such reflections, and let ¢ = ss’. Then ¢ acts as the identity map on
both Fa and V/ Fo, and so

(t—1D2Vc(@t—1)Fa=0.

Thus the minimum polynomial of ¢ divides (7' — 1)2. On the other hand, because R is finite,
there exists an integer m > 1 such that t”*(x) = x for all x € R, and hence for all x € V.
Therefore the minimum polynomial of ¢ divides 7 — 1. As (T —1)? and T™ — 1 have
greatestt common divisor 7" — 1, this shows that t = 1. o

LEMMA 23.5. Let (, ) be an inner product on a real vector space V. Then, for any nonzero
vector « in V', there exists a unique symmetry s with vector « that is orthogonal for (, ), i.e.,
such that (sx,sy) = (x,y) forall x,y € V, namely

x.@), (170)

s(x) =x—2(a’a) .

PROOF. Certainly, (170) does define an orthogonal symmetry with vector «. Suppose
s’ is a second such symmetry, and let H = («)®. Then H is stable under s’, and maps
isomorphically on V/{«). Therefore s” actsas 1 on H. As V = H @ () and s’ acts as —1
on (&), it must coincide with s. o

3The composite of the quotient map V — V/H with the linear map V/H — F sending o + H to 2 is the
unique element o of V' such that @(H) = 0 and {a,a¥) = 2.
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GENERALITIES ON LATTICES

In this subsection V is a finite-dimensional vector space over F.

DEFINITION 23.6. A subgroup of V is a lattice in V' if it can be generated (as a Z-module)
by a basis for V. Equivalently, a subgroup X is a lattice if the natural map F ®7 X — V' is
an isomorphism.

REMARK 23.7. (a) When F = Q, every finitely generated subgroup of V' that spans V is a
lattice, but this is not true for F = R or C. For example, Z1 + 7+/2 is not a lattice in R.

(b) When F = R, the discrete subgroups of V' are the partial lattices, i.c., Z-modules
generated by an R-linearly independent set of vectors for V' (see my notes on algebraic
number theory 4.13).

DEFINITION 23.8. A perfect pairing of free Z-modules of finite rank is one that realizes
each as the dual of the other. Equivalently, it is a pairing into Z with discriminant £1.

PROPOSITION 23.9. Let
(,):VxVY >k

be a nondegenerate bilinear pairing, and let X be a lattice in V. Then
Y={yeV'|(X,y)CZ}
is the unique lattice in V' such that ( , ) restricts to a perfect pairing
X xY —>7Z.

PROOF. Letey,... e, be a basis for V' generating X, and let e/, ..., e}, be the dual basis.
Then
Y =Ze\ +---+Ze,,

and so it is a lattice, and it is clear that ( , ) restricts to a perfect pairing X x Y — Z.

Let Y’ be a second lattice in V'V such that (x,y) € Zforallx € X,y €Y'. ThenY' C Y,
and an easy argument shows that the discriminant of the pairing X x Y’ — Zis (Y :Y’),
and so the pairing on X x Y is perfect if and only if Y' =Y. o

d. Root systems

In this section, we briefly explain the classification of root systems in terms of Dynkin
diagrams. Omitted proofs can be found in LAG I, §8 or Serre 1966, for example.
Let V be a finite-dimensional vector space over F.

DEFINITION 23.10. A subset R of V over F is a root system in V if
RS1 R is finite, spans V, and does not contain 0;
RS2 for each @ € R, there exists a (unique) reflection s, with vector o such that s (R) C R;

RS3 forall o, f € R, so(B) — B is an integer multiple of «.

In other words, R is aroot system if it satisfies RS1 and, for each & € R, there exists a (unique)
vector ¥ € V'V such that {a,a¥) = 2, (R,a") € Z, and the reflection s4: x — x — (x,a" )«
maps R in R.
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We sometimes refer to the pair (V, R) as a root system over F. The elements of R are

called the roots of the root system. If « is a root, then sy () = —« is also a root. The unique
a" attached to « is called its coroot. The dimension of V is called the rank of the root
system.

By root system, we shall mean reduced root system.

EXAMPLE 23.11. Let V be the hyperplane in F”*! of n + 1-tuples (x;)1<j<n+1 such that
> x;i =0, and let

R:{al’jdéfei—ej‘“;ﬁj, 1<i,j<n+1}
where (e;)1<j<n+1 is the standard basis for F"*!. For eachi # j, let Sa;; be the linear
map V' — V that switches the ith and jth entries of an n + I-tuple in V. Then sq,; is a
reflection with vector o;; such that 54, (R) C R and sq;; (B) — B € Za;; forall B € R. As
R obviously spans V, this shows that R is a root system in V.

23.12. Let (, ) be an inner product on a real vector space V. Then, for any nonzero vector
« in V, there exists a unique symmetry s with vector « that is orthogonal for ( , ), i.e., such
that (sx,sy) = (x,y) forall x,y € V, namely

(x, )
(o, )

23.13. Let (V, R) be a root system over F, and let Vy be the Q-vector space generated by
R. Thenc ® v+ cv: F ®q Vo — V is an isomorphism, and R is a root system in Vj.

s(x)y=x-2 o. (171)

Thus, to give a root system over F is the same as giving a root system over Q (or R or
C). In the following, we assume that F C R (and sometimes that F = R).
23.14. If (V;, Ri)iey is a finite family of root systems, then

def

is a root system (called the direct sum of the (V;, R;)).

A root system is indecomposable (or irreducible) if it can not be written as a direct sum
of nonempty root systems.

23.15. Let (V,R) be a root system. There exists a unique partition R =| |;c; R; of R
such that

(V.R) = @ieI(Vi,Ri), V; = span of R;,

and each (V;, R;) is an indecomposable root system.

THE WEYL GROUP

Let (V,R) be a root system. The Weyl group W = W(R) of (V, R) is the subgroup of
GL(V) generated by the reflections s for « € R. Because R spans V, the group W acts
faithfully on R, and so is finite.

For o € R, we let H,, denote the hyperplane of vectors fixed by so. A Weyl chamber is
a connected component of V ~J,cg Ha-

23.16. The group W(R) acts simply transitively on the set of Weyl chambers (Bourbaki
LIE, VL §1, 5).
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EXISTENCE OF AN INNER PRODUCT

23.17. For any root system (V, R), there exists an inner product (, ) on V such the w € R,
act as orthogonal transformations, i.e., such that

(wx,wy) = (x,y) forallwe W,x,y eV.

Let (, )’ be any inner product V x V' — R, and define

=) o (wxwy).

Then (, ) is again an inner product, and

(wox,woy) =) (wwox,wwoy) = (x,y)

for any wg € W, because as w runs through W, so also does wwy.
When we equip V' with an inner product (, ) as in (23.17),

(x,a)

( o forallx e V.
o,

Se(x)=x-2
Therefore the hyperplane of vectors fixed by « is orthogonal to «, and the ratio (x,«)/ (o, @)

is independent of the choice of the inner product:

(x.@)
(@)

(x,av).

BASES

Let (V, R) be aroot system. A subset S of R is a base for R if it is a basis for V' and if each
root can be written 8 = ) . s Mmga with the my integers of the same sign (i.e., either all
my > 0 or all my < 0). The elements of a (fixed) base are called the simple roots (for the
base).

23.18. There exists a base S for R.

More precisely, let 7 lie in a Weyl chamber, so ¢ is an element of V' such that (r,«a¥) # 0
ifao € R,andlet RY = {a € R | (a,t) > 0}. Say that o € R is indecomposable if it can
not be written as a sum of two elements of R*. The indecomposable elements form a base,
which depends only on the Weyl chamber of 7. Every base arises in this way from a unique
Weyl chamber, and so (23.16) shows that W acts simply transitively on the set of bases for
R.

23.19. Let S be a base for R. Then W is generated by the {sq | @ € S}, and W -S = R.

23.20. Let S be a base for R. If S is indecomposable, there exists a 100t & = ), cg N
such that, for any other root ), . ¢ mqc, we have that ny > mg for all .

Obviously @ is uniquely determined by the base S. It is called the highest root (for the
base). The simple roots o with ng = 1 are said to be special.
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23.21. Let (V, R) be the root system in (23.11), and endow V' with the usual inner product
(assume F C R). When we choose

n
t=nej +~~+en—§(el +-tent1).

then

RYE | (1) >0} ={ej—e;|i> )}
Fori > j+1,

ei—ej =(ej—eit1) -+ (ej+1—¢)),
and so e¢; —e; is decomposable. The indecomposable elements are e; —e2,...,e, —€y41.
Obviously, they do form a base S for R. The Weyl group has a natural identification
with S, +1, and it certainly is generated by the elements s4,,...,Sq, Where o; = e; —e;41;

moreover, W -S = R. The highest root is

@ =e1—ept1 =0a1+ - +ay.

ROOT SYSTEMS OF RANK 2

The root systems of rank 1 are the subsets {o, —a}, @ # 0, of a vector space V' of dimension
1, and so the first interesting case is rank 2. Assume F = R, and choose an invariant inner
product. For roots «, 8, we let

n.a) =229 _ g4V ez
(a,0)
Write
n(f,a) = 2@ cos¢
||

where |- | denotes the length of a vector and ¢ is the angle between « and . Then
n(B,a)-n(e, B) = 4cos® ¢ € Z.

When we exclude the possibility that 8 is a multiple of «, there are only the following
possibilities (in the table, we have chosen B to be the longer root):

n(B.a)-n(.p) | n(p) | nB.a)| ¢ |I[Bl/le
0 0 0 /2
| 1 1 /3 |
-1 -1 27/3
1 2 /4
2 -1 -2 3r/4 V2
1 3 /6
3 -1 -3 5m/6 V3

If « and B are simple roots and n(«, 8) and n(B,«) are strictly positive (i.e., the angle
between o and f is acute), then (from the table) one, say, n(f,®), equals 1. Then

Sa(B) =B —n(p.0)a=p—a,
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and so £ (a — B) are roots, and one, say a — 8, will be in RT. But then « = (¢ — B) + 8,
contradicting the simplicity of @. We conclude that n(«, 8) and n(8,«) are both negative.
From this it follows that there are exactly the four nonisomorphic root systems of rank 2
displayed below. The set {«, B} is the base determined by the shaded Weyl chamber.

B =1(0,2)
N B=(-1,V3) o+
—a o= (2,0) —a a :\(2,0)
5/ \ |
—p

3a+ 20

B=(-3,vV3) a+p 200+ 3 3a+

—3a -0 —2a -0 —a—f -

Y —3a—28

Note that each set of vectors does satisfy (RS1-3). The root system A; x A; is decom-
posable and the remainder are indecomposable.

We have
A1 X Aq Ar B> G2
sq(B)—p O lo 200 3a
¢ /2 27x/3 | 3n/4 | 57/6
W(R) D> D3 Dy Dg
(Aut(R): W(R)) 2 2 1 1

where D;, denotes the dihedral group of order 2n.
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CARTAN MATRICES

Let (V, R) be a root system. As before, for o, 8 € R, we let

n(a,p) = (a,pY) € Z,
so that
(a,B)
B.B)

for any inner form satisfying (23.17). From the second expression, we see that n(wa, wB) =
n(a,p) forallw e W.

Let S be a base for R. The Cartan matrix of R (relative to S) is the matrix (n(c, 8))q,ges-
Its diagonal entries n(«, ) equal 2, and the remaining entries are negative or zero.

For example, the Cartan matrices of the root systems of rank 2 are,

o) G G ()

A1 X Aq Ar B> G2

n(a.p) =2

and the Cartan matrix for the root system in (23.11) is

2 -1 0 0 0
-1 2 -1 0 0
0 -1 2 0 0
0 0 0 2 -1
\0 0 0 -1 2)

because ( )
€ —€i4+1,€j+1 —€j42

P ATt ot = —1, etc..
(e —eit1.6i—ejt1)

PROPOSITION 23.22. The Cartan matrix of (V, R) is independent of S, and determines
(V, R) up to isomorphism.

In fact, if S’ is a second base for R, then we know that S” = wS for a unique w € W and
that n(wa, wpf) = n(a,B). Thus S and S’ give the same Cartan matrices up to re-indexing
the columns and rows. Let (V’, R") be a second root system with the same Cartan matrix.
This means that there exists a base S’ for R’ and a bijection & — «’: S — S’ such that

n(e,B) =n(a’,p’) foralla,B € S. (172)

The bijection extends uniquely to an isomorphism of vector spaces V — V', which sends
Sq to 5o for all a € S because of (172). But the s, generate the Weyl groups (23.19), and
so the isomorphism maps W onto W', and hence it maps R = W -S onto R’ = W'. S’
(see 23.19). We have shown that the bijection S — S’ extends uniquely to an isomorphism
(V,R) — (V', R) of root systems.
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CLASSIFICATION OF ROOT SYSTEMS BY DYNKIN DIAGRAMS

Let (V, R) be a root system, and let S be a base for R.

PROPOSITION 23.23. Let« and B be distinct simple roots. Up to interchanging « and B,
the only possibilities for n(«, ) are

n(a,p) | n(B,a) | n(a,pn(f,«)
0 0 0
-1 ~1 1
-2 ~1 2
-3 ~1 3

If W is the subspace of V spanned by « and §, then W N R is a root system of rank 2 in W,
and so (23.23) can be read off from the Cartan matrices of the rank 2 systems.

Choose a base S for R. Then the Coxeter graph of (V, R) is the graph whose nodes are
indexed by the elements of S’; two distinct nodes are joined by n (e, B) -n(B,«) edges. Up to
the indexing of the nodes, it is independent of the choice of §.

PROPOSITION 23.24. The Coxeter graph is connected if and only if the root system is
indecomposable.

In other words, the decomposition of the Coxeter graph of (V/, R) into its connected com-
ponents corresponds to the decomposition of (V, R) into a direct sum of its indecomposable
summands.

PROOF. A root system is decomposable if and only if R can be written as a disjoint union
R = R; U R, with each root in R; orthogonal to each root in R,. Since roots «, 8 are
orthogonal if and only n(a, ) -n(B,a) = 4cos®>¢ = 0, this is equivalent to the Coxeter
graph being disconnected. o

The Coxeter graph doesn’t determine the Cartan matrix because it only gives the number
n(a,B)-n(B,a). However, for each value of n(«, 8)-n(fB,«) there is only one possibility
for the unordered pair

{n(a,B),n(B,a)} = 2M cos¢,2@ cosgy .
1A |

Thus, if we know in addition which is the longer root, then we know the ordered pair. To
remedy this, we put an arrowhead on the lines joining the nodes indexed by « and 8 pointing
towards the shorter root. The resulting diagram is called the Dynkin diagram of the root
system. It determines the Cartan matrix and hence the root system.

For example, the Dynkin diagrams of the root systems of rank 2 are:

@ g L g *r B ¢ B
O O O0—0 Oo==0 =0

AIXAl Az BZ G2

THEOREM 23.25. The Dynkin diagrams arising from indecomposable root systems are
exactly the diagrams A, m > 1), B, (n >2),C, n>3), D, n > 4), E¢, E7, Eg, F4, G3
listed below — we have used the conventional (Bourbaki) numbering for the simple roots.



d. Root systems 441

For example, the Dynkin diagram of the root system in (23.11) is A,. Note that Coxeter
graphs do not distinguish B, from C,.

aq (6] a3 Qp—2 Qp—1 (679
Ap O O oO——----- O O O (n>1)
(€51 (%) 0%} Qp_—2 Qp—1 (7%
B, O O o—----- —O0—« )%:O (n>2)
(63} Qg a3 Qp—2 Qp—1 Qp,
Cn O O O ””” —<>—() O (TL Z 3)
Qp—1
aq (6%) a3 Qp—3 Qp_2
Dn O O O -0 O (n Z 4)
Qp
(%)
aq a3 Qg Qs (€75
Es O O O O O
(&%)
(65} Q3 (7] (07354 (675 (074
E; O O O O O O
(6%)
aq ag Q4 Qs (675 a7 ag
Es O O O O O O O
aq (&%) as Oy
. O—0=>=0—=0
aq Q2
G 0=£=0






CHAPTER 2 4

Representations of reductive groups

This chapter will include proofs for the classification of semisimple representations and a
brief survey of the field, which is vast. See Jantzen 1987.

We begin by classifying the semisimple representations of a split reductive group over a
field k. When k has characteristic zero, this is all of them (22.138).

CLASSIFICATION IN TERMS OF ROOTS AND WEIGHTS
THE DOMINANT WEIGHTS OF A ROOT DATUM

Let (X, R, XY, RY) be aroot datum. We make the following definitions:
o Q =ZR (root lattice) is the Z-submodule of X generated by the roots;
Xo={xeX|(x,aV)y=0forall« € R};
VZ]R@ZQ CR®zX;
P={AeV|{Lav)eZforalla € R} (weight lattice).
Now choose a base S = {«1,...,a,} for R, so that:
o R=RTUR where Rt ={> mja; |m; >0}and R~ ={>_m;a; | m; <0};
o Q=Za1®-®Zoy CV =Ro1 DD Ray,
o P =7ZAM@ - ®ZA, where A; is defined by (ki,a}/) = §ij.
The A; are called the fundamental (dominant) weights. Define
o Pt={leP|{(A,aV)>0alla e RV}
An element A of X is dominant if (A,«) > 0 for all € R™. Such a A can be written
uniquely

S 00

A= leignmiki + Ao (173)
withm; €N, Y m;A; € X, and A¢ € Xp.

THE DOMINANT WEIGHTS OF A SEMISIMPLE ROOT DATUM
To give a semisimple root datum amounts to giving a root system (V/, R) and a lattice X,
P>XD>Q

(see 22.40). Choose an inner product (, ) on V for which the s, act as orthogonal transfor-
mations. Then, for A € V

vi A )
A« >_2(oz,a)'

443
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Since in this case X¢ = 0, the above definitions become:
o Q=ZR=701®: DLy,
o P={AeV| 2% €Zalla € Ry =7ZA ®---® ZA, where A; is defined by

(Aio)

(@,a)

o Pt ={1=Y,m;A; | mj >0} = {dominant weights}.

2

(Sij-

THE CLASSIFICATION OF SIMPLE REPRESENTATIONS

Let G be areductive group. We choose a maximal torus 7" and a Borel subgroup B containing
T (hence, we get a root datum (X, R, XV, RY) and a base S for R). As every representation
of G is (uniquely) a sum of simple representations, we only need to classify them.
THEOREM 24.1. Letr:G — GLw be a simple representation of G.

(a) There exists a unique one-dimensional subspace L of W stabilized by B.

(b) The L in (a) is a weight space for T', say, L = Wj..

(¢c) The A, in (b) is dominant.

(d) If A is also a weight for T in W, then A = A, — ) _m;«; withm; € N.

PROOF. Omitted. o

Note that the Lie-Kolchin theorem implies that there does exist a one-dimensional
eigenspace for B — the content of (a) is that when W is simple (as a representation of G),
the space is unique. Since L is mapped into itself by B, it is also mapped into itself by T,
and so lies in a weight space. The content of (b) is that it is the whole weight space. Because
of (d), A, is called the highest weight of the simple representation r.

THEOREM 24.2. The map (W,r) — A, defines a bijection from the set of isomorphism
classes of simple representations of G onto the set of dominant weights in X = X *(T).

PROOF. Omitted. o

In the examples, k has characteristic zero (for the moment).

EXAMPLE: SL,

Here the root datum is isomorphic to {Z,{+2},Z,{x1}}. Hence Q = 27Z, P = Z, and
P = N. Therefore, there is (up to isomorphism) exactly one simple representation for each
m > 0. There is a natural action of SL; (k) on the ring k[X, Y], namely, let

“0)- ()

FAX.Y) = f(aX +bY.cX +dY).

In other words,

This is a right action, i.e., (f4)Z = f4B. We turn it into a left action by setting A f = fA_l.
One can show that the representation of SL, on the homogeneous polynomials of degree m
is simple, and every simple representation is isomorphic to exactly one of these.
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EXAMPLE: GL,

As usual, let T be D, and let B be the standard Borel subgroup. The characters of T are
X1,---, Xn- Note that GL,, has representations

det t—>t"

GL, — G;;, — GL; =G,

for each m, and that any representation can be tensored with this one. Thus, given any simple
representation of GL,we can shift its weights by any integer multiple of y1 +---+ x,. In

this case, the simple roots are y1 — x2,..., Xn—1 — Xn» and the root datum is isomorphic to
(2" {ei—ej i #j}, 2" {ei—ej|i # j}).
In this notation the simple roots are e; —es,...,e,—1 — ey, and the fundamental dominant

weights are A1,...,4,_1with
Ai=el+-Fe—nli(e; 4+ +ep).
The dominant weights are the expressions
a1+t an—1An—1+m(er+---+ey), ai €N, meZ.
These are the expressions
miey +---+mpey

where the m; are integers with m > --- > m,,. The simple representation with highest weight
eqis the representation of GL, on k" (obviously), and the simple representation with highest
weight ej + -+ + ¢; is the representation on /' (k™) (Springer 1998, 4.6.2).

EXAMPLE: SL,

Let T;be the diagonal in SL,,. Then X*(T1) = X*(T)/Z(x1 + -+ xn)with T =D,,. The
root datum for SLjis isomorphic to (Z" /Z(e1 +---+en),{6i —&; | i # j},...) where g;is
the image of e;in Z" /Z (e + --- + ey). It follows from the GL,case that the fundamental
dominant weights are A1, ...,A,_1with

Ai =e1+-+ e

Again, the simple representation with highest weight £1is the representation of SL,on k",
and the simple representation with highest weight &1 + --- + ¢;is the representation SL,,on

A (k™)(ibid.).

GROTHENDIECK GROUPS

Let T be a split torus, say 7 = D(M). Then Rep(T) is a semisimple category whose
simple objects are classified by the elements of M. It follows that the Grothendieck group
of Rep(T) is the group algebra Z[M]. Now let (G, T) be a split reductive group, and let W
be the Weyl group of (G,T). Then W acts on T, and hence on M = X *(T'). There is a
functor Rep(G) — Rep(T) that sends a representation of G to its restriction to 7 .

THEOREM 24.3. The homomorphism from the Grothendieck group of Rep(G) to that of
Rep(T") defined by the restriction functor is injective with image Z[M1W (elements of Z[ M|
invariant under W).

PROOF. Serre 1968, Thm 4. o
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SEMISIMPLICITY

Perhaps move results on the semisimplicity of Rep(G) to here.

THEOREM 24.4 (SERRE-DELIGNE). Let G be an algebraic group over a field k of nonzero
characteristic p. Let (V;);e; be a finite tamily of representations of G. If the V; are
semisimple and

D e, @m) =1) < p

then Q); <y Vi is semisimple.

Serre, Jean-Pierre, Sur la semi-simplicité des produits tensoriels de représentations de
groupes. Invent. Math. 116 (1994), no. 1-3, 513-530.

Deligne, Pierre. Semi-simplicité de produits tensoriels en caractéristique p. Invent. Math.
197 (2014), no. 3, 587-611.
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The existence theorem

This chapter will be completely rewritten, but not expanded.
Recall the statement:

Let k be a field. Every reduced root datum arises from a split reductive group
(G,T) over k.

In fact, it suffices to prove the following statement:

Let k be a field. Every diagram (V, R, X) arises from a split semisimple group
(G, T) over k.

There are four approaches to proving the existence theorem:
(a) Characteristic zero: (original) classical approach.
(b) Characteristic zero: Tannakian approach.
(c) All characteristics: Chevalley’s (original) approach.
(d) All characteristics: explicit construction.

Of these approaches, (a) is only of historical significance (at least to algebraists), while
(b) is developed in detail in my notes LAG. Thus, we shall concentrate on (c) and (d).

a. Characteristic zero: classical approach

Recall the classical statement. A diagram is reduced root system R over (Q and a lattice X
contained between the root lattice O (R) of R and its weight lattice P(R):

O(R)Cc X C P(R).

Let k be an algebraically closed field. A (connected) semisimple algebraic group G over
k and the choice of a maximal torus 7' in G define a diagram (R(G,T), X(T)) whose
isomorphism class depends only on G.

25.1. (Existence theorem) The map 6:G,T — (R(G,T),X(T)) induces a bijection be-
tween isomorphism classes of semisimple algebraic groups over k and isomorphism classes
of diagrams.

Concerning the origins of this theorem in characteristic zero, I quote Borel 1975, 1.5.
“Over C, 25.1 goes back to results of Killing, Weyl, Cartan, proved however in a different
context. Briefly, it may be viewed as the conjunction of the following:

447
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(a) Classification of complex semisimple Lie algebras by reduced root systems.

(b) Classification of connected complex semisimple Lie groups with a given Lie algebra
g with root system R by means of lattices between Q(R) and P(R).

(c) A complex connected semisimple Lie group has one and only one structure of affine
algebraic group compatible with its complex analytic structure.

Statement (a) is in essence due to Killing and Cartan, although the connection with root
systems emerged gradually only later. It is now standard (cf. e.g. Serre 1966, Humphreys
1972).

It is more difficult to give a direct reference for (b). Results of H. Weyl and E. Cartan,
as reformulated later by E. Stiefel (1942; see also Adams 1969) show that diagrams also
classify compact semisimple Lie groups. One then uses the fact that the assignment,

connected Lie group — maximal compact subgroup, (174)

induces a bijection between isomorphism classes of connected complex semisimple Lie
groups and of connected semisimple Lie groups (see e.g., Hochschild 1965). In the course
of proving this, one also sees that a complex connected semisimple Lie group always has a
faithful finite dimensional representation (ibid. p. 200).

Finally, in view of this last fact, (c) amounts to showing that the C-algebra of holomor-
phic functions on G whose translates span a finite dimensional space (the ‘representative
functions’) is finitely generated. It is then the coordinate ring for the desired structure of
algebraic group (Hochschild and Mostow 1961).”

b. Characteristic zero: Tannakian approach.

In this approach, the existence theorem for algebraic groups over a field of characteristic
zero is derived from the similar theorem for Lie algebras by using Tannakian theory. Let g
be a semisimple Lie algebra over a field k of characteristic zero. Then Rep(g) is a neutral
Tannakian category, and the group attached to it is the simply connected semisimple algebraic
group G with Lie algebra g. The other connected semisimple algebraic groups with Lie
algebra g correspond to certain subcategories of Rep(g). This approach was suggested by
Cartier in a Comptes Rendus note (Cartier 1956), and worked out in detail by the author
(Milne 2007). We sketch the argument.

Let g be a finite-dimensional Lie algebra over a field k of characteristic zero. A ring
of representations of g is a collection of finite-dimensional representations of g that is
closed under the formation of direct sums, subquotients, tensor products, and duals. An
endomorphism of such aring R is a family

o= (aV)VGRa ay € Endk-linear(V)’

such that
o ayew =oy Qidy +idy Qaw forall V.W e R,
¢ ay = 0if g acts trivially on V, and

¢ for all homomorphisms 8:V — W of representations in R,

awof =poay.
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The set gg of all endomorphisms of R becomes a Lie algebra over k (possibly infinite
dimensional) with the bracket

[, Bly = [ay . By].

Let R be a ring of representations of a Lie algebra g. For x € g, the family (ry (x))yer
is an endomorphism of R, and x > (ry (x)) is a homomorphism of Lie algebras g — gr.

LEMMA 25.2. If'R contains a faithful representation of g, then g — g is injective.
PROOF. Let (V,r) be a representation of g; then the composite

x—>(r(x)) a>ay

gR gl(V),

is r. Hence g — gr is injective if r is injective. o

Let G be an affine group scheme over k, and let g = Lie(G). A representation (V,r) of
G defines a representation (V,dr) of g.

LEMMA 25.3. Let G be an affine group scheme over k with Lie algebra g, and let R be the
ring of representations of g arising from a representation of G. Then g >~ gr.

PROOF. By definition, g is the kernel of G(k[¢]) — G (k). Therefore, to give an element of
g is the same as giving a family of k[¢]-linear maps

idy +aye:Vie] = Vel

indexed by V' € R satisfying the three conditions of (11.2). The first of these conditions says
that

idygw +tayewe = (idy +aye) ® (idw +awe),

i.e., that
ayew =idy Qay +ay Qidy .

The second condition says that
ag =0,

and the third says that the oy commute with all G-morphisms (= g-morphisms). Therefore,
to give such a family is the same as giving an element (ay )y er of gr. O

Let g be a Lie algebra over k, and let Rep(g) be the category of all finite-dimensional
representations of g. It has a tensor product, and the forgetful functor satisfies the conditions
of Theorem 11.25, which provides us with an affine group scheme G(g) such that

Rep(G(g)) ~ Rep(g).

AsRE ob(Rep(g)) contains a faithful representation of g (Ado’s theorem), we have (25.2,
25.3) an injective homomorphism

g = gr ~ Lie(G(g)).
which we denote by 7.

THEOREM 25.4. Let g be a semisimple Lie algebra over a field k of characteristic zero.
(a) The homomorphism n: g — Lie(G(g)) is an isomorphism.
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(b) The affine group scheme G(g) is a connected semisimple algebraic group.

(c) Let H be algebraic group, and a: g — Lie(H ) a homomorphism of Lie algebras. There
exists a unique homomorphism b:G(g) — H such that a = Lie(b) o n; hence

Hom(G(g), H) ~ Hom(g, Lie(H)).

(d) Let R be the root system of g and Q (R) and P (R) the corresponding root and weight
lattices; then

X*(Z(G(9)) ~ P(R)/Q(R).

PROOF. (a) Because Rep(G(g)) is semisimple, G(g)° is reductive (20.13). Therefore its
Lie algebra Lie(G(g)) is reductive, and so Lie(G(g)) = n(g) @ a @ ¢ with a semisimple and
¢ commutative. If a or ¢ is nonzero, then there exists a nontrivial representation r of G(g)
such that Lie(r) is trivial on g. But this is impossible because 1 defines an equivalence
Rep(G(g)) — Rep(g).

(b) The group scheme G(g) is algebraic because its Lie algebra is finite-dimensional.
To show that it is connected, we have to show that if a representation (V, p) of g has the
property that the category of subquotients of direct sums of copies of V' is stable under
tensor products, then V' is the trivial representations (11.49). This follows directly from the
standard description of the representations of a semisimple Lie algebra. Finally, G(g) is
semisimple because its Lie algebra is semisimple.

(c) From a we get a tensor functor

Rep(H) — Rep(h) > Rep(g) ~ Rep(G(g)).

and hence a homomorphism b: G(g) — H, which acts as a on the Lie algebras.
(d) Omitted — see Milne 2007. o

For a detailed exposition of the theory of algebraic groups over fields of characteristic
zero using this approach, see my notes Lie Algebras, Algebraic Groups, and Lie Groups
(LAG).

c. All characteristics: Chevalley’s approach

Again I quote Borel 1975, 1.5. “In positive characteristics, (25.1) is due to Chevalley. There
are two parts to the proof.

25.5. Surjectivity of the map §. More precisely, Chevalley associates with each diagram
(@, I') a smooth group scheme G over Z such that Gy ®z k is the k-group with diagram
(@, I') for every k. This construction is given first in Chevalley 1955; see also Borel 1970,
and, for a more general existence theorem over schemes (Demazure 1965; SGA 3, Tome III).

25.6. Injectivity of the map §. This is proved in Chevalley 6 58; see also (Demazure 1965;
SGA 3, Tome III).

See Borel 1975, §5, for a sketch of (a). Also Borel 1970.
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d. All characteristics: explicit construction

Here one shows that every diagram arises from a simply connected algebraic group by
exhibiting the group. This amounts to constructing the spin groups and the five exceptional
groups. Note that, since we’ve proved the existence of simply connected covers, we know
the spin groups exist.

We shall prove this by exhibiting simple algebraic group k for each simple reduced
system. This will occupy the rest of the chapter.

e. Spin groups

Let ¢ be a nondegenerate bilinear form on a k-vector space V. The special orthogonal
group SO(¢) is connected and almost-simple, and it has a 2-fold covering Spin(¢) which we
now construct. Throughout this section, & is a field not of characteristic 2 and “k-algebra”
means “associative (not necessarily commutative) k-algebra containing k in its centre”. For
example, the n x n matrices with entries in k become such a k-algebra M, (k) once we
identify an element ¢ of k with the scalar matrix c /.

QUADRATIC SPACES

Let k be a field not of characteristic 2, and let V' be a finite-dimensional k-vector space. A
quadratic form on V is a mapping
q:V—>k

such that g(x) = ¢4 (x, x) for some symmetric bilinear form ¢4: V' x V' — k. Note that

q(x+y) =q(x)+q(y) +2¢4(x,y), (175)

and so ¢, is uniquely determined by q. A quadratic space is a pair (V,q) consisting of
a finite-dimensional vector space and a quadratic form g. Often I'll write ¢ (rather than
¢4) for the associated symmetric bilinear form and denote (V,q) by (V,¢,) or (V,¢). A
nonzero vector x in V' is isotropic if ¢(x) = 0 and anisotropic if q(x) # 0. Note that ¢q is
zero (i.e., ¢(V) = 0) if and only if ¢ is zero (i.e., ¢(V, V) = 0). The discriminant of (V,q)
is the determinant of the matrix (¢ (e;,e;)) where eq,...,e, is a basis of V. The choice
of a different basis multiplies det(¢(e;,e;)) by a nonzero square, and so the discriminant
is an element of k/k*2. Let (V1,q1) and (V2,q2) be quadratic spaces. An isometry is an
injective k-linear map o: V7 — V> such that g2(o0x) = ¢1(x) for all x € V (equivalently,
¢(ox,0y) =¢(x,y) forall x,y € V). By (V1,41) & (V2,¢2) we mean the quadratic space
(V,q) with

V=re&el
q(x1+x2) =q(x1) +q(x2), x1€Vi, x2€Va.

Let (V, q) be quadratic space. A basis ey,...,ey for V is said to be orthogonal if ¢ (¢; ,e;) =
Oforalli # j.

PROPOSITION 25.7. Every quadratic space has an orthogonal basis (and so is an orthogonal
sum of quadratic spaces of dimension 1).
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PROOF. If ¢(V) = 0, then every basis is orthogonal. Otherwise, let e € V' be such that
q(e) # 0, and extend it to a basis e, ez, ..., e, for V. Then

ple.ed) — _dleen),
gle) T qle)

is again a basis for V, and the last n — 1 vectors span a subspace W for which ¢ (e, W) = 0.
Apply induction to W. O

An orthogonal basis defines an isometry (V,q) = (k",q"), where
g (x1,....xp) = clx% —|—--~+cnx,%, ci =qlej) k.

If every element of k is a square, for example, if k is algebraically closed, we can even scale
the e; so that each ¢; is O or 1.

THEOREMS OF WITT AND CARTAN-DIEUDONNE

A quadratic space (V,q) is said to be regular' (or nondegenerate,. . .) if for all x # 0in V,
there exists a y such that ¢ (x, y) # 0. Otherwise, it is singular. Also, (V,q) is

¢ isotropic if it contains an isotropic vector, i.e., if g(x) = 0 for some x # 0,
¢ totally isotropic if every nonzero vector is isotropic, i.e., if g(x) = 0 for all x, and
& anisotropic if it is not isotropic, i.e., if g(x) = 0 implies x = 0.

Let (V,q) be a regular quadratic space. Then for any nonzero a € V,
(@ = txeV]pa.x) =0

is a hyperplane in V (i.e., a subspace of dimension dim V' — 1). For an anisotropic a € V,
the reflection in the hyperplane orthogonal to a is defined to be

2¢(a,x)a‘

Ry =x== )

def
Then R, sends a to —a and fixes the elements of W = (a). Moreover,

2¢(a.x) 4¢(a,x)?
qd(Ra(x)) =q(x) —2———¢(a.x) + — ——5—q(a) =q(x),
q(a) q(a)
and so R, is an isometry. Finally, relative to a basis a, ez, ...,e, with es, ..., e, a basis for

W, its matrix is diag(—1,1,...,1), and so det(R;) = —1.

THEOREM 25.8. Let (V,q) be a regular quadratic space, and let ¢ be an isometry from a
subspace W of V into V. Then there exists a composite of reflections V. — V extending o.

PROOF. Suppose first that W = (x) with x anisotropic, and let cx = y. Geometry in the
plane suggests that we should reflect in the line x + y. In the plane this is the line orthogonal
to x — y, and, if x — y is anisotropic, then

Ryx—y (x)=y

'With the notations of the last paragraph, (V,q) is regular if ¢y ...c, # 0.
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as required. To see this, note that

Pp(x—y,x) =—p(x—y,y)

because ¢(x) = ¢(y), and so

p(x—y.x+y)=0
P(x—y,x—y) =2¢(x—y,x);
hence 26 )
X—y,x
Riy(x)=x——"———""——@x—y)=x—(x—-y)=y.
xy ¢(x_y’x—Y)
If x — y is isotropic, then

4q(x) =q(x+y)+q(x—y)=q(x+y)

and so x + y is anisotropic. In this case,

Rxt+y 0o Rx(x) = Ry—(—y)(—x) = y.
We now proceed” by induction on

m(W) = dimW +2dim(W N W),

CASE W NOT TOTALLY ISOTROPIC: In this case, the argument in the proof of (25.7)
shows that there exists an anisotropic vector x € W, and we let W’ = (x)+ N W. Then,
forweW, w— ¢;’E’x’;c)x € W', and so W = (x) ® W’ (orthogonal decomposition). As
m(W') = m(W)—1, we can apply induction to obtain a composite X’ of reflections such
that X'|W’ = o|W’. From the definition of W', we see that x € W’; moreover, for any

w' e W',

$(=ox.w') = p(x.07 5w = p(x.w') =0,

def —/_ . . .
and so y =Y lox e Wt By the argument in the first paragraph, there exist reflections
(one or two) of the form R, z € W'+, whose composite X maps x to y. Because X" acts
as the identity on W', X’ o X" is the map sought:

(X o X ex+w) =X (cy+w)=cox+ow'.

CASE W TOTALLY ISOTROPIC: Let VY = Homy_;,(V, k) be the dual vector space, and
consider the surjective map

x>¢(x,—) Vv fefw

aV wY

(so x € V is sent to the map y > ¢(x,y) on W). Let W’ be a subspace of V mapped
isomorphically onto WVY. Then W N W’ = {0} and we claim that W + W’ is a regular
subspace of V. Indeed, if x +x" € W + W' with x” # 0, then there exists a y € W such that

0#p(x",y)=¢p(x+x",y);

if x # 0, there exists a y € W' such that ¢(x, y) # 0. Endow W & WV with the symmetric
bilinear form

@ ). f ) e D)+ f().

2Following Scharlau 1985, Chapter 1, 5.5.
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Relative to this bilinear form, the map
x+x' = @ a(xX))W+W > wewY (176)
is an isometry. The same argument applied to o W gives a subspace W’ and an isometry
x+x"=(x,..) o W+W' > oW @W)". (177)
Now the map

176 v—l1 177
w+w' O wewy 22 L owaeow)Y Doew+w’cv

is an isometry extending o. As
m(W @ W) =2dimW < 3dimW = m(W)
we can apply induction to complete the proof. O
COROLLARY 25.9. Every isometry of (V,q) is a composite of reflections.
PROOF. This is the special case of the theorem in which W = V. O

COROLLARY 25.10 (WITT CANCELLATION). Suppose (V,q) has orthogonal decomposi-
tions

(V.q) = (V1.q1) ® (V2.q2) = (V{,q1) & (V3,43)
with (Vi,q1) and (V{,q}) regular and isometric. Then (V2,q2) and (V,,q5) are isometric.

PROOF. Extend an isometry V7 — V| C V to an isometry of V. It will map V> = VIJ-
isometrically onto V; = V|*. o

COROLLARY 25.11. All maximal totally isotropic subspace of (V,q) have the same dimen-
sion.

PROOF. Let W) and W, be maximal totally isotropic subspaces of V', and suppose that
dim W < dim W,. Then there exists an injective linear map o: W; — W, C V, which is
automatically an isometry. Therefore, by Theorem 25.8 it extends to an isometry o: V — V.
Now o~ W, is a totally isotropic subspace of V containing W;. Because W; is maximal,
Wi = o~ 1W,, and so dimW; = dimo 1 W, = dim Ws. o

REMARK 25.12. In the situation of Theorem 25.8, Witt’s theorem says simply that there
exists an isometry extending o to V (not necessarily a composite of reflections), and
the Cartan-Dieudonné theorem says that every isometry is a composite of at most dim V'
reflections. When V is anisotropic, the proof of Theorem 25.8 shows this, but the general
case is considerably more difficult — see Artin 1957.

DEFINITION 25.13. The (Witt) index of a regular quadratic space (V,q) is the maximum
dimension of a totally isotropic subspace of V.

DEFINITION 25.14. A quadratic space (V,q) is a hyperbolic plane if it satisfies one of the
following equivalent conditions:
(a) (V,q) is regular and isotropic of dimension 2;

(b) for some basis of V, the matrix of the formis ($ §);
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(c) V has dimension 2 and the discriminant of ¢ is —1 (modulo squares).

THEOREM 25.15 (WITT DECOMPOSITION). A regular quadratic space (V,q) with Witt
index m has an orthogonal decomposition

V=H1®®Hn®V, (178)

with the H; hyperbolic planes and V,; anisotropic; moreover, V, is uniquely determined up
to isometry.

PROOF. Let W be a maximal isotropic subspace of V', and let ey, ..., e, be a basis for W.
One easily extends the basis to a linearly independent set ey, ..., €, €m+1;--.,€2m such that
¢(ei,em+ ;) = dij (Kronecker delta) and g (e +;) = 0 fori < m. Then V' decomposes as
(178) with® H; = (ej,emsi) and V, = (e1,...,e2m)T. The uniqueness of V, follows from
the Witt cancellation theorem (25.10). O

THE ORTHOGONAL GROUP

Let (V,q) be a regular quadratic space. Define O(g) to be the group of isometries of (V,q).
Relative to a basis for V', O(g) consists of the automorphs of the matrix M = (¢ (e;,e;)),
i.e., the matrices T such that

T'-M-T =M.

Thus, O(g) is an algebraic subgroup of GLy , called the orthogonal group of g (it is
also called the orthogonal group of ¢, and denoted O(¢)). Let T € O(q). As detM # 0,
det(T)? =1, and so det(T') = % 1. The subgroup of isometries with det = +1 is an algebraic
subgroup of SLy, called the special orthogonal group SO(q).

SUPER ALGEBRAS

A superalgebra (or 7./ 27-graded algebra) over k is k-algebra C together with a decompo-
sition C = Cy @ C; of C as a k-vector space such that

kCC(), CoCo C Cy, CoCicCc(Cy, CiCyoc(Cy, (C1Cq1CCy.

Note that Cy is a k-subalgebra of C. A homomorphism of super k-algebras is a homomor-
phism ¢:C — D of algebras such that ¢(C;) C D; fori =0, 1.

EXAMPLE 25.16. Letcy,...,cy € k. Define C(cq,...,cp) to be the k-algebra with genera-
tors ey, ...,e, and relations

As a k-vector space, C(c1,...,c,) has basis {e’i‘ ...efl” |i; € {0,1}}, and so has dimension
2". When we set Co and C; equal to the subspaces

Co=(e!'...eln iy +---+i, even)

C= (ei‘ ...e,i” | i1 + -+ i, odd),

of C(cy,-..,cn), then it becomes a superalgebra.

3We often write (S) for the k-space spanned by a subset S of a vector space V.



456 25. The existence theorem

Let C = Co® Cy and D = Dy @ D be two super k-algebras. The super tensor
product of C and D, C® D, is defined to be the k-vector space C ®; D endowed with the
superalgebra structure

(C®D),=(Co® Do) ®(C1 ® D1)
(C®D)1 =(Co® D1) P (C1® Dy)
(ci ®d))(c; ®d)) = (~1)/*(cic, ®d;d)) ¢; € Ci,dj € D etc..

The maps

ic:C—>C®D, cr—c®l
ip:D—>C®D, d—1Qd

have the following universal property: for any homomorphisms of k-superalgebras
f:C—->T, gD-—>T
whose images anticommute in the sense that
fleng(dp) = (=17 g(d)) f(ci). ¢ €Ci.d; € Dy,

there is a unique superalgebra homomorphism 2:C®D — T such that f = hoic, g =
hoip.

EXAMPLE 25.17. As a k-vector space, C(c1)®C(cz) hasbasis 1®1,e®1, 1®e,e®e,
and
e®1)?=e’®l=c-11
(1®e)?=1®e>=c-1®1
eRN)(1QRe)=eQRe=—(1Qe)(e®1).

Therefore,
C(c1)®C(c2) =~ C(cy,¢2)
e®1 < e
1®e < es.
Similarly,

C(ct,....ci—1)®C(c;) ~ C(cy,....ci),

and so, by induction,
Cc1)®--®C(cp) =~ C(cy,....cn).

EXAMPLE 25.18. Every k-algebra A can be regarded as a k-superalgebra by setting A9 = A
and A; = 0. If A, B are both k-algebras, then A ®; B = AQy B.

EXAMPLE 25.19. Let X be a manifold. Then H(X) o b, H'(X,R) becomes an R-
algebra under cup-product, and even a superalgebra with H (X)o=6; H 21(X,R) and
H(X)1 =@, H**t1(X,R). If Y is a second manifold, the Kiinneth formula says that

HXxY)=HX)RH(Y)

(super tensor product).
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BRIEF REVIEW OF THE TENSOR ALGEBRA
Let V be a k-vector space. The tensor algebra of V is T(V) = D,,5¢ V@ where
ye0 _ k.
vel =y,
Ve =y ®-.-®V (n copies of V)
with the algebra structure defined by juxtaposition, i.e.,
V1 ® ®Um) (Vn+1Q @ Umtn) = V1 Q" Q Umtn-

It is a k-algebra. If V has a basis ey,..., ey, then T(V) is the k-algebra of noncommuting
polynomials in eq,...,e,. There is a k-linear map V — T(V), namely, V = V®!
D,~o0 V®”"_ and any other k-linear map from V to a k-algebra R extends uniquely to a
k-algebra homomorphism 7'(V) — R.

THE CLIFFORD ALGEBRA

Let (V,g) be a quadratic space, and let ¢ be the corresponding bilinear form on V.

DEFINITION 25.20. The Clifford algebra C(V,q) is the quotient of the tensor algebra
T (V) of V by the two-sided ideal /(g) generated by the elements x @ x —¢g(x) (x € V).

Let p: V — C(V,q) be the composite of the canonical map V' — T (V') and the quotient
map T(V) — C(V,q). Then p is k-linear, and*

p(x)?> =q(x),all x € V. (179)

Note that if x is anisotropic in V, then p(x) is invertible in C(V,q), because (179) shows

that

p(x)

EXAMPLE 25.21. If V is one-dimensional with basis e and g (e) = ¢, then T' (V) is a polyno-
mial algebra in one symbol e, T (V) = k[e], and I(g) = (e? —c). Therefore, C(V,q) ~ C(c).

EXAMPLE 25.22. If ¢ = 0, then C(V,q) is the exterior algebra on V, i.e., C(V,q) is the
quotient of 7'(V') by the ideal generated by all squares x2, x € V. In C(V,q),

0= (p(x) + p(»)? = p(x)* + p(x)p(y) + p(¥)p(x) + p(¥)? = p(x)p(¥) + p(¥)p(x)

and so p(x)p(y) = —p(y)p(x).

4For a k-algebra R, we are regarding k as a subfield of R. When one regards a k-algebra R as a ring with a
k — R, it is necessary to write (179) as

p(x)* =q(x) - lew.g)-
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PROPOSITION 25.23. Letr be a k-linear map from V to a k-algebra D such that r (x)? =
q(x). Then there exists a unique homomorphism of k -algebras r: C(V,q) — D such that
rop=r:

PROOF. According to the universal property of the tensor algebra, r extends uniquely to a
homomorphism of k-algebras r": T(V) — D, namely,

(X1 @ ®xp) =r(x1) 1 (Xn).

As
r'(x®x—q(x)) =r(x)>—q(x) =0,

r’ factors uniquely through C(V, q). o
As usual, (C(V,q), p) is uniquely determined up to a unique isomorphism by the univer-

sal property in the proposition.

THE MAP C(cy,...,cn) = C(V,q)

Because p is linear,

p(x +3)* = (p(x) + p(»))* = p(x)* + p(x)p(y) + p(¥)p(x) + p(¥)*.

On comparing this with

p(x+ ) L g(x + ) = g(¥) +q() +26(x, ),

we find that
p(xX)p(y) + p(¥)p(x) =2¢(x,y). (180)

In particular, if f1,..., f, is an orthogonal basis for V/, then
p(fi)> =q(fD),  p(f)p(fi) =—p(fdp(f;) (@ #J).

Let ¢; = ¢q( f;). Then there exists a surjective homomorphism

ej = p(fi):Clct,....cn) = C(V,9). (181)

THE GRADATION (SUPERSTRUCTURE) ON THE CLIFFORD ALGEBRA

Decompose
TWV)=T(V)odT(V)
T(V)o= @ Ve

m even

TV =P ve

m odd
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As I(q) is generated by elements of T'(V)y,

I(q)=U(@NTV)o)®U(@)NT(V)1),

and so
C(V.q)=Co®dCr with C;=T{V);/I(@NTV);.

Clearly this decomposition makes C(V, q) into a super algebra. In more down-to-earth terms,
Cy is spanned by products of an even number of vectors from V', and C; is spanned by
products of an odd number of vectors.

THE BEHAVIOUR OF THE CLIFFORD ALGEBRA WITH RESPECT TO DIRECT SUMS

Suppose
V.q) = (V1.91) ® (V2.92).

Then the k-linear map
V = eV, —  C(Vi.q)®C(Va.q2)
x = (x1,x2) = p1(x)@1+1®p2(x2).

has the property that

r(x)? = (p1(x1) ® 1 +1® pa(x2))?
=(@(x1)+q(x2)(1®1)
=q(x),

because

(p1(x1) @ (1 ® p2(x2)) = p1(x1) ® p2(x2) = —=(1 ® p2(x2))(p1(x1) ® 1)).

Therefore, it factors uniquely through C(V,q):

C(V.q) = C(V1,q1)®C(V2,q2). (182)

EXPLICIT DESCRIPTION OF THE CLIFFORD ALGEBRA

THEOREM 25.24. Let (V,q) a quadratic space of dimension n.
(a) For every orthogonal basis for (V,q), the homomorphism (181)

C(c,.o.,en) > CWV,q)

is an isomorphism.

(b) For every orthogonal decomposition (V,q) = (V1,q1) & (V2,42), the homomorphism
(182)
C(V.q) - C(V1,q1)®C(V2.42)

is an isomorphism.

(¢) The dimension of C(V,q) as a k-vector space is 2".
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PROOF. If n = 1, all three statements are clear from (25.21). Assume inductively that they
are true for dim(V') < n. Certainly, we can decompose (V,q) = (V1,41) @ (V2,¢2) in such
a way that dim(V;) < n. The homomorphism (182) is surjective because its image contains
p1(V1) ® 1 and 1 ® p»(V>) which generate C(Vy,q1)®C (V2,q2), and so

dlm(C(V,q)) > 2dim(V1)2dim(V2) — 2n‘
From an orthogonal basis for (V,q), we get a surjective homomorphism (181). Therefore,
dim(C(V,q)) <2".

It follows that dim(C(V,q)) = 2". By comparing dimensions, we deduce that the homomor-
phisms (181) and (182) are isomorphisms. O

COROLLARY 25.25. The map p:V — C(V,q) is injective.
From now on, we shall regard V' as a subset of C(V,q) (i.e., we shall omit p).

REMARK 25.26. Let L be a field containing k. Then ¢ extends uniquely to an L-bilinear
form
¢V xV' > L, V' =L®V,
and
C(V'.q) = LerC(V.q)

where ¢’ is quadratic form defined by ¢’.

THE CENTRE OF THE CLIFFORD ALGEBRA

Assume that (V,q) is regular, and that » = dim V' > 0. Let ey, ..., e, be an orthogonal basis
for (V,q), and let g(e;) = c;. Let
nn—1) nn—1)
A= (=12 cr-recp=(=1) 2 det(¢(ei,e))).

We saw in (25.24) that
C(ci,...,cn) = C(V,q).

Note that, in C(c1,...,cpn), (e1---en)? = A. Moreover,
ei-(e1-en) = (=1)"""ci(er-+-ei_1eiy1--en)
(e1++-en)-e; = (—1)"ci(er--ei—1ei41- - en).
Therefore, e; --- e, lies in the centre of C(V,q) if and only if n is odd.

PROPOSITION 25.27. (a) If n is even, the centre of C(V,q) is k; if n is odd, it is of degree
2 over k, generated by e ---ey,. In particular, Co N Centre(C(V,q)) = k.
(b) No nonzero element of C; centralizes Cy.

PROOF. First show that a linear combination of reduced monomials is in the centre (or
centralizes Cp) if and only if each monomial does, and then find the monomials that centralize
the ¢; (or the e;e;). o

In Scharlau 1985, Chapter 9, 2.10, there is the following description of the complete
structure of C(V,q):
If n is even, C(V,q) is a central simple algebra over k, isomorphic to a tensor
product of quaternion algebras. If n is odd, the centre of C(V,q) is generated

over k by the element e --- e, whose square is A, and, if A is not a square in k,
then C(V,q) is a central simple algebra over the field k[v/A].
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THE INVOLUTION 3*

An involution of a k-algebra D is a k-linear map *: D — D such that (ab)* = b*a™ and
a** = 1. For example, M +— M (transpose) is an involution of M, (k).
Let C(V,q)°PP be the opposite k-algebra to C(V,q), i.e., C(V,q)°??* = C(V,q) as a
k-vector space but
abin C(V,q)°®® = ba in C(V,q).

The map p:V — C(V,q)°" is k-linear and has the property that p(x)? = ¢(x). Thus, there
exists an isomorphism *: C(V,q) — C(V,q)°PP inducing the identity map on V', and which
therefore has the property that

(r1-2)* = Xy

for x1,...,xr € V. We regard * as an involution of 4. Note that, for x € V, x*x = ¢(x).

THE SPIN GROUP

Initially we define the spin group as an abstract group.

DEFINITION 25.28. The group Spin(g) consists of the elements ¢ of Cy(V,q) such that
(a) t*t =1,
b tVil=v,

(c) the map x — txt~1:V — V has determinant 1.

REMARK 25.29. (a) The condition (a) implies that ¢ is invertible in Co(V,¢q), and so (b)
makes sense.
(b) We shall see in (25.33) below that the condition (c) is implied by (a) and (b).

THE MAP Spin(g) — SO(q)

Let ¢ be an invertible element of C(V,q) such that 1Vt~! = V. Then the mapping x >
txt™%:V > Visan isometry, because

1 1

gxt™) = (txt™H? =tx?t7 = 1q(x)t 7! = q(x).

Therefore, an element ¢ € Spin(g) defines an element x — tx¢~Lof SO(g).

THEOREM 25.30. The homomorphism

Spin(g) — SO(g)
just defined has kernel of order 2, and it is surjective if k is algebraically closed.

PROOF. The kernel consists of those 7 € Spin(g) such that txt~! = x forall x € V. As V
generates C(V,q), such a t must lie in the centre of C(V,q). Since it is also in Cp, it must
lie in k. Now the condition ¢*¢ = 1 implies that t = +1.

For an anisotropic a € V, let R, be the reflection in the hyperplane orthogonal to a.
According to Theorem 25.8, each element o of SO(g) can be expressed 0 = Ry, - Ry, for
some a;. As det(Rg, --- Rq,,) = (—1)™, we see that m is even, and so SO(q) is generated
by elements R, Ry with a, b anisotropic elements of V. If k is algebraically closed, we can
even scale a and b so that ¢(a) = 1 = g(b).
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Now
axa ' = (—xa+2¢(a,x))a"! as (ax + xa = 2¢(a,x), see (180))
:_(x—Ma) as a? = q(a)
q(a)
= —R;(x).
Moreover,

(ab)*ab = baab = q(a)q(b).

Therefore, if g(a)q(b) = 1, then R, R}, is in the image of Spin(g) — SO(g). As we noted
above, such elements generate SO(g) when k is algebraically closed. O

In general, the homomorphism is not surjective. For example, if kK = R, then Spin(g) is
connected but SO(g) will have two connected components when ¢ is indefinite. In this case,
the image is the identity component of SO(g).

THE CLIFFORD GROUP
Write y for the automorphism of C(V,¢q) that acts as 1 on Co(V,q) and as —1 on C1(V,q).
DEFINITION 25.31. The Clifford group is

I'(q) ={t € C(V,q) | t invertible and y(r) V! =V }.

Fort € I'(q), let a(t) denote the homomorphism x — y(¢)xt~1:V — V.
PROPOSITION 25.32. Forallt € I'(q), a(t) is an isometry of V, and the sequence

1>k = T'(g) — 0(q) > 1
is exact (no condition on k).

PROOF. Lett € I'(¢). On applying y and * to y(¢)V = Vi, we find that y(t*)V = Vt*,
and so t* € I'(q). Now, because * and y actas 1 and —1 on V,
y(@)-x-17t = —y(y()-x 17 = =y xy (™) = y (T Har®,

and so
y(@®)y(t)x = xt™*t. (183)

We use this to prove that «(?) is an isometry:

g(@(t)(x)) = @(O) (X)) (@) (X)) = *xpO)* - pO)xe™ B T xrt = ().

As k is in the centre of I'(¢g), k™ is in the kernel of «. Conversely, let t = 9 + ¢; be an
invertible element of C(V,q) such that y(t)xt~! = x for all x € V, i.e., such that

fox = Xxtg, Hx =—Xxh

for all x € V. As V generates C(V,q) these equations imply that #y lies in the centre of
C(V,q), and hence in k (25.27a), and that 7 centralizes Cyp, and hence is zero (25.27b). We
have shown that

Ker(a) = k™.

It remains to show that « is surjective. For t € V, a(t)(y) = —tyt~! and so (see the
proof of (25.30)), a(t) = R;. Therefore the surjectivity follows from Theorem 25.8. O
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COROLLARY 25.33. For an invertible element t of Co(V,q) such that tVt=! =V, the
determinant of x — txt~':V — V is one.

PROOF. According to the proposition, every element ¢ € I'(g) can be expressed in the form
t=cai--am

with ¢ € k™ and the a; anisotropic elements of V. Such an element acts as Ry, -+ Ry, on

m

V, and has determinant (—1)". If t € Co(V,q), then m is even, and so det(z) = 1. o

Hence, the condition (c) in the definition of Spin (¢) is superfluous.

ACTION OF O(g) ON Spin(g)

25.34. An element o of O(g) defines an automorphism of C(V,q) as follows. Consider
poa:V — C(V,q). Then (p(c(x))? = ¢(c(x))-1 = ¢(x)-1 for every x € V. Hence, by
the universal property, there is a unique homomorphism ¢: C(V,q) — C(V,q) rendering

v —25 Cc(V.q)

b

v Lo Cc(Vig)
commutative. Clearly 1 00, = 61 06, and id = id, and so g:_i =06 ", and so G is an
automorphism. If o € SO(¢), it is known that & is an inner automorphism of C(V,q) by an
invertible element of C T (V,q).

1

RESTATEMENT IN TERMS OF ALGEBRAIC GROUPS

Let (V,q) be quadratic space over k, and let gg be the unique extension of ¢ to a quadratic
form on K ®j V. As we noted in (25.26), C(V,qx) = K ®; C(V,q).

THEOREM 25.35. There exists a naturally defined algebraic group Spin(q) over k such that
Spin(q)(K) = Spin(gk)

for all fields K containing k. Moreover, there is a homomorphism of algebraic groups

Spin(g) — SO(q)

giving the homomorphism in (25.30) for each field K containing k. Finally, the action of
O(g) on C(V,q) described in (25.30) defines an action of O(g) on Spin(g).

PROOF. Show that, when k is infinite, the algebraic group attached to the subgroup Spin(q)
of GL(V) has these properties. Alternatively, define a functor R ~> Spin(gr) that coincides
with the previous functor when R is a field. o

In future, we shall write Spin(gq) for the algebraic group Spin(g).

ASIDE 25.36. A representation of a semisimple algebraic group G gives rise to a representation
of its Lie algebra g, and all representations of g arise from G only if G has the greatest possible
centre. “When E. Cartan classified the simple representations of all simple Lie algebras, he discovered
a new representation of the orthogonal Lie algebra [not arising from the orthogonal group]. But
he did not give a specific name to it, and much later, he called the elements on which this new
representation operates spinors, generalizing the terminology adopted by physicists in a special case
for the rotation group of the three dimensional space” (C. Chevalley, The Construction and Study of
Certain Important Algebras, 1955, III 6). This explains the origin and name of the Spin group.
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f. Groups of types A, B,C, D

List a split almost-simple group of each type.

g. Groups of type Ej

See Springer...

h. Groups of type E

Wilson, Robert A. A quaternionic construction of E7. Proc. Amer. Math. Soc. 142 (2014),
no. 3, 867-880. In this paper the author gives a construction of the Lie group of type E7
by 28 x 28-matrices over the quaternions. This then leads to a simply-connected split real
form, acting on a 56-dimensional vector space and then to the finite quasi-simple groups of
type E7. This approach simplifies those given by M. G. Aschbacher, R. B. Brown, and B. N.
Cooperstein

i. Groups of type Eg
J.-  Groups of type Fy

k. Groups of type G,



CHAPTER 2 6

Nonsplit algebraic groups: a survey.

This chapter will contain a careful statement of the classification results of Satake-Selbach-
Tits, but no proofs.

Relative root systems and the anistropic kernel; classification of (nonsplit) reductive
groups (Satake-Selbach-Tits). Everything from Springer Corvallis.

a. General classification (Satake-Tits)

Statements only.

In this chapter, we study algebraic groups, especially nonsplit reductive groups, over
arbitrary fields.

Root data are also important in the nonsplit case. For a reductive group G, one chooses a
torus that is maximal among those that are split, and defines the root datum much as before —
in this case it is not necessarily reduced. This is an important approach to describing arbitrary
algebraic groups, but clearly it yields no information about anisotropic groups (those with
no split torus). We explain this approach this chapter following Satake 1963, 1971, 2001;
Selbach 1976; Tits 1966, 1971.

b. Relative root systems and the anisotropic kernel.

The aim of this section is to explain the Satake-Tits strategy for classifying nonsplit groups
and their representations. Here is a brief overview.

The isomorphism classes of split semisimple algebraic groups are classified over any
field. Given a semisimple algebraic group G over a field k, one knows that G splits over
the separable algebraic closure K of k, and so the problem is to determine the isomorphism
classes of semisimple algebraic groups over k corresponding to a given isomorphism class
over K. Tits (1966) sketches a program for doing this. Let Ty be a maximal split subtorus
of G, and let 7" be a maximal torus containing 7y. The derived group of the centralizer of
Ty is called the anisotropic kernel of G — it is a semisimple algebraic group over k whose
split subtori are trivial. Let S be a simple set of roots for (Gg, Tk ), and let Sp be the subset
vanishing on Tp. The Galois group of K/k acts on S, and the triple consisting of S, Sp, and
this action is called the index of G. Tits sketches a proof (corrected in the MR review of the
article) that the isomorphism class of G is determined by the isomorphism class of Gg, its
anisotropic kernel, and its index. It remains therefore to determine for each isomorphism
class of semisimple algebraic groups over k (a) the possible indices, and (b) for each possible
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index, the possible anisotropic kernels. Tits (ibid.) announces some partial results on (a) and
(b).

Problem (b) is related to the problem of determining the central division algebras over a
field, and so it is only plausible to expect a solution to it for fields k& for which the Brauer
group is known.

Tits’s work was continued by his student Selbach. To quote the MR review of Selbach
1976 (slightly edited):

This booklet treats the classification of quasisimple algebraic groups over arbi-
trary fields along the lines of Tits 1966. Tits had shown that each such group
is described by three data: the index, the anisotropic kernel and the connect-
edness type. For his general results Tits had given or sketched proofs, but not
for the enumeration of possible indices, whereas the classification of possible
anisotropic kernels was not dealt with at all. The booklet under review starts
with an exposition with complete proofs of the necessary general theory. Some
proofs are simplified using results on representation theory over arbitrary fields
from another paper by Tits (Crelle 1971), and a different proof is given for the
main result, viz., that a simply connected group is determined by its index and
anisotropic kernel, because Tits’s original proof contained a mistake, as was
indicated in the review of that paper. Then it presents the detailed classifications
with proofs of all possible indices, and of the anisotropic kernels of exceptional
type. Questions of existence over special fields (finite, reals, p-adic, number)
are dealt with only in cases which fit easily in the context (Veldkamp).

It is interesting to note that, while Tits’s article has been cited 123 times, Selbach’s has been

cited only twice (MR April 2010) — for example, it is not cited in Conrad and Prasad 2015 —

despite being reviewed in the main reviewing journals and being available in many libraries.'
Here is the MR review of Tits 1971 (my translation).

The author proposes to study the linear irreducible k-representations of a reduc-
tive algebraic group G over k, where k is any field. When k is algebraically
closed, Chevalley showed that the irreducible representations of G are charac-
terized, as in the classical case, by the weights of G (characters of a maximal
torus of G), every weight “dominant relative to a Borel subgroup” being the
dominant weight of an irreducible representation. The author first shows that
this correspondence continues when G is split over k. In the general case, it is
necessary to start with a maximal k-torus 7" in G and a Borel subgroup B of
G containing T in order to define the weights (forming a group A) and the set
A4+ of dominant weights with respect to B; let Ag denote the subgroup of A
generated by the roots and by the weights zero on the intersection 7N D(G);
the quotient C* = A/ Ay is the dual of the centre of G. The Galois group I"
of the separable closure k%P of k over k acts canonically on A, Ag, and A4;
the central result attaches to each dominant weight A € A invariant under I”
an absolutely irreducible representation of G in a linear group GL(m, D), well
determined up to equivalence, D being a skew field with centre k, well deter-
mined up to isomorphism; moreover, if A € Ag or if G is quasi-split (in which
case the Borel group B is defined over k), then D = k. One attaches in this way
to any weight A of A invariant by I" an element [D] = g x (A) of the Brauer
group Br(k), and one shows that ag x extends to a homomorphism of the group

!Including those of the Univeristy of Michigan and Stanford University.
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AT of weights invariant under I” into Br(k); moreover, the kernel of ag x con-
tains Ag, and so there is a fundamental homomorphism B¢ x:C *I' 5 Br(k)
(where C*I" is the subgroup of C* formed of the elements invariant under I").
The author shows that this homomorphism can be defined cohomologically,
in relation with the “Brauer-Witt invariant” of the group G. A good part of
the memoir is concerned with the study of the homomorphism §, notably the
relations between B¢  and B¢, k., Where G is a reductive subgroup of G, as
well as with majorizing the degree of B(c) in Br(k) when G is an almost-simple
group and c is the class of the minuscule dominant weight. He examines also
a certain number of examples, notably the groups of type E¢ and E7. Finally,
he shows how starting from a knowledge of «, one obtains all the irreducible
k-representations of G: start with a dominant weight A € A4, and denote by k,
the field of invariants of the stabilizer of A in I'; then if oG g, (A) = [D},], one
obtains a k) -representation G — GL(m, D), whence one deduces canonically
a k-representation k P, which is irreducible; every irreducible k-representation
is equivalent to a ¥ p; , and ¥ p; and ¥ p,, are k-equivalent if and only if A and
A’ are transformed into one another by an element of I" (Dieudonné).






CHAPTER 2 7

Cohomology: a survey

This chapter will be revised and slightly expanded to about 30 pages. Complete references
will be added.

This chapter contains precise statements and references, but only sketches of proofs on
the following topics: classification of the forms of an algebraic group; description of the
classical algebraic groups in terms of algebras with involution; the Galois cohomology of
algebraic groups.

We shall make frequent use of the following remark. Let X and Y be sets, and let ~
be an equivalence relation on Y. If there is given a surjection Y — X whose fibres are the
equivalence classes, then we say that X classifies the elements of ¥ modulo ~ or that it
classifies the ~-classes of elements of Y. If (¥,~) and (Y’,~) are both classified by X,
then a map (Y, ~) — (Y’,~') compatible with the surjections ¥ — X and Y’ — X induces
a bijection from the set of equivalence classes in Y to the set of equivalence classes in Y.

a. Definition of nonabelian cohomology; examples

We begin by reviewing the basic definitions and properties of the nonabelian cohomology
sets (following Serre 1964, 1, §5). Let I" be a group. A I'-set is a set A with an action

(o,a)oa:l’' xA— A

of I" on A (so (67)a = o(ta) and la = a). If, in addition, A has the structure of a group and
the action of I” respects this structure (i.e., 0 (aa’) = oa-oa’), then we call A a I'-group.

DEFINITION OF HO(I", A)

Let A be a I'-set A. Then HO(I", A) is defined to be the set A of elements left fixed by
the operation of I" on 4, i.e.,

H(r A)=4A ={acA|oa=aforallo eI'}.
If A is a I"-group, then HO(I", A) is a group.

DEFINITION OF H(I", A)

Let A be a I'-group. A map o + ay of I" into A is said to be a 1-cocycle of I in A if
dgr = ag-0ag forall 0,7 € I'. Two 1-cocycles (ay) and (b ) are said to be equivalent if

469
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there exists a ¢ € A such that
by =c Yeay-oc foralloerl.

This is an equivalence relation on the set of 1-cocycles of I" in A, and H(I", A) is defined
to be the set of equivalence classes of 1-cocycles.

In general H!(I", A) is not a group unless A is commutative, but it has a distinguished
element, namely, the class of 1-cocycles of the form o +— b~!-ob, b € A (the principal
1-cocycles).

When A is commutative, H'(I', A) coincides with the usual cohomology groups for
i=0,1.

COMPATIBLE HOMOMORPHISMS

Let A be a second group. Let A be I'-group and B an A-group. Two homomorphisms
f:A— Band g: A — I' are said to be compatible if

f(g(o)a) =0(f(a))foralloc € A,a € A.
If (as) is a 1-cocycle for A, then

by = f(ag(a))

is a I-cocycle of A in B, and this defines a mapping H (I, A) — H'(A, B), which is a
homomorphism if A and B are commutative.
When A = I, a homomorphism f: A — B compatible with the identity map on I, i.e.,
such that
f(oca)=0(f(a))forallc e I',ae A,

f is said to be a I'-homomorphism (or be I -equivariant).

EXACT SEQUENCES

PROPOSITION 27.1. An exact sequence

145 B C 1 (184)

of I'-groups gives rise to an exact sequence of pointed sets

0 0 § 1 1
1— H(I'A) 25 HYI'.B) = H°(I',C) — HY\(I'A) = H'(I',B) — H(I,C).
More precisely:

0 0
(a) The sequence 1 — HO(I', A) — HO(I'", B) — H°(I',C) is exact as a sequence of
groups.
(b) There is a natural right action of C'" on H'(I'", A) and
i) the map § sends ¢ € CT to 1-c¢, where 1 is the distinguished element of
HY(T, A);
ii) the nonempty fibres of u': H'(I', A) — HY(I", B) are the orbits of C! in
H\(T, A);
iii) the kernel of v! is the quotient of H'(I", A) by the action of CT .
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We now define § and the action of C'" on H'(I', A). Letc € CT', and choose a b € B
mapping to it. Then b = b -a, for some a, € A, and the family (a4 ) is a 1-cocycle whose
classin H(I", A) is §(c). Let o be a class in H !(I", A) represented by a 1-cocyle (a’); then
o b lalbas =b1-al -ob is a 1-cocycle, whose class in H!(I", A) is o -c.

PROPOSITION 27.2. When A is contained in the centre of B, the above sequence extends
to an exact sequence

1 8
.~ HY(I''B) = HY(I',C) - H2(T, A).

Let ¢ = (¢g) be a 1-cocycle of C, and choose a by € B mapping to ¢, for each o.
Then by -0by = byt - ag,r for some ag,r € A, and a = (a4,¢) is a 2-cocycle whose class in
H2(I',A) is §(c).

EXAMPLE 27.3. Let B = A xC. The composite C — B — B/A >~ C is the identity map.
Therefore, the maps H°(I", B) — H°(I',C) and H'(I", B) — H'(I',C) are surjective, and
HY(I',A) — H(I', B) is injective with image the kernel of H!(I", B) — H(I',C).

TWISTS

Proposition describes only the fibre of v! containing the neutral element. To describe the
other fibres we need to twist. Let A be a G-group, and let S be a G-set with a left action of
A compatible with the action of G. Leta = (as) € Z1(G, A), and let S denote the set S
on which G acts by

O*S =dag-0S.

We say that ;.S is obtained from S by twisting by the 1-cocycle a.

Now consider an exact sequence (184), and let b € Z!(I", B). The group B acts on itself
by inner automorphisms leaving A stable, and so we can twist (184) by b to obtain an exact
sequence

1—>bA—>bB—>bC—>1.

The next proposition describes the fibre of v! containing the class of b.

PROPOSITION 27.4. There is a commutative diagram

H(I',,C) —— H'(I'pA) — H'(IpB) —— H'(I',,C)

Foob

HYI,C) —— HY(ILA) —“ HY(I'B) —— HY(I',C)

in which the vertical arrows map the distinguished elements in H'(I",, B) and H' (I, ;,C)
to the classes of b and v!(b).

In more detail, the underlying group of 3, B is just B, but I'" acts by the formula
oxb=bs-0b-b;".

For any (b)) € Z!(I',, B), the map o +> b/, - by is a 1-cocycle for B, and the first vertical
map sends the class of (b)) to its class. The second vertical map has a similar description.

The omission of an arrow from H(I",, A) to H'(I', A) in the above diagram is inten-
tional: there is in general no relation between the two groups. If A’ is an inner form of
A, then HY(I", A"y ~ H(T", A), but for an outer form A’ of A, there need be no relation
between H!(I", A’) and H (T, A).
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PROFINITE GROUPS

Recall that a topological group I" is profinite if it is an inverse (i.e., projective) limit of
discrete finite groups. Such a group is compact, and the open normal subgroups form a base
for the neighbourhoods of 1. In particular, every open subgroup contains an open normal
subgroup, and I =1lim I" /U where U runs over the open normal subgroups.

Let I be a profinite group. We say that A4 is a discrete I'-module if the map ' x A — A
is continuous for the given topology on /" and the discrete topology on A. Equivalently,

A= JaY (185)

— every element of A is fixed by an open (normal) subgroup U of I'. When I is a profinite
group, we require the 1-cocycles to be continuous. Then

HY(I, A) :h_r)nHl(F/U,AU)

(limit over the open normal subgroups of I").

We are interested in the case that I" is a Galois group of a Galois extension K/k
equipped with the Krull topology. In this case, the open (resp. open normal) subgroups of
G are the groups Gal(K/k’) with k' finite (resp. finite and Galois) over k. Let G be an
algebraic group over k. Each K-point of G has coordinates in a subfield of K finite over k,
and so

GK)= |J G&).

[k:k]<oo

As G(k') = G(K)Gal(K/k/), we see that G(K) is a discrete I'-module. We set

HY(K/k,G)= HY(Gal(K/k),G(K))

and
H'(k,G) = H (Gal(k*?/ k), G (k*P))
_ : 1.7,/
- [k’:k]j%o%l,k’cKH e
Let

e—>N—->G—>0 —e

be an exact sequence of algebraic groups. If N is smooth! or k is perfect, the sequence
e —> N(k*P) —> G(k°P) — Q(k*P) — e
is exact, and so we have an exact sequence of pointed sets
e — N(k)— G(k)— Q(k)— H ' (k, N) > H'(k,G) — H'(k, Q).
When N is commutative, the sequence continues to an exact sequence

o> HY(k,G) > H'(k,0) — H?(k,N).

IFor nonsmooth groups, we should be using flat cohomology groups.
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EXAMPLES

Let K be a Galois extension of & with Galois group I", and let V' be a K-vector space. A
semi-linear action of I on V is a homomorphism I — Aut _jjpear (V) such that

o(cv)=o0c-ov alloel,ceK,veV.

If V = K ® Vj, then there is a unique semi-linear action of I" on V' for which VI = 1@ Vj,
namely,
o(c®v)=0c®v oel,ceK,veV.

LEMMA 27.5. Let I' xV — V be a semi-linear action of I' on V. Then the map
c®v|—>cv:K®kVF—> V

is an isomorphism.

PROOF. See 16.15 of my Algebraic Geometry notes. O

PROPOSITION 27.6. The functor V +— K ® V from k-vector spaces to K -vector spaces
endowed with a continuous semi-linear action of I" is an equivalence of categories with
quasi-inverse V — VI

PROOF. Follows easily from (27.5). o

PROPOSITION 27.7. Let ¢pg: Vo x Vo — Vp be bilinear form on a finite-dimensional vector
space over k, and let G(¢¢) denote the group of automorphisms of (V,¢o). The cohomology
set HY(I', G(¢)) classifies the isomorphism classes of pairs (V,¢) over k that become
isomorphic to (Vo, o) over K.

PROOF. Let (V,¢) be such a pair over k, and choose an isomorphism

f:(Vo.9o)k — (V.9)k.

Let
as(f) = f_loo‘f,
Then
ag-0ar = (f"'eaf)o(af T ootf) = agn.

and so ay(f) is a 1-cocycle. Moreover, any other isomorphism f': (Vy,¢0)x — (V.$)kx
differs from f by a g € A(K), and

ac(fog)=g ' as(f)-og.

Therefore, the cohomology class of a4 () depends only on (V, ¢). It is easy to see that, in
fact, it depends only on the isomorphism class of (V, ¢), and that two pairs (V,¢) and (V',¢")
giving rise to the same class are isomorphic. It remains to show that every cohomology class
arises from a pair (V, ¢). Let (ag)se be a 1-cocycle, and use it to define a new action of I”
on Vg =K®,V:

°x =as-0x, o€l, x¢cVg.

Then
9(cv)=0c-°v,forcel',ce K,veV,
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and

O (“0) =% (artv) = g -0az -7V = 0,

and so this is a semi-linear action. Therefore,
def
M={xeVx|%x=x}

is a subspace of Vi such that K ®j V1 >~ Vi (by 27.5). Because ¢k arises from a pairing
over k,

dox(ox,0y) =0¢(x,y), allx,ye k.
Therefore (because a, € A(K)),
Pox (°x.°y) = ok (0x,0y) = ook (x.y).

If x,y € V1, then gox (“x,%y) = ¢ok (x,y), and s0 pok (x.y) = 0ok (x,y). By Galois
theory, this implies that ¢pox (x, y) € k, and so ¢gg induces a k-bilinear pairing on V;. g

COROLLARY 27.8. Foralln, H'(I',GL,(K)) = 1.

PROOF. Apply Proposition 27.7 with Vo = k™ and ¢ the zero form. It shows that H 1 (I",GL, (K))
classifies the isomorphism classes of k-vector spaces V' such that K ®; V' ~ K". But such
a k-vector space has dimension 7, and all k-vector spaces of dimension 7 are isomorphic.n

COROLLARY 27.9. Foralln, H'(I",SL,(K)) = 1

PROOF. Because the determinant map det: GL,,(K) — K™ is surjective,

1 = SLy(K) = GLy(K) 5 K% 1

is an exact sequence of I"-groups. It gives rise to an exact sequence

det

GL, (k) — k™ — HY(I'",SL,) - H'(I'",GL,)
from which the statement follows. o

COROLLARY 27.10. Let ¢¢ be a nondegenerate alternating bilinear form on Vy, and let Sp
be the associated symplectic group. Then H'(I",Sp(K)) = 1.

PROOF. According to Proposition 27.7, H(I",Sp(K)) classifies isomorphism classes of
pairs (V,¢) over k that become isomorphic to (Vp, ¢o) over K. But this condition implies
that ¢ is a nondegenerate alternating form and that dim V' = dim Vp. All such pairs (V, ¢)
are isomorphic. O

COROLLARY 27.11. Let ¢ be a nondegenerate bilinear symmetric form on V', and let O(¢)
be the associated orthogonal group. Then H'(I',O(¢)(K)) classifies the isomorphism
classes of quadratic spaces over k that become isomorphic to (V,¢) over K.

PROOF. Special case of the proposition. O

COROLLARY 27.12. Assume char(k) # 2. The set H'(k, O(¢)) classifies the isomor-
phism classes of quadratic spaces over k with the same dimension as V.
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PROOF. Over k*P, all nondegenerate quadratic spaces of the same dimension are isomor-
phic. O

The set H'(k, O(¢)) can be very large; for example, when k = Q it is infinite.

EXAMPLE 27.13. From the exact sequence
1 = G (k*P) — GL, (k°?) — PGL, (k*?) — 1

we get an exact sequence

H'(k,GLy) — H'(k,PGLy) —> H?(k,Gyp).

The group H?(k,G,,) can be identified with the Brauer group of k, and the image of §
consists of the elements of Br(k) that can be represented by a central simple algebra of
degree n?; in particular, it is not necessarily a subgroup of Br(k).

b. Generalities on forms

DEFINITION 27.14. Let K be an extension of k, and let G be an algebraic group over k. A
K/ k-form of G is an algebraic group G’ over k such that G ~ Gg. Two K /k-forms are
isomorphic if they are isomorphic as algebraic groups over k. When K = k*P, we omit it
from the notation.

Let K be a Galois extension of k with Galois group I". Let G be an algebraic group over
k, and let A(K) be the group of automorphisms of Gg. Then I" acts on A(K) according to
the rule:
ca=coaoo !

PROPOSITION 27.15. The cohomology set H'(I", A(K)) classifies the isomorphism classes
of algebraic groups G over k that become isomorphic to G over K.

PROOF. Let G be such an algebraic group over k, and choose an isomorphism

f:G()K — GK.

Let
dg = f_loaf.

As in the proof of Proposition 27.7, (a¢)ger is a 1-cocycle, and the map
G > class of (ag)ger in HY(I', A(K))

is well-defined and its fibres are the isomorphism classes over k.

In proving that the map is surjective, it is useful to identify A(K) with the automorphism
group of the Hopf algebra O(Gox) = K ®; O(Gyp). Let Ag = O(Gy) and A = K ®, Ap.
As in the proof of Proposition 27.7, we use a 1-cocycle (aq)ger to twist the action of I” on
Aj; specifically, we define

°a=as00a, o€l, acA.
From Lemma 27.5 the k-subspace

B={acA|%a=a}
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of A has the property that
K®B~A.

It remains to show that the Hopf algebra structure on A induces a Hopf algebra structure on
B. Consider for example the comultiplication. The k-linear map
Ag:Ag — Ao Q. Ao
has a unique extension to a K-linear map
AA—> ARk A.

This map commutes with the action of I":

A(oa) =0(A(a)), alloel,acA.
Because a4 is a Hopf algebra homomorphism,

A(aga) =agA(a), alloel,acA.
Therefore,

ACCa)=7(A(a)), alloel,acA.

In particular, we see that A maps B into (4 ®g A)T, which equals B ®j B because the
functor in (27.6) preserves tensor products. Similarly, all the maps defining the Hopf algebra
structure on A preserve B, and therefore define a Hopf algebra structure on B. Finally, one
checks that the 1-cocycle attached to B and the given isomorphism K ®; B — A is (as).o

COROLLARY 27.16. Let G be an algebraic group over k. The isomorphism classes
of algebraic groups over k that become isomorphic to Gys» over k*P are classified by

HY(I', A(k*P)). Here I = Gal(k*P/ k) and A(k*P) is the automorphism group of G scp.

PROOF. Special case of the proposition. O

EXAMPLE: THE FORMS OF GL,.

What are the k-forms of groups GL,? For any a,b € k™, define H(a,b) to be the algebra
over k with basis 1,7, j,ij as a k-vector space, and with the multiplication given by

i?=a, j*=b, ij=—ji.
This is a k-algebra with centre k, and it is either a division algebra or is isomorphic to M5 (k).
For example, H(1, 1) ~ M,(k) and H(—1,—1) is the usual quaternion algebra when k = R.
Each algebra H(a,b) defines an algebraic group G = G(a,b) with G(R) = (R ®
H(a,b))*. These are exactly the algebraic groups over k becoming isomorphic to GL, over
k5P and
G(a,b) ~ G(d',b') < H(a,b) ~H(d',b").

Over R, every H is isomorphic to H(—1,—1) or M»(RR), and so there are exactly two
forms of GL, over R.
Over Q, the isomorphism classes of quaternion algebras are classified by the subsets of

{2,3,5,7,11,13,..., 00}

having a finite even number of elements. The proof of this uses the quadratic reciprocity law
in number theory. In particular, there are infinitely many forms of GL; over Q), exactly one
of which, GL;, is split.
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EXAMPLE: THE FORMS OF GL,

Classitying the k-forms of GL,, turns out to be the same as classifying the k-forms of the
k-algebra M, (k), and so we do that first. Proofs of 27.18-27.23 can be found, for example,
in Chapter IV of my notes Class Field Theory.

DEFINITION 27.17. A k-algebra A is central if its centre is k, and it is simple if it has no
2-sided ideals (except O and A). If all nonzero elements have inverses, it is called a division
algebra (or skew field).

For example, M}, (k) and the quaternion algebra H(a, b) are central simple algebras.

THEOREM 27.18 (WEDDERBURN). For any division algebra D overk, M, (D) is a simple
k-algebra, and every simple k-algebra is of this form; moreover, M, (D) is central if and
only if D is central.

PROPOSITION 27.19. Let D be a central division algebra of degree n? over k. Then D
contains a field k’ separable of degree n over k.

COROLLARY 27.20. Ifk is separably closed, then the only central simple algebras over k
are the matrix algebras M (k).

PROOF. Combine the last two statements. o

PROPOSITION 27.21. The k-forms of M, (k) are the central simple algebras over k of
2

degree n”.
PROOF. Let A be a central simple algebra over k of degree n%. Then k*P ®j A is again
central simple, and so it is isomorphic to My, (k) by (27.20). Conversely, if A is a k-algebra
that becomes isomorphic to My, (k*P) over kP, then it is certainly central and simple, and
has degree n2. O
PROPOSITION 27.22. All automorphisms of the k-algebra M, (k) are inner, i.e., of the
form X +— YXY ™! for some Y.

PROOF. Let S be k" regarded as an M, (k)-module. It is simple, and every simple M, (k)-
module is isomorphic to it. Let o be an automorphism of My, (k), and let S’ denote S, but
with X € M, (k) acting as «(X). Then S’ is a simple M, (k)-module, and so there exists an
isomorphism of My, (k)-modules f:S — S’. Then

a(X)fx= fXX, allX € My(k),X€S.

Therefore,
a(X)f = fX, alXeM,k).

As f is k-linear, it is multiplication by an invertible matrix Y, and so this equation shows
that
a(X)=YXy L

COROLLARY 27.23. The isomorphism classes of k-algebras becoming isomorphic to
M, (k) over k*%P are classified by H'(k,PGLy).
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PROOF. The proposition shows that
Autgser_gjgebra (M (k*P)) = PGL, (k*P).

Let A be a k-algebra for which there exists an isomorphism f: M, (k*P) — k%P ®; A, and
let

as = fltoaf
Then a4 is a 1-cocycle, depending only on the k-isomorphism class of A.
Conversely, given a 1-cocycle, define

X =as-0X, oel,XeM,Kk*P).

This defines a semi-linear action of I" on M,, (k*P) and M, (k*P)T is a k-algebra becoming
isomorphic to My, (k) over k5P (27.5; see also the proof of 27.15). o

For a central simple algebra A over k, we let G4 denote the algebraic group over k£ such
that G(R) = (AQ R)*.

THEOREM 27.24. The k-forms of GL,, are the groups G4; two k-forms G4 and G4/ are
isomorphic if and only if A and A’ are isomorphic k -algebras.

PROOF. We have map A — G4 from k-forms of M, (k) to k-forms of GL,. As the iso-
morphism classes of both sets are classified by H!(k,PGL,) and the map is obviously
compatible with the cohomology classes, we see that the map defines a bijection from the
set isomorphism classes of k-forms of M, (k) to the set of isomorphism classes of k-forms
of GL,,. |

COROLLARY 27.25. The k-forms of GL,, are the algebraic groups GLp ,, with D a central
division algebra over k of dimension (n/m)?.

REMARK 27.26. Let A be a central simple algebra over k. For some 7, there exists an
isomorphism f:k%P ®; A — M, (k*P), unique up to an inner automorphism (27.21). Let
a € A, and let Nm(a) = det(f(a)). Then Nm(a) does not depend on the choice of f.
Moreover, it is fixed by I", and so lies in k. It is called the reduced norm of a.

c. Forms of semisimple algebraic groups

We sometimes abbreviate “semisimple algebraic group” to “semisimple group”. [References
will be added.]

27.27. Recall that G = G/Z(G). The action of G on itself by inner automorphisms
factors through G*. A automorphism of G over k is said to be inner if it is defined by an
element of G*(k). When Z(G) is smooth, G2 (k*P) = G (k*P)/ Z (k*P).

27.28. A semisimple group G over a field k is said to be split if it contains a split maximal
torus. Since every semisimple group contains a maximal torus, and every torus over k splits
over kP, we see that every semisimple group splits over k5P,

27.29. Every semisimple group G over a separably closed field k determines a certain
graph called its Dynkin diagram. Almost-simple group correspond to connected graphs. The
connected Dynkin diagrams are exactly those in the following list: A, (n > 1), B, (n > 2),
Chn (n>3), Dy, (n>4), Eg¢, E7, Eg, Fq, G2. An almost-simple algebraic group over a
separably closed field whose Dynkin diagram is X, is said to have type X.
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27.30. Two simply connected almost-simple groups over a separably closed field are
isomorphic if and only if they have isomorphic Dynkin diagrams. Over an arbitrary field
k, for each connected Dynkin diagram, there is a split almost-simple algebraic group over
k of that type; it is unique up to isomorphism (over k) and is called the simply connected
Chevalley group of that type.

27.31. The group of automorphisms of a simply connected semisimple group over a
separably closed field can be read off from its Dynkin diagram: it contains the group of inner
automorphisms as a normal subgroup, and the quotient is the group of symmetries Sym(D)
of its Dynkin diagram. Thus, for a simply connected semisimple group G over an arbitrary
field k, there is an exact sequence

1 - G(k*P) — Aut(Ggsew) = Sym(D) — 1 (186)

of I' = Gal(k®°P/ k)-modules. The connected Dynkin diagram do not have many symmetries:
for D4 the symmetry group is S3 (symmetric group on 3 letters), for A, (n # 1), Dy, (n # 4),
and FEg it has order 2, and otherwise it is trivial.

We set A(G) = Aut(Gpsep).

27.32. Let G be a split semisimple group over k. Then I acts trivially on Sym(D), and
the sequence (186) splits, i.e., there is subgroup of A(G) on which I" acts trivially and
which maps isomorphically onto Sym(D). Thus, the map

HY (I, G (k*P)) - HY(I", A(G))
is injective, with image the kernel of
HY(I' A(G)) — HY(I",Sym(D)).

27.33. Let G be a split semisimple group over k. The forms of G are classified by
H(I', A(G)). We say that a form of G is inner” if its class lies in the subset H!(k, G*) of
HY(I", A(G)); thus the inner forms of G are classified by H!(k, G*).

27.34. Let G be a split simply connected geometrically almost-simple group over k of
type Xy. A k-form G’ defines a class in H'(I',.A(G)), which maps to an element a of
HY(I',Sym(D)). As I acts trivially on Sym(D),

HY(I',Sym(D)) ~ Hom(I,Sym(D)) (continuous homomorphisms),

and so a is a continuous homomorphism I — Sym(D). Let L be the fixed field of the
kernel of a. It is finite over k, of degree z say. We then say that G’ is of type Z X,,.

Thus, G’ is of type Z X, if it becomes an inner form of a split group of type X, over an
extension of k of degree z (but not of a smaller degree).

27.35. Let G be a simply connected geometrically almost-simple group over k. If G is
split, then
X*(Z(G)) = P(D)/Q(D)

2This definition of inner forms is correct only for split groups — see 2.33. In general, we call a k-form G’
of G an inner twist of G if its class in H!(k, A(G)) lies in the image of H!(k,G*) — H(k, A(G)). When
this map is injective, “inner twist” coincides with “inner form”.
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with I" acting trivially; thus Z(G) is a product of groups of the form p,. For the form G’ of
G defined by a 1-cocycle a = (ay), we have Z(G’) = Z(G) but with I" acting through a,:

92=aqg-0z, z¢€ZKk*P).

More precisely, let f:Gpsep — G,’Csep be an isomorphism, and let 6f = f oagy; then f
restricts to an isomorphism Zgser — Z, ., and 0 (f|Z) = (f|Z) 0 as|Z.
For example, SL,, is the split group over k of type A,—1, and its centre is .

d. Classical groups

In this section, char(k) # 2.

DEFINITION 27.36. Recall that every semisimple algebraic group G over k has a finite
étale covering by a simply connected semisimple group G; moreover, G can be written as a
product

G =[Gk
with each G; geometrically almost-simple over k;. The semisimple group G is said to be

classical if each G; is of type A, By, Cy, or Dy, but not 3Dy or ®Dy. In other words, we
exclude only factors of exceptional type and 3Dsand ®Dy.

INVOLUTIONS OF k-ALGEBRAS

DEFINITION 27.37. Let A be a k-algebra. An involution of k is a k-linear map a —
a*: A — A such that
(ab)* =b*a* alla,be A,

* ok
a =da.

The involution is said to be of the first or second kind according as it acts trivially on the
elements of the centre of A or not.

EXAMPLE 27.38. (a) On M, (k) there is the standard involution X + X (transpose) of
the first kind.

(b) On a quaternion algebra H(a, b), there is the standard involution i — —i, j > —j
of the first kind.

(¢) On a quadratic field extension K of k, there is a unique nontrivial involution (of the
second kind).

LEMMA 27.39. Let (A, *) be an k-algebra with involution. An inner automorphism x +—
axa~' commutes with x if and only if a*a lies in the centre of A.
PROOF. To say that inn(a) commutes with * means that the two maps

x> axa ' (@) x*a*
x> x* > ax*a™!
coincide, i.e., that

x* = (a*a)x*(a*a)™!

for all x € A. As x — x™ is bijective, this holds if and only if a*a lies in the centre of A. g

REMARK 27.40. Let A have centre k. We can replace a with ca, ¢ € k™, without changing
inn(a). This replaces a*a with c*c-a*a. When * is of the first kind, ¢*c = ¢2. Therefore,
when k is separably closed, we can choose ¢ to make a*a = 1.
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THE INNER FORMS OF SL,, (GROUPS OF TYPE 'A4,_;)

Let A be a central simple algebra over k of degree n2. Then
R~ {a€e A® R|Nm(a) =1}

is an algebraic group, which we denote SL4. Here Nm(a) denotes the reduced norm of a.
Recall that A >~ M, ,,,(D) for some central division algebra D of degree m? over k. Thus,
SL4 can also be described as the group

R~ {a€M,/m(D®R) | Nm(a) = 1}.

We know that A is a k-form of the k-algebra M, (k), and all k-forms of M, (k) of this
shape. Moreover, the k-forms of M, (k) are classified by H!(k,PGL,). As the k-forms
of SL,, are also classified by H!(k,PGL,) and the map A > SL4 preserves cohomology
classes, we see that the map induces a bijection on isomorphism classes.

THEOREM 27.41. The inner forms of SL,, over k are the algebraic groups SL4 with A a
central simple algebra of degree n? over k. Two groups SLy4 and SL4 are isomorphic if and
only if A and A" are isomorphic as k -algebras.

THE OUTER FORMS OF SL, (GROUPS OF TYPE %4,,).

The Dynkin diagram of SL, has a unique nontrivial automorphism, which is induced by
the outer automorphism X — (X 1)’ = (X?)~! of SL,,. Thus, the sequence (186), p.479,
becomes

1 - PGL, - A(SL,) — {£1} — 1.

Now consider the k-algebra with involution of the second kind
My (k) x Mu(k), (X.Y)* ="', X").

Every automorphism of M, (k) x M, (k) is either inner, or is the composite of an inner
automorphism with (X,Y) — (Y, X). This follows from the fact that the two copies of
M, (k) are the only simple subalgebras of M}, (k) x M, (k). According to (27.39), the inner
automorphism by a € A commutes with * if and only if a*a € k x k. But (a*a)* = a*a, and
so a*a € k. When we work over kP, we can scale a so that a*a = 1 (27.40): ifa = (X,Y),
then
l=a*a=Y"X,X"Y),

and so a = (X, (X?)™1). Thus, the automorphisms of (M, (k*P) x M, (k*P), x) are the

inner automorphisms by elements (X, (X*)™!) and composites of such automorphisms with
(X,Y)~ (Y, X). When we embed

X > (X, (X")7Y):SL, (k5P) < M, (k*P) x M,, (k*%P), (187)

the image it is stable under the automorphisms of (My, (k5P) x M,, (k*°P), x), and this induces
an isomorphism
Aut(Mn (ksep) X Mn (ksep), *) >~ Aut(SLnksep) .

Thus, the forms of SL,, correspond to the forms of (M, (k) x M, (k),*). Such a form is a
simple algebra A over k with centre K of degree 2 over k and an involution * of the second
kind.
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The map (187) identifies SL,, (k*°P) with the subgroup of M, (k*P) x M,, (k*P) of ele-
ments such that
a*a=1, Nm(a)=1.

Therefore, the form of SL, attached to the form (A, ) is the group G such that G(R)
consists of the a € R ®j A such that

a*a=1, Nm(a)=1.
There is a commutative diagram

Aut(SLnksep) > Sym(D)

AUt(Mn (ksep) X My, (ksep)’ *) — AUtk_algebra(ksep X ksep).

The centre K of A is the form of k%P x k5P corresponding to the image of the cohomology
class of G in Sym(D). Therefore, we see that G is an outer form if and only if K is a field.

Let A be a simple algebra with centre a quadratic extension K of k, and let * be an
involution of the second kind on A. Then

Rw{ac(A®R)|a*-a=1}
is an algebraic group, which we denote SL(4,«). Itis a form of SL,, where n = [A: K 11/2.

THEOREM 27.42. The outer forms of SL,, are the algebraic groups SL 4 «) with A a simple
k -algebra whose centre is a quadratic field extension of k and with * an involution of A of
the second kind. Two groups SL4,«) and SL( 4’ xry are isomorphic if and only if (A, *) and
(A’, %) are isomorphic as k-algebras with involution.

THE FORMS OF Sp,,, (GROUPS OF TYPE C,,)

The k-algebra M, (k) has an involution of the first kind:

I
X*=8x's7!, §= 0 )
-1 0

The inner automorphism defined by an invertible matrix U commutes with * if and only if
U*U €k (see 27.39). When we pass to kP, we may suppose U*U = I, i.e., that

SUlsTlu =1

Because S~! = —S§, this says that
Uisu =S

i.e., that U € Sp,, (k*P). Since there are no symmetries of the Dynkin diagram C,, we see
that the inclusion
X > X:Sp,,, (K°P) — My, (K°P) (188)

induces an isomorphism
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Therefore, the forms of Sp,, correspond to the forms of (M2, (k),*). Such a form is a
central simple algebra A over k with an involution * of the first kind.
The map (188) identifies Sp,,, (k*P) with the subgroup of M», (k*P) of elements such
that
a*a=1.

Therefore, the form of Sp,,, attached to (A, *) is the group G = G(4,«) such that G(R)
consists of the a € R ®j A for which

a*a=1.
THEOREM 27.43. The forms of Sp,,, are the algebraic groups SL4,«) with (A,x) a form
of (M2 (k),*). Two groups SL(4 «) and SL(4/ 4y are isomorphic if and only if (A, *) and
(A’, %) are isomorphic as k -algebras with involution.

THE FORMS OF Spin(¢) (GROUPS OF TYPE B AND D)

Let (V,¢) be a nondegenerate quadratic space over k with greatest possible Witt index
(dimension of a totally isotropic subspace). The action of O(¢) on itself preserves SO(¢),
and there is also an action of O(¢) on Spin(¢). These actions are compatible with the natural
homomorphism

Spin(¢) — SO(¢)

and realize O(¢) modulo its centre as the automorphism group of each. Therefore, the forms
of Spin(¢) are exactly the double covers of the forms of SO(¢).

The determination of the forms of SO(¢) is very similar to the last case. Let M be the
matrix of ¢ relative to some basis for V. We use the k-algebra with involution of the first
kind

M,(k), X*=MX"'M~!

The automorphism group of (M, (k),*) is O(¢) modulo its centre, and so the forms of
SO(¢) correspond to the forms of (M>,(k), *). Such a form is a central simple algebra A
over k with an involution * of the first kind, and the form of SO(¢) attached to (A4, *) is the
group G such that G(R) consists of the @ € R ®, A for which

aa=1.

The symmetry group of a Dynkin diagram of type D4 is S3. It is not possible to realize
the automorphism group of a split group of type D4 as the automorphism group of a central
simple algebra, and so it is not possible to realize the groups of type 3 D4 and ® Dy in terms
of algebras with involution. For this reason, the groups are not said to be classical. In other
words, the geometrically almost-simple classical algebraic groups are exactly those that can
be described in terms for algebras with involution.

SPECIAL FIELDS

To continue, we need a description of the algebras with involution over a field k. For an
arbitrary field, there is not much one can say, but for one important class of fields there is a
great deal.

PROPOSITION 27.44. If a central simple algebra A over k admits an involution of the first
kind, then
AR A~ M,p(k), n*=[A:k]. (189)
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PROOF. Recall that the opposite algebra A°PP of A equals A as a k-vector space but has its
multiplication reversed:
a®PPpOPP = (hq)°PP.

Let Ag denote A regarded as a k-vector space. There are commuting left actions of 4 and
A°PP on Ag, namely, A acts by left multiplication and A°PP by right multiplication, and hence
a homomorphism

A ®p AP — Endy_jin (4,) -

This is injective, and the source and target have the same dimension as k-vector spaces, and
so the map is an isomorphism. Since an involution on A is an isomorphism 4 — A°PP, the
proposition follows from this. O

Over any field, matrix algebras and quaternion algebras are central simple algebras
admitting involutions. For many important fields, these are essentially the only such algebras.
Consider the following condition on a field &:

27.45. The only central division algebras over k or a finite extension of k satisfying (189)
are the quaternion algebras and the field itself (i.e., they have degree 4 or 1).

THEOREM 27.46. The following fields satisty (27.45): separably closed fields, finite fields,
R, Q, and its finite extensions, and Q and its finite extensions.

PROOF. The proofs become successively more difficult: for separably closed fields there
is nothing to prove (27.20); for Q it requires class field theory (see, for example, my notes
Class Field Theory). O

ASIDE 27.47. According to a theorem of Merkujev, the subgroup of elements of order 2 in the
Brauer group of k is generated by the classes of quaternion algebras. An example of Brauer (1929)
shows that not every such element is the class of a quaternion algebra. A theorem of Albert states
that the tensor product of two quaternion algebras is a division algebra if and only if they do not have
a common quadratic splitting field. Let F be a field not of characteristic 2, and let k be the purely
transcendental extension F(x, y,z,w) of F; over this field, the tensor product of quaternion algebras

H(x, y) ®x H(z, w)

is a division algebras by Albert’s criteria, and hence has index 4. It has order 2 because each
quaternion algebra does. See mo110441.

THE INVOLUTIONS ON AN ALGEBRA

Given a central simple algebra admitting an involution, we next need to understand the set of
all involutions of it.

THEOREM 27.48 (NOETHER-SKOLEM). Let A be a central simple algebra over K, and let
* and T be involutions of A that agree on K ; then there exists an a € A such that

*

xT = axTa_l, all x € A. (190)
PROOF. Omitted — it is similar to the proof of (27.22). o

Let A be a central simple algebra over K, and let T be an involution A, either of the first
kind, and so fixing the elements of K, or of the second kind, and so fixing the elements of
a subfield k£ of K such that [K:k] = 2. For which invertible a in A does (190) define an
involution?


http://mathoverflow.net/questions/110441/
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Note that
x** = (aTa™H) Tx(@Ta™)
andsoata™! € K, say
a' =ca, cek.
Now,
at = c(cTaT) =ccla
and so

cet =1,

If 1 is of the first kind, this implies that ¢? = 1, and so ¢ = =+1.

If + is of the second kind, this implies that ¢ = d/d for some d € K (Hilbert’s theorem
90). Since * is unchanged when we replace a with a/d, we see that in this case (189) holds
with a satisfying a¥ = a.

HERMITIAN AND SKEW-HERMITIAN FORMS

We need some definitions. Let
o (D, *) be a division algebra with an involution x,
¢V be a left vector space over D, and

¢ ¢:VxV — D aformon V that is semilinear in the first variable and linear in the
second (so
¢(ax,by)=a*¢(x,y)b, a,be D).

Then ¢ is said to hermitian it

p(x.y) =¢(y.x)*, x.yeV,

and skew hermitian if
p(x.y)=—¢(y.x)*, x,yeV.

EXAMPLE 27.49. (a) Let D = k with x = id;. In this case, the hermitian and skew
hermitian forms are, respectively, symmetric and skew symmetric forms.

(b) Let D = C with x =complex conjugation. In this case, the hermitian and skew
hermitian forms are the usual objects.

To each hermitian or skew-hermitian form, we attach the group of automorphisms of
(V,¢), and the special group of automorphisms of ¢ (the automorphisms with determinant
1, if this is not automatic).

THE GROUPS ATTACHED TO ALGEBRAS WITH INVOLUTION

In this subsection, we assume that the ground field k satisfies the condition (27.45), and
compute the groups attached to the various possible algebras with involution.
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CASE A = M,,(k); INVOLUTION OF THE FIRST KIND.

In this case, the involution * is of the form
X*=aX'a!

where a’ = ca with ¢ = £1. Recall that the group attached to (M, (k), *) consists of the
matrices X satisfying
X*X =1, det(X)=1,
ie.,
aX'a'X =1, det(X)=1,
or,

Xla'X =a', det(X)=1.

Thus, when ¢ = 41, we get the special orthogonal group for the symmetric bilinear form

attached to ¢~ !, and when ¢ = —1, we get the symplectic group attached to the skew

symmetric bilinear form attached to a~!.

CASE A = M,,(K); INVOLUTION OF THE SECOND KIND

Omitted for the present.

CASE A = M,,(D); D A QUATERNION DIVISION ALGEBRA.

Onmitted for the present.

CONCLUSION.

Let k be a field satisfying the condition (27.45). Then the geometrically almost-simple,
simply connected, classical groups over k are the following:

(A) The groups SL,, (D) for D a central division algebra over k (the inner forms of SL;,);
the groups attached to a hermitian form for a quadratic field extension K of k (the
outer forms of SL;,).

(BD) The spin groups of quadratic forms, and the spin groups of skew hermitian forms over
quaternion division algebras.

(C) The symplectic groups, and unitary groups of hermitian forms over quaternion division
algebras.

It remains to classify the quaternion algebras and the various hermitian and skew her-
mitian forms. For the algebraically closed fields, the finite fields, R, Qp, Q and their finite
extensions, this has been done, but for QQ and its extensions it is an application of class field
theory.

ASIDE 27.50. The term “classical group” is much used, but rarely defined — see the discussion
mo50610. Our definition follows Kneser 1969.

e. The Galois cohomology of algebraic groups; applications

Having persuaded the reader of the usefulness of Galois cohomology groups, we now study
them in their own right.


http://mathoverflow.net/questions/50610
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GENERALITIES

PROPOSITION 27.51. Let G be an algebraic group over a finite extension k' of k ; then
H'(k,(G)ryx) = H' (K, G)

fori =0, 1 (and for all i if G is commutative).

PROOF. Shapiro’s lemma. O

A torus T over a field k is said to be quasi-trivial if it is a product of tori of the form
(Gm)k’/x with k” a finite field extension of k. If T =[], (G )k, /& then

HY(k,T) ~ ]‘[i H'(k;,G,,) = 0.

If T is quasi-trivial over k, then T} is quasi-trivial over k’ for all fields k¥’ D k, and so
H'(k',Ty/) = 0. There is a converse to this.

THEOREM 27.52. A torus T over k has the property that H'(k', Ty,) = 0 for all fields k’
containing k if and only if T is a direct factor of a quasi-trivial torus.

PROOF. Omiitted for the present. o

FINITE FIELDS

Let X be an affine scheme over ;. The F,-algebra homomorphism f +— f9:O(X) —
O(X) defines a Frobenius morphism o: X — X. If X C A", then o acts on X(IF) by

(al,...)l—>(a?,...).

DEFINITION 27.53. Let G be a connected group variety over [F (an algebraic closure of
Fp). A Steinberg endomorphism of G is an endomorphism F such that some power of F
is equal to the Frobenius endomorphism of G defined by a model of G over a finite subfield
of F.

In other words, relative to some model Go of G over F; C IF and embedding Go — GL,,
apower F'™ of F acts as (ay,...) —~ (a‘ll,...).

Let F be a Steinberg endomorphism of G. Then the set G ¥ of fixed points of F acting on
G(F) is finite, and G(F) = |J,,>4 GF™ (because this is true of a Frobenius endomorphism).

PROPOSITION 27.54. Let F:G — G be a Steinberg endomorphism of a connected group
variety G over F. Then the morphism g — g- F(g™1):G — G is surjective.

PROOF. Let G act on itself (on the right) by (x,g) — g~ !-x- F(g). There exists an

x € G(IF) such that the orbit Oy through x is closed (9.10). If we can show that dim(Oy) =
dim(G), then O, = G (because G is smooth and connected); then e € Oy, and so G = O,
which is the required statement.

For this, it suffices to show that the fibre of the orbit map px: G — Oy over x is finite
(A.99), and even that the equation g~ !xF(g) = x has only finitely many solutions with g
in G(F). Rewrite this equation as f(g) = g, where f(g) = xF(g)x~'. Because F is a
Steinberg endomorphism, some multiple F* of it is a Frobenius endomorphism fixing x. A
direct calculation shows that ™ (g) = yF™(g)y 'with y = xF(x)--- F~1(x), and then
that ™™ (g) = y™ F™™ (g)y=™' for every m’ € N. Take m’ to be the order of y in G(IF).
Then /™™ (g) = F™™(g), and so f™™ (g) = g has only finitely many solutions in G (F);
a fortiori, f(g) = g has only finitely many solutions in G (). O
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COROLLARY 27.55. Let G be a connected group variety over a finite field k, and let
F:G — G be the Frobenius map relative to k. Then the morphism g +— g-F(g7'):G — G
is surjective.

PROOF. The proposition shows that the morphism becomes surjective after passage to IF,
and hence is surjective. O

COROLLARY 27.56. Let G be a connected group variety over a finite field k ; then H' (k,G) =
1.

PROOF. Let f:I" — G(IF) be a 1-cocycle. Let ¢ be the canonical generator of I". Then
o acts on G(F) as F, and so there exists a g € G(F) such that g~ !-0g = f(0). Thus f
agrees on o with the principal cocycle defined by g. It follows that the two cocycles agree
on all powers of ¢, and hence on I" (by continuity). O

For nonconnected group varieties, the proposition fails already for G = Z/27.

ASIDE 27.57. Let F:G — G be a Steinberg endomorphism of a connected group variety G over F.
Then the set G of fixed points of F acting on G(F) is a finite group. A group arising in this way
from a semisimple G is called a finite group of Lie type. If the group variety G is simple and simply
connected, then the finite group G¥ is simple modulo its centre except in exactly eight cases (Malle
and Testerman 2011, 24.17). Apart from quotients of finite groups of Lie type, every nonabelian
finite simple group is an alternating group, the Tits group, or one of the 26 sporadic groups.

NOTES. Corollary 27.55 was first proved in Lang (1956). Each of the three statements (27.55-27.56)
is referred to as Lang’s theorem. The above proof of (27.54) is from Miiller 2003. Steinberg (1977)
proves the stronger statement: let o be an endomorphism of a smooth connected algebraic group
G over an algebraically closed k fixing only finitely many elements of G(k); then the morphism
g g 'o(g):G — G is surjective.

THE FIELD OF REAL NUMBERS

THEOREM 27.58 (CARTAN 1927). Let G be a simply connected semisimple algebraic
group over R. Then G(R) is connected.

COROLLARY 27.59. Let G be a reductive algebraic group over R. Then G(R) has only
finitely many components (for the real topology).

THEOREM 27.60. Let G be a reductive algebraic group over R, and let Ty be a maximal
compact torus in G. Then T = Cg(Ty) is a torus, and Wy = Ng(Ty)/Cg(Ty) is a finite
group acting on H'(R, T'). The map

H'R,T)/Wo(R) - H'(R,G)
induced by the map H'(R,T) — H' (R, G) is an isomorphism.
PROOF. Borovoi 2014 (arXiv:1401.5913). o
COROLLARY 27.61 (BOREL AND SERRE 1964). If G is compact, then
T(R),/W ~ H'(R,G)
where W is the Weyl group with its usual action.

ASIDE 27.62. Galois cohomology of real semisimple groups. Mikhail Borovoi, Dmitry A. Timashev.
arXiv: 1506.06252. Let G be a connected, compact, semisimple algebraic group over R. Using Kac
diagrams, they describe combinatorially the cohomology sets H ! (R, H) for all inner forms H of G.
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LOCAL FIELDS

THEOREM 27.63. Let G be a semisimple algebraic group over a local field k.
(a) Let G — G be the simply connected covering of G ; then the boundary map § in

- s -
HY(k,G) - HY(k,G) — H?*(k,Z(G))
is surjective (hence bijective).
(b) Ifk is nonarchimedean and G is simply connected, then H'(k,G) = 1.

When k has nonzero characteristic, H2(k, Z(G)) should be taken to be the flat coho-
mology group (Tharig 2008).

THEOREM 27.64. Let G be a group variety over a local field k ; then H' (k,G) is finite.

THEOREM 27.65. Let D be a finite-dimensional division algebra over a local field k. Then
SL1(D) is a simply connected simple anisotropic group over k, and every such algebraic
group over k is of this form.

GLOBAL FIELDS

THEOREM 27.66. Let G be a semisimple algebraic group over a global field k, and let
G — G be the simply connected covering of G. Then the boundary map § in

H'(k.G) > H'(k.G) > H2(k. Z(G))
is surjective.

In the number field case, this was proved in Harder 1975. In the function field case, it is
necessary to interpret H2(k, Z(G)) as a flat cohomology group (Thirng 2008).

THEOREM 27.67. Let G be a semisimple algebraic group over a number field k. The
canonical map
H'(k.G) > [] H'(kv.G)
v

is injective in each of the following cases:
(a) G is simply connected;
(b) G has trivial centre;

(c) G = O(¢) for some nondegenerate quadratic space (V, ).

PROOF. For (a), see Harder 1966 except for the case Eg, which was proved in Chernousov
1989. Once the case (a) has been proved, (b) and (c) can be proved by writing some exact
sequences. o

Note that (c) implies that two quadratic spaces over (Q are isomorphic if and only if they
become isomorphic over Q, for all p (including p = oo, for which we set Q, = R). This is
a very important, and deep result, in number theory.

THEOREM 27.68. Let G be a simply connected semisimple algebraic group over a number
field k. Then
H'(k.G)~[]  H'(k.G).
v real
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PROOF. Combine (27.63) and (27.67). o

THEOREM 27.69. Let G be a semisimple algebraic group over a number field k. For any
nonarchimedean prime vy, the canonical map

1 1
H (k,G)—>| |U¢UOH (kv,G)
is surjective.

PROOF. This is proved in Borel and Harder 1978, 1.7. o

Applied to the adjoint group of G, the theorem implies the following statement: suppose
given for each v # v an inner form G® of Gy, over ky; then there exists an inner form of
G’ of G over k such that G,/cv ~ G® for all v # vy.

THEOREM 27.70. Let G be an geometrically almost-simple algebraic group over a number
field, and let S be a finite set of primes for k. If G is simply connected or has trivial centre,
then the canonical map

H'(k AG) = [, o H' (ko AG))
is surjective.

PROOF. Borel and Harder 1978, Theorem B. See also Prasad and Rapinchuk 2006 and
Thang 2012. o

In other words, given a k,,-form G, of Gy, for each v € S, there exists a form of G’ of
G over k such that GIICU ~ Gy forallv e S.

THEOREM 27.71. Let G be a reductive group over a number field k. If the derived group
G’ of G is simply connected and the torus T = G/ G’ satisfies the Hasse principal for H!,
then so also does G.

PROOF. Diagram chase in

T(k) — H'(k.G') — H'(k.G) ————— HY(T)

| [ | [

GR) — T(R) — H'R,G") —— [], H (ky,G) —— T[], H'(ky,T)

using that 7(Q) is dense in T (R). a)

ASIDE 27.72. Every reductive group G over a local field k comes from a reductive group over a
number field kg C k. See m0199050.

NOTES. For more on the cohomology of algebraic groups, see Kneser 1969 and Platonov and
Rapinchuk 1994.

To be continued.


http://mathoverflow.net/questions/199050

APPENDIX A

Review of algebraic geometry

This is a list of the definitions and results from algebraic geometry used in the text. For the
final version, irrelevant items will be deleted. I intend (eventually) to rewrite “Chapter 10”
of my notes Algebraic Geometry to include proofs of all the statements here.

Throughout this appendix, everything takes place over a fixed field k, and “k-algebra”
means “finitely generated k-algebra”.

a. Affine algebraic schemes

Let A be k-algebra.
A.1. Let X be the set of maximal ideals in A4, and, for an ideal a in A4, let
Z(@)={m|m>Da}l.
Then
o Z(0)=X,Z(A)=20,
o Z(ab) = Z(anb) = Z(a) U Z(b) for every pair of ideals a, b, and
o Z(Q jermi) =)y ai for every family of ideals (a;);ey.
For example, if m ¢ Z(a) U Z(b), then there exist f € a~m and g € b~ m; but then
fg ¢ ab~m, and som ¢ Z(ab).

These statements show that the sets Z(a) are the closed sets for a topology on X, called

the Zariski topology. We write spm(A) for X endowed with this topology.

For example, A" o spm(k[T1,...,T,]) is affine n-space over k. If k is algebraically

closed, then the maximal ideals in A are exactly the ideals (77 —ay,...,T, —ay), and A"
can be identified with k" endowed with its usual Zariski topology.

A.2. For a subset S of spm(A), let
1(S) =("){m|me S}.
The Nullstellensatz says that, for an ideal a in A4,

1(Z@) = |{m[m>a}

is the radical of a. Using this, one sees that Z and / define inverse bijections between the
radical ideals of A and the closed subsets of X. Under this bijection, prime ideals correspond
to irreducible sets (nonempty sets not the union of two proper closed subsets), and maximal
ideals correspond to points.

491
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A.3. For f € A,let D(f) ={m| f ¢ m}. It is open in spm(A) because its complement is
the closed set Z((f)). The sets of this form are called the basic open subsets of spm(A).
Let Z = Z(a) be a closed subset of spm(A4). According to the Hilbert basis theorem, 4 is
noetherian, and so a = (f1,..., fim) for some f; € A, and

X~Z=D(f)U...UD(fn).

This shows that every open subset of spm(A) is a finite union of basic open subsets. In
particular, the basic open subsets form a base for the Zariski topology on spm(A4).

A.4. Let a: A — B be a homomorphism of k-algebras, and let m be a maximal ideal in B.
As B is finitely generated as a k-algebra, so also is B/m, which implies that it is a finite field
extension of k (Zariski’s lemma). Therefore the image of A in B/mB is an integral domain
of finite dimension over k, and hence is a field. This image is isomorphic to 4/a~!(m), and
so the ideal o~ (m) is maximal in 4. Hence « defines a map

a*:spm(B) — spm(4), m>a 1 (m),

which is continuous because («*)~1(D(f)) = D(a(f)). In this way, spm becomes a
functor from k-algebras to topological spaces.

A.5. For a multiplicative subset S of A, we let S~! 4 denote the ring of fractions having
the elements of S as denominators. For example, Sy o {1, f. f2,...},and

def

Af = Sf—lA ~ A[T]/(1— fT).

Let D be a basic open subset of X. Then

def
Sp =

A~ Jim|me D}

is a multiplicative subset of A. If D = D( f), then the map SfflA — SBIA defined by the

inclusion Sy C Sp is an isomorphism. If D’ and D are both basic open subsets of X and
D’ C D, then Spr D Sp, and so there is a canonical map

Spla— SplA. (191)
A.6. There is a unique sheaf Oy of k-algebras on X = Spm(A) such that (a)
Ox(D) = Sp'4
for every basic open subset D of X, and (b) the restriction map
Ox (D) — Ox(D")

is the map (191) for every pair D’ C D of basic open subsets. Note that, for every f € A,

def def

Ap S ST A~ SH e (A) = 0x(D(S)).
We write Spm(A) for spm(A4) endowed with this sheaf of k-algebras.

A.7. By ak-ringed space we mean a topological space equipped with a sheaf of k-algebras.
An affine algebraic scheme over k is a k-ringed space isomorphic to Spm(A) for some k-
algebra A. A morphism (or regular map) of affine algebraic schemes over k is a morphism
of k-ringed spaces (it is automatically a morphism of locally ringed spaces).
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A.8. The functor A »> Spm(A) is a contravariant equivalence from the category of k-
algebras to the category of affine algebraic schemes over k, with quasi-inverse (X, Ox) ~>
Ox (X). In particular

Hom(A, B) ~ Hom(Spm(B),Spm(A))
for all k-algebras A and B.

A.9. Let M be an A-module. There is a unique sheaf M of Ox-modules on X = Spm(A4)
such that (a) M(D) = SBlM for every basic open open subset D of X, and (b) the
restriction map M(D) — M(D’) is the canonical map Sy'M — S;'M for every pair
D’ C D of basic open subsets. A sheaf of Ox-modules on X is said to be coherent if it
is isomorphic to M for some finitely generated A-module M. The functor M ~»> M is an
equivalence from the category of finitely generated A-modules to the category of coherent
Oyx-modules, which has quasi-inverse M ~»> M (X). In this equivalence, finitely generated
projective A-modules correspond to locally free Ox-modules of finite rank (CA 12.5).

A.10. For fields K D k, the Zariski topology on K" induces that on k”. In order to prove
this, we have to show (a) that every closed subset S of k" is of the form T N k" for some
closed subset T of K", and (b) that 7 N k" is closed for every closed subset of K”.

(a) Let S = Z(f1,..., fm) with the f; € k[X1,..., Xy]. Then

S = k" N{zero setof f1,..., fmin K"}.

(b) LetT = Z(f1,..., fm) with the f; € K[X1,...,X,]. Choose a basis (¢;);cs for K
as a k-vector space, and write f; = ) e; fi; (finite sum) with f;; € k[X1,..., X,].
Then

Z(fi)Nk™ = {zero set of the family (f;;);es in k"}

for each i, and so T N k™ is the zero set in k™ of the family ( f;;).

b. Algebraic schemes

A.11. Let (X,Oyx) be a k-ringed space. An open subset U of X is said to be affine if
(U,Ox|U) is an affine algebraic scheme over k. An algebraic scheme over k is a k-ringed
space (X,Oy) that admits a finite covering by open affines. A morphism of algebraic
schemes (also called a regular map) over k is a morphism of k-ringed spaces. We often
let X denote the algebraic scheme (X, Oyx) and | X| the underlying topological space of X.
When the base field k is understood, we write “algebraic scheme” for “algebraic scheme
over k.

The local ring at a point x of X is denoted by Oy x or just Oy, and the residue field at x
is denoted by «(x).

A.12. Aregular map ¢:Y — X is algebraic schemes is said to be surjective (resp. injective,
open, closed) if the map of topological spaces |¢|:|Y | — | X]| is surjective (resp. injective,
open, closed) (EGA 1, 2.3.3).

A.13. Let X be an algebraic scheme over k, and let A be a k-algebra. By definition,
a morphism ¢: X — Spm(A4) gives a homomorphism ¢: 4 — Ox (X) of k-algebras (but
Oyx (X) need not be finitely generated!). In this way, we get an isomorphism

[0 <—><p”:Homk(X,SpmA) ~ Homy (4, Ox (X)). (192)
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A.14. Let X be an algebraic scheme over k. Then | X | is a noetherian topological space
(i.e., the open subsets of | X | satisfy the ascending chain condition; equivalently, the closed
subsets of | X | satisfy the descending chain condition). It follows that | X | can be written as a
finite union of closed irreducible subsets, | X | = W U---U W,.. When we discard any W;
contained in another, the collection {W, ..., W;} is unigely determined, and its elements are
called the irreducible components of X .

A noetherian topological space has only finitely many connected components, each open
and closed, and it is a disjoint union of them.

A.15. (Extension of the base field; extension of scalars). Let K be a field containing k.
There is a functor X » Xg from algebraic schemes over k to algebraic schemes over K.
For example, if X = Spm(A), then Xg = Spm(K ® A).

A.16. For an algebraic scheme X over k, we let X(R) denote the set of points of X with
coordinates in a k-algebra R,

X(R) € Hom(Spm(R), X).
For example, if X = Spm(A4), then X(R) = Hom(A, R) (homomorphisms of k-algebras).
For aring R containing k, we define

X(R) = lim X(R;)

where R; runs over the (finitely generated) k-subalgebras of R. Again X(R) = Homy (A4, R)
if X = Spm(A). Then R ~> X(R) is functor from k-algebras (not necessarily finitely
generated) to sets.

A.17. Let X be an algebraic scheme. An Ox-module M is said to be coherent if, for
every open affine subset U of X, the restriction of M to U is coherent (A.9). It suffices
to check this condition for the sets in an open affine covering of X. Similarly, a sheaf 7 of
ideals in Oy is coherent if its restriction to every open affine subset U is the subsheaf of
Ox|U defined by an ideal in the ring Ox (U).

c. Subschemes

A.18. Let X be an algebraic scheme over k. An open subscheme of X is a pair (U, Ox|U)
with U open in X. It is again an algebraic scheme over k.

A.19. Let X = Spm(A) be an affine algebraic scheme over k, and let a be an ideal in A.
Then Spm(A/a) is an affine algebraic scheme with underlying topological space Z(a).

Let X be an algebraic scheme over k, and let Z be a coherent sheaf of ideals in Oy . The
support of the sheaf Oy /7 is a closed subset Z of X, and (Z,(Ox/Z)|Z) is an algebraic
scheme, called the closed subscheme of X defined by the sheaf of ideals Z. Note that Z N U
is affine for every open affine subscheme U of X.

The closed subschemes of an algebraic scheme satisfy the descending chain condition.
To see this, consider a chain of closed subschemes

VAR YW AR WA RS RN

of an algebraic scheme X. Because | X | is noetherian (A.14), the chain |Z| D |Z1| D |Z2| D
--- becomes constant, and so we may suppose that |Z| = |Z| = ---. Write Z as a finite
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union of open affines, Z = | JU;. For each i, the chain ZNU; D Z1NU; D --- of closed
subschemes of U; corresponds to an ascending chain of ideals in the noetherian ring Oz (Uj;),
and therefore becomes constant.

A.20. A subscheme of an algebraic scheme X is a closed subscheme of an open subscheme
of X. Its underlying set is locally closed in X (i.e., open in its closure; equivalently, it is the
intersection of an open subset with a closed subset).

A.21. Aregular map ¢:Y — X is said to be an immersion if it induces an isomorphism
from Y onto a subscheme Z of X. If Z is open (resp. closed), then ¢ is called an open
(resp. closed) immersion. An immersion can be written as a closed immersion into an open
subscheme (and as an open immersion into a closed subscheme).

A.22. Recall that a ring A is reduced if it has no nonzero nilpotent elements. If A is
reduced, then S~! 4 is reduced for every multiplicative subset S of A; conversely, if Ay, is
reduced for all maximal ideals m in A, then A is reduced.

An algebraic scheme X is said to be reduced if Oy, p is reduced for all P € X. For
example, Spm(A) is reduced if and only if A4 is reduced. If Oy is reduced, then Ox (U) is
reduced for all open affine subsets U of X.

A.23. A finitely generated k-algebra A is reduced if and only if the intersection of the
maximal ideals in A is zero (CA 13.10). Let X be an algebraic scheme over k. For a
section f of Oy over some open subset U of X and u € U, let f(u) denote the image of
f ink(u) = Ox ,/my (a finite extension of k). Let X be a reduced algebraic scheme; an
feOxU)is0if f(u)=0forall u € |U[; when k is algebraically closed, x(x) = k for
all x € | X|, and so Oy can be identified with a sheaf of functions on X.

A.24. An algebraic scheme X is said to be integral if it is reduced and irreducible. For
example, Spm(A4) is integral if and only if A4 is an integral domain. If X is integral, then
Ox (U) is an integral domain for all open affine subsets U of X.

A.25. Let X be an algebraic scheme over k. There is a unique reduced algebraic subscheme
Xred of X with the same underlying topological space as X . For example, if X = Spm(A4),
then Xeq = Spm(A/9T) where D1 is the nilradical of A.

Every regular map ¥ — X from a reduced scheme Y to X factors uniquely through the
inclusion map i: X;.q — X. In particular,

Xrea(R) >~ X(R) (193)

if R is a reduced k-algebra, for example, a field.

More generally, every locally closed subset Y of | X| carries a unique structure of a
reduced subscheme of X ; we write Y;eq for Y equipped this structure.

Passage to the associated reduced scheme does not commute with extension of the base
field. For example, an algebraic scheme X over k may be reduced without Xa being
reduced.

d. Algebraic schemes as functors

A.26. Recall that Algy, is the category of finitely generated k-algebras. For a k-algebra A,
let 14 denote the functor R ~> Hom(4, R) from k-algebras to sets. A functor F:Alg x — Set
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is said to be representable if it is isomorphic to 14 for some k-algebra A. A pair (4,a),
a € F(A), is said to represent F if the natural transformation

Ta:h* > F, (T)r(f) = F(f)(a),

is an isomorphism. This means that, for each x € F(R), there is a unique homomorphism
A — R such that F(A) — F(R) sends a to x. The element « is said to be universal. For
example, (A,idy) represents 14. If (A,a) and (A’,a’) both represent F, then there is a
unique isomorphism A — A’ sending a to a’.

A.27. (Yoneda lemma) Let B be a k-algebra and let F be a functor Alg; — Set. An
element x € F(B) defines a homomorphism

Hom(B, R) — F(R)

sending an f to the image of x under F( f). This homomorphism is natural in R, and so we
have a map of sets
F(B) — Nat(h®, F).

The Yoneda lemma says that this is a bijection, natural in both B and F. For F = h4, this
says that
Hom(A, B) ~ Nat(h®, h4).

In other words, the contravariant functor A4 ~> h“4 is fully faithful. Its essential image consists
of the representable functors.

A.28. Let hy denote the functor Hom(—, X) from algebraic schemes over k to sets. The
Yoneda lemma in this situation says that, for algebraic schemes X,V

Hom(X,Y) ~ Nat(hy,hy).

Let h}ff denote the functor R » X(R):Alg; — Set. Then h)‘a(ff = hx o Spm, and can be
regarded as the restriction of hy to affine algebraic schemes.

Let X and Y be algebraic schemes over k. Every natural transformation h'j(ff — h*;,ff
extends uniquely to a natural transformation hy — hy,

Nat(hy', hi") ~ Nat(hx, hy),

and so
Hom(X,Y) ~ Nat(hi', k3.

In other words, the functor X hf,‘(ﬁ is fully faithful. We shall also refer to this statement
as the Yoneda lemma. It allows us to identify an algebraic scheme over k with its “points-
functor” Alg; — Set.

Fix a family (7;);en of symbols indexed by the elements of N, and let Algg denote the
full subcategory of Alg,, of objects of the form k[Ty, ..., T,]/a for some n € N and ideal a in
k[Ty,...,T,]. The inclusion Algg < Algy, is an equivalence of categories, but the objects of
Algg form a set, and so the set-valued functors on Algg form a category. We call the objects
of Algg small k-algebras. We let X denote the functor Algg — Set defined by an algebraic
scheme. Then X ~> X is fully faithful. We shall also refer to this statement as the Yoneda
lemma.

Let F be a functor Algg — Set. If F is representable by an algebraic scheme X, then
X is uniquely determined up to a unique isomorphism, and X extends F to a functor
Alg; — Set.
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A.29. By a functor in this paragraph we mean a functor Algg — Set. A subfunctor U of
a functor X is open if, for all maps @:ht — X, the subfunctor ¢~ 1(U) of h4 is defined
by an open subscheme of Spm(A). A family (U;);ej of open subfunctors of X is an open
covering of X if each U; is open in X and X = |JU;(K) for every field K. A functor X
is local if, for all k-algebras R and all finite families (f;); of elements of A generating the
ideal A, the sequence of sets

X(R) —> 1‘[1, X(Rp) = ]_[i,j X(Ry, 1))

is exact.

Let Al denote the functor sending a k-algebra R to its underlying set. For a functor
U,let O(U) = Hom(U,A') — it is a k-algebra.! A functor U is affine if O(U) is finitely
generated and the canonical map U — h9W) is an isomorphism. A local functor admitting
a finite covering by open affines is representable by an algebraic scheme (i.e., it is of the
form X for an algebraic scheme X).

A.30. Let
P"(R) = {direct summands of rank 1 of R"*1}.

Then P” is a functor Alg,‘z — Set. One can show that the functor P” is local in the sense of
(A.29). Let H; be the hyperplane 7; = 0 in K"+, and let

P'(R)={L e P"(R)| L& H;g = R""'}.

The P/" form an open affine cover of P", and so P" is an algebraic scheme over k (A.29).
We denote it by P”. When K is a field, every K-subspace of K11 is a direct summand, and
so P"(K) consists of the lines through the origin in K" *1.

A.31. A morphism ¢: X — Y of functors is a monomorphism if ¢(R) is injective for all
R. A morphism ¢ is an open immersion if it is open and a monomorphism (DG I, §1, 3.6,
p10). Let : X — Y be a regular map of algebraic schemes. If X — Yisa monomorphism,
then it is injective (ibid. 5.1, p.24). If X is irreducible and X — Y is a monomorphism, then
there exists a dense open subset U of X such that ¢|U is an immersion.

A.32. Let R be a k-algebra (finitely generated as always). An algebraic R-scheme is a
pair (X, ¢) consisting of an algebraic k-scheme X and a morphism ¢: X — Spm(R). For
example, if f: R — R’ is a finitely generated R-algebra, then Spm( f): Spm(R’) — Spm(R)
is an algebraic R-scheme. The algebraic R-schemes form a category in an obvious way.
Moreover, the Yoneda lemma still holds: for an algebraic R-scheme X, let iy denote the
functor sending a small R-algebra R’ to Homg (Spm(R’), X); then X ~> hy is fully faithful.

ASIDE A.33. Originally algebraic geometers considered algebraic varieties X over algebraically
closed fields k. Here it sufficed to consider the set X (k) of k-points. Later algebraic geometers
considered algebraic varieties X over arbitrary fields k. Here X (k) doesn’t tell you much about X (it
is often empty), and so people worked with X (K) where K is some (large) algebraically closed field
containing k. For algebraic schemes, even X(K) is inadequate because it doesn’t detect nilpotents.
This suggests that we consider X (R) for all k-algebras, i.e., we consider the functor X: R »> X(R)
defined by X. This certainly determines X but leads to set-theoretic difficulties — putting a condition
on X involves quantifying over a proper class, and, in general, the natural transformations from one
functor on k-algebras to a second functor form a proper class. These difficulties vanish when we
consider the functor of small k-algebras defined by X. From our point-of-view, an algebraic scheme
over k is determined by the functor it defines on small k-algebras, and it defines a functor on all
k-algebras.

'Here it is important that we consider functors on Algz (not Algy,) in order to know that O(U) is a set.
2This is the definition of a scheme in DG I, §1, 3.11, p.12.
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e. Fibred products of algebraic schemes

A.34. Letp: X — Z and ¥: Y — Z be regular maps of algebraic schemes over k. Then
the functor

R w> X(R) % z(r) Y(R) = {(x.y) € X(R) x Y(R) | ¢(x) = ¥ ()}

is representable by an algebraic scheme X xz Y over k, and X xz Y is the fibred product
of (¢, V) in the category of algebraic k-schemes, i.e., the diagram

XxzY —— Y

| [

x % 7

is cartesian. For example, if R — A and R — B are homomorphisms of k-algebras, then
A ®pr B is a finitely generated k-algebra, and

Spm(A) Xspm(r) Spm(B) = Spm(A4A QR B).

When ¢ and ¢ are the structure maps X — Spm(k) and ¥ — Spm(k), the fibred product
becomes the product, denoted X x Y, and

Hom(7, X xY) ~ Hom(7, X) x Hom(7,Y).

The diagonal map Ay : X — X x X is the regular map whose composites with the projection
maps equal the identity map of X .

The fibre ¢ 1 (x) over x of a regular map ¢:Y — X of algebraic schemes is defined to
be the fibred product:

Y «+— Y xx xdéf(p_l(x)

o
X +— x=Spm(k(x)).

Thus, it is an algebraic scheme over the field k (x), which need not be reduced even if both
X and Y are reduced.

A.35. For a pair of regular maps ¢1,¢2: X — Y, the functor
R v {x € X(R) | 1(x) = ¢2(x)}

is represented by the fibred product.The subscheme X xyxy X of X is called the equalizer
Eq(@1,¢2) of ¢1 and @,. Its underlying set is {x € X | ¢1(x) = ¢2(x)}.

A.36. The intersection of two closed subschemes Z; and Z, of an algebraic scheme
X is defined to be Z| xx Z, regarded as a closed subscheme of X with underlying set
|Z1| N |Z3]|. For example, if X = Spm(A4), Z1 = Spm(A/ay), and Z; = Spm(A4/a,), then
Z1N Zy =Spm(A/ay + az). This definition extends in an obvious way to finite, or even
infinite, sets of closed subschemes. Because X has the descending chain condition on closed
subschemes (A.19), every infinite intersection is equal to a finite intersection.
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f. Algebraic varieties

A.37. An algebraic scheme X over k is said to be separated if it satisfies the following
equivalent conditions:

(a) the diagonal in X x X is closed (so Ay is a closed immersion);

(b) for every pair of regular maps ¢1,p2:Y — X, the subset of |Y | on which ¢; and ¢,
agree is closed (so Eq(g1,¢2) is a closed subscheme of Y');

(c) for every pair of open affine subsets U, U’ in X, the intersection U N U’ is an open
affine subset of X, and the map

f®g= flunv-glunu:Ox(U)®Ox (U) — Ox(UNU)
is surjective.

A.38. Anaffine k-algebra® is a k-algebra A such that k' ® A is reduced. If A4 is an affine
k-algebra and B is a reduced ring containing k, then A ® B is reduced; in particular A ® K
is reduced for every field K containing k. The tensor product of two affine k-algebras is
affine. When k is a perfect field, every reduced k-algebra is affine.

A.39. An algebraic scheme X is said to be geometrically reduced if X;a is reduced.
For example, Spm(A) is geometrically reduced if and only if A is an affine k-algebra. If
X is geometrically reduced, then X is reduced for every field K containing k. If X is
geometrically reduced and Y is reduced (resp. geometrically reduced), then X x Y is reduced
(resp. geometrically reduced). If k is perfect, then every reduced algebraic scheme over k is
geometrically reduced. These statements all follow from the affine case (A.38).

A.40. Analgebraic variety over k is an algebraic scheme over k that is both separated and
geometrically reduced. Algebraic varieties remain algebraic varieties under extension of
the base field, and products of algebraic varieties are again algebraic varieties, but a fibred
product of algebraic varieties need not be an algebraic variety. Consider, for example,

Al «—— Alx,i {a}= Spm(k[T]/(T? —a))

A« fa).

This is one reason for working with algebraic schemes.

g. The dimension of an algebraic scheme

A.41. Let A be a noetherian ring (not necessarily a k-algebra). The height of a prime ideal
p is the greatest length d of a chain of distinct prime ideals

pP=Pa O 2OP12Ppo-
Let p be minimal among the prime ideals containing an ideal (ay,...,dm); then

height(p) < m.

3Sometimes an affine k-algebra is defined to be a reduced finitely generated k-algebra because these are
exactly the ring of functions on an algebraic subset of k” (e.g., Eisenbud 1995, p.35). However, this class of
rings is not closed under the formation of tensor products or extension of the base field.
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Conversely, if height(p) = m, then there exist ay,...,a, € p such that p is minimal among
the prime ideals containing (a1, ...,dm).

The (Krull) dimension of A is sup{height(p)} where p runs over the prime ideals of A
(or just the maximal ideals — the two are obviously the same). Clearly, the dimension of a
local ring with maximal ideal m is the height of m, and for a general noetherian ring A,

dim(A) = sup(dim(A4y,)).
Since all prime ideals of 4 contain the nilradical 91 of A, we have
dim(A4) = dim(A4/).

A.42. Let A be a finitely generated k-algebra, and assume that A /9% is an integral domain.
According to the Noether normalization theorem, A contains a polynomial ring k[t1,...,#]
such that A is a finitely generated k[t1,...,,]-module. We call r the transcendence degree
of A over k — it is equal to the transcendence degree of the field of fractions of A /91 over k.
The length of every maximal chain of distinct prime ideals in A is trdegy (A4). In particular,
every maximal ideal in A has height tr degy (A4), and so A has dimension tr degy (A4).

A.43. Let X be an irreducible algebraic scheme over k. The dimension of X is the length
of a maximal chain of irreducible closed subschemes

L =7Z4C--CZ1CZy.

It is equal to the Krull dimension of Oy  for every x € |X|, and to the Krull dimension of
Ox (U) for every open affine subset U of X. We have dim(X) = dim(Xeq), and if X is
reduced, then dim(X) is equal to the transcendence degree of k(X ) over k.

The dimension of a general algebraic scheme is defined to be the maximum dimension
of an irreducible component. When the irreducible components all have the same dimenions,
the scheme is said to be equidimensional.

A.44. Let X an irreducible algebraic variety. Then there exists a transcendence basis
t1,...,tq for k(X) over k such that k(X) is separable over k(¢1,...,t;) (such a basis is
called a separating transcendence basis, and k (X ) is said to be separably generated over k).
This means that X is birationally equivalent to a hypersurface f(71,...,T441),d =dimX,
such that 9f /9T, # 0. It follows that the points x in X such that k(x) is separable over
k form a dense subset of | X|. In particular, X (k) is dense in | X | when k is separably closed.

h. Tangent spaces; smooth points; regular points

A.45. Let A be a noetherian local ring with maximal ideal m (not necessarily a k-algebra).
Then the dimension of A is the height of m, and so (A.42),

dim A < minimum number of generators for m.

When equality holds, A is said to be regular. The Nakayama lemma shows that a set of
elements of m generates m if and only if it spans the k-vector space m/m?, where k = A/m.
Therefore

dim(A) < dimg (m/m?)

with equality if and only if A is regular. Every regular noetherian local ring is a unique
factorization domain; in particular, it is an integrally closed integral domain.
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A.46. Let X be an algebraic scheme over k. A point x € | X| is regular if Oy y is a regular
local ring. The scheme X is regular if every point of | X | is regular. A connected regular
algebraic scheme is integral (i.e., reduced and irreducible), but not necessarily geometrically
reduced.

A.47. Let k[g] be the k-algebra generated by an element & with €2 = 0, and let X be an
algebraic scheme over k. From the map ¢ — 0:k[e] — k, we get a map

X(k[e]) — X (k).

The fibre of this over a point x € X (k) is the tangent space Ty (X) of X at x. Thus Ty (X)
is defined for all x € | X| with k(x) = k. To give a tangent vector at x amounts to giving a
local homomorphism a: Oy, — k|[e] of k-algebras. Such a homomorphism can be written

a(f)=f(x)+Da(fle. [feOx. [f(x). Da(f)€k.

Then Dy, is a k-derivation O, — k, which induces a k-linear map m/m? — k. In this way,
we get canonical isomorphisms

Ty (X) = Derk (O)h k) = Homk—linear(m/mzs k) (194)
The formation of the tangent space commutes with extension of the base field:
Tx(Xpr) = Tx(X)g-

A.48. Let X be an irreducible algebraic scheme over k, and let x be a point on X such that
k(x) = k. Then
dim 7% (X) > dim X

with equality if and only if x is regular. This follows from (4.17).
A.49. Let X be aclosed subscheme of A", say
X =SpmA, A=k[T1,....Ty]/a, a=a=(f1,.... fr).

Consider the Jacobian matrix

o A ...
0ty 0t> oty
gﬁ
Jac(fi. fo,.. fr) =] " € My, (A).
o, o,
0ty aty

Let d = dim X. The singular locus X;n, of X is the closed subscheme of X defined by the
(n —d) x (n —d) minors of this matrix.
For example, if X is the hypersurface defined by a polynomial f(74,...,T441), then

o) o) 9
e =( 8 % 5L ) eMian,
and Xjing is the closed subscheme of X defined by the equations
af af
— =0,..., =0.
8T1 8Td+1

For a general algebraic scheme X over k, the singular locus X, is the closed sub-
scheme such that X, N U has this description for every open affine U of X and affine
embedding of U.

From its definition, one sees that the formation of the singular locus commutes with
extension of the base field.
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A.50. Let 2/ be the sheaf of differentials on an algebraic scheme X over k. Then £y
is locally free of rank dim(X) (exactly) over an open subset U of X. The complement of U
is X, sing-

A.51. Let X be an algebraic scheme over k. A point x of X is singular or nonsingular
according as x lies in the singular locus or not, and X is nonsingular (=smooth) or singular
according as Xi,e is empty or not. If x is such that « (x) = k, then x is nonsingular if and
only if it is regular. A smooth variety is regular, and a regular variety is smooth if k is perfect.

A.52. Let X be geometrically reduced and irreducible. Then X is birationally equivalent
to a hypersurface f(T1,...,Tg+1) =0 with df/0T;41 # 0 (see A37). It follows that the
singular locus of X is not the whole of X (A.49).

A.53. An algebraic scheme X over a field k is smooth if and only if, for all k-algebras R
and ideals / in R such that /2 = 0, the map X(R) — X(R/I) is surjective (DG 1, §4, 4.6,
p-111).

1. Galois descent for closed subschemes

A.54. Let £2 D k be an extension of fields, and let I" = Aut(£2/k). Assume that 27 = k.
This is true, for example, if §2 is a Galois extension of k. Then the functor V ~ 2 ®; V
from vector spaces over k to vector spaces over §2 equipped with a continuous action of I
is an equivalence of categories.

A.55. Let X be an algebraic scheme over a field k, and let X’ = X for some field
k' containing k. Let Y’ be a closed subscheme of X’. There exists at most one closed
subscheme Y of X such that Y3, = Y’ (as a subscheme of X”).

Let I' = Aut(k’/k), and assume that k' = k. Then Y’ arises from an algebraic
subscheme of X if and only if it is stable under the action of I" on X’. When X and Y’ are
affine, say, X = Spm(A) and Y’ = Spm(A//a), to say that Y’ is stable under the action of
I" means that a is stable under the action of I" on Ay & A®k’. More generally, it means
that the ideal defining Y’ in Oy~ is stable under the action of I" on Ox-.

Let k" = k*P. An algebraic subvariety Y’ of X' is stable under the action of I" on X" if
and only if the set Y/(k’) is stable under the action of I" on X (k’).

A.56. Let X and Y be algebraic schemes over k with Y separated, and let X’ = X and
Y’ = Y} for some field kK’ containing k. Let ¢": X’ — Y’ be a regular map. Because Y’
is separated, the graph Iy of ¢’ is closed in X x Y, and so we can apply (A.55) to it. We
deduce:

¢ There exists at most one regular map ¢: X — Y such that ¢’ = ¢p.

o LetI' = Aut(k’/k), and assume that k’" = k. Then ¢’: X’ — Y arises from a regular
map over k if and only if its graph is stable under the action of I on X’ x Y.

¢ Letk’ = k*P, and assume that X and Y are algebraic varieties. Then ¢’ arises from a
regular map over k if and only if the map

¢ (k"): X (k") - Y(K)

commutes with the actions of I on X(k’) and Y (k’).
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Jj- On the density of points

A.57. Let X be an algebraic scheme over a field k, and let &’ be a field containing k. We
say that X (k) is dense in X if the only closed subscheme Z of X such that Z (k') = X (k')
is X itself. In other words, X (k') is dense in X if, for Z a closed subscheme of X,

Z(k"y= X(k'y = Z = X (hence Z(R) = X(R) for all R).

A.58. If X(k’) is dense in X, then a regular map from X to a separated algebraic scheme is
determined by its action on X (k’). Indeed, let ¢1, ¢, be regular maps from X to a separated
scheme Z. If ¢; and ¢, agree on X (k’), then their equalizer E is a closed subscheme of X
with the property that E (k") = X(k’), and so E = X. This means that ¢; = ¢,.

A.59. If X(k’) is dense in X, then X is reduced. Indeed, X cq is a closed subscheme of X
such that X.q(k") = X(k').

A.60. Assume that X is geometrically reduced. Then X (k') is dense in X if the set X (k')
is dense in |Xy/|. Indeed, let Z be a closed subscheme of X such that Z(k') = X (k').
Because X (k') is dense in | Xj-|, we have that |Z/| = | Xj/| and, because X is reduced,
we have that Zy, = X}-. This implies that Z = X (A.55).

A.61. If X is geometrically reduced, then X (k%) is dense in X (see A.44).

SCHEMATICALLY DENSE SETS OF POINTS

Throughout, X is an algebraic scheme over a field k. Recall that we identify X (k) with the
set of x € | X| such that «(x) = k. For a section f of Oy over an open subset U of X and
an x € U, we write f(x) for the image of f in x(x).

DEFINITION A.62. Let S be a subset of X(k) C |X|. Then S is schematically dense* in
X if the family of homomorphisms

f = f(5):0x —>«(s), se€S,
is injective.
Concretely, the condition means that, for every open subset U of X, the family of maps
f e f(5):0U) = k(s) =k, seSNUK),

is injective. Clearly, this last condition is local: let X = | J; U; be an open covering of X; a
subset S of X (k) is schematically dense if and only if S N U; (k) is schematically dense in
U; for eachi.

EXAMPLE A.63. A subset S of A!(k) = k is schematically dense if and only if it is infinite
(because a nonzero polynomial f(7') has only finitely many roots).

PROPOSITION A.64. Let S be a schematically dense subset of X (k).

(a) If Z is a closed subscheme of X such that Z(k) contains S, then Z = X ; in particular,
X is reduced.

4This says that the family of subschemes s C X, s € S, is schematically dense in the sense of EGA 1V,
11.10.2.
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(b) Ifu,v: X =Y is a pair of regular maps from X to a separated algebraic scheme Y
over k such thatu(s) = v(s) foralls € S, thenu = v.

PROOF. (a). Because Z is a closed subscheme of X, the canonical homomorphism Oy —
Oz is surjective. Because S C Z(k), the maps f — f(s):Ox — «(s), s € S, factor through
Oz, and so the map Oy — Oz is also injective. Hence Z = X. In particular, Xeq = X,
and so X is reduced.

(b) Because Y is separated, the equalizer E of u and v is a closed subscheme of X. The
condition u(s) = v(s) for s € S implies that E(k) D S, and so |E| = |X|. As X is reduced,
this implies that £ = X. o

PROPOSITION A.65. A subset S of X (k) is schematically dense if and only if X is reduced
and S is dense in | X |.

PROOF. =: Let Z denote the (unique) reduced closed subscheme of X such that |Z] is the
closure of S. Then Z = X by (A.64a), and so X is reduced and | Z| = | X|.

<: Let U be an open affine in X, and let A = Ox (U). Let f € A be such that f(s) =0
forall s € SN|U|. Then f(u) =0 for all u € |U| because S N |U| is dense in |U|. This
means that f lies in all maximal ideals of A, and therefore lies in the radical of A, which is
zero because X is reduced. O

PROPOSITION A.66. A schematically dense subset remains schematically dense under
extension of the base field.

PROOF. Let k’ be a field containing k, and use a prime to denote base change k — k’.
For x € X(k), the map Oy — k(x’) is obtained from Ox — k(x) by tensoring with k’.
Therefore, the family obtained by letting x run over schematically dense subset S of X (k) is
injective (because k — k’ is flat). o

COROLLARY A.67. If X admits a schematically dense subset S C X(k), then it is geomet-
rically reduced.

PROOF. The set S remains schematically dense in X (k®'), and so Xja is reduced. o

k. Schematically dominant maps

A.68. The image of a regular map ¥ — X of algebraic schemes is constructible; therefore
it contains a dense open subset of its closure. The image of a dominant map ¥ — X of
algebraic schemes contains a dense open subset of X.

A.69. A regular map ¢:Y — X of algebraic schemes is said to be dominant if ¢(|Y|) is
dense in | X |, and schematically dominant if the canonical map Ox — ¢« Oy is injective.
Similarly, a family ¢;:Y; — X, i € I, of regular maps is schematically dominant if the
family of homomorphisms Ox — ¢;«(Oy; ) is injective.

For example, a subset S of X (k) is schematically dense in X if and only if the family
of maps s — X, s € S, is schematically dominant. The statements (A.64—A.67) and their
proofs extend without difficulty to the situation of (A.69).
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A.70. If the family of maps ¢;:Y; — X, i € I, is schematically dominant, then (J; ¢; (|Y;|)

is dense in | X |; conversely if this union is dense in | X | and X is reduced, then the family
(i) is schematically dominant. A schematically dominant family of regular maps remains
schematically dominant under extension of the base field. If the family ¢;:Y; — X is
schematically dominant, and the Y; are geometrically reduced, then so also is X.

I Separated maps; affine maps

A.71. For aregular map ¢: X — § of algebraic schemes over k, the subscheme Ay g of
X X X is defined to be the equalizer of the two projection maps Ay = S. The map ¢ is
said to be separated if Ay g is a closed subscheme of X xg X. For example, let X be an
algebraic scheme over k; then Ay spmk) = Ax, and so the structure map X — Spm(k) is
separated if and only if X is separated.

A.72. A regular map ¢: X — S is separated if there exists an open covering S = | J S; of
S such that ¢~ 1(S;) 2, S; is separated for all i.

A.73. Aregular map ¢: X — S is separated if X and S are separated. (As X is separated,
the diagonal Ay in X x X is closed; as S is separated, the equalizer of the projections
Ax = § is closed).

A.74. A regular map ¢: X — S is said to be affine if, for all open affines U in S, ¢~ 1(U)
is an open affine in X.

A.75. Every affine map is separated. (A map of affines is separated (A.73), and so this
follows from (A.72).)

m. Finite schemes

A.76. A k-algebra is finite if and only if it has Krull dimension zero, i.e., every prime ideal
is maximal.

A.77. Let A be a finite k-algebra. For any finite set S of maximal ideals in A4, the Chinese
remainder theorem shows that the map A — [, cg A/m is surjective with kernel (),,c g m.
In particular, |S| < [A4:k], and so A has only finitely many maximal ideals. If S is the set
of all maximal ideals in A4, then (7),,c g m is the nilradical T of 4 (A.76), and so A/ is a
finite product of fields.

A.78. An algebraic scheme X over k is finite if it satisfies the following equivalent condi-
tions:

o X is affine and Oy (X) is a finite k-algebra;
¢ X has dimension zero;

¢ | X] is finite and discrete.
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n. Finite algebraic varieties (étale schemes)

A.79. A k-algebra A is diagonalizable if it is isomorphic to the product algebra k" for
some n € N, and it is étale if k' ® A is diagonalizable for some field &’ containing k. In
particular, an étale k-algebra is finite.

A.80. The following conditions on a finite k-algebra A are equivalent:
(a) A is étale;
(b) A is a product of separable field extensions of k;
(c) k' ® A is reduced for all fields k” containing k (i.e., 4 is an affine k-algebra);
(d) k%P ® A is diagonalizable.

A.81. Finite products, tensor products, and quotients of diagonalizable (resp. étale) k-
algebras are diagonalizable (resp. étale). The composite of any finite set of étale subalgebras
of a k-algebra is étale. If A is étale over k, then k' ® A is étale over k' for every field k’
containing k.

A.82. Let A be an étale k-algebra. Then Spm(A) is an algebraic variety over k of dimen-
sion zero, and every algebraic variety of dimension zero is of this form.

A.83. Let k*°P be a separable closure of k, and let I" = Gal(k*°P/ k). We say that a I"-set
S is discrete if the action I" x .S — S is continuous relative to the Krull topology on I" and
the discrete topology on S. If X is a zero-dimensional variety over k, then X (k*°P) is a finite

discrete I -set, and the functor
X ~» X(k5P)

is an equivalence from the category of zero-dimensional algebraic varieties over k to the
category of finite discrete I”-sets.

0. The algebraic variety of connected components of an algebraic
scheme

A.84. Let X be an algebraic scheme over k. Among the regular maps from X to a zero-
dimensional algebraic variety there is one X — mo(X) that is universal. The fibres of the
map X — mo(X) are the connected components of X. The map X — mo(X) commutes
with extension of the base field, and 7o (X X Y) >~ 7mo(X) x wo(Y). The variety 7o(X) is
called the variety of connected components of X .

p- Flat maps

A flat morphism is the algebraic analogue of a map whose fibres form a continuously varying family.
For example, a surjective morphism of smooth varieties is flat if and only if all fibres have the
same dimension. A finite morphism to a reduced algebraic scheme is flat if and only if, over every
connected component, all fibres have the same number of points (counting multiplicities). A flat
morphism of finite type of algebraic schemes is open, and surjective flat morphisms are epimorphisms
in a very strong sense.
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A.85. A homomorphism A — B of rings is flat if the functor M ~> B ® 4 M of A-modules
is exact. It is faithfully flat if, in addition,

B@uM=0=— M =0.

(a) If f:A— Bisflat, thensoalsois S~! £: 714 — S~! B for all multiplicative subsets
S of A.

(b) A homomorphism f: A — B is flatif and only if A¢—1(,) — B, is flat for all maximal
ideals nin B.

(c) Let A — A’ be a homomorphism of rings. If A — B is flat (resp. faithfully flat), then
A" — A’ ® B is flat (resp. faithfully flat).

(d) Faithfully flat homomorphisms are injective.

A.86. A regular map ¢:Y — X of algebraic schemes over k is said to be flat if, for all
y €|Y|, the map Oy 4y — Oy, is flat. A flat map ¢ is said to be faithfully flat if it is flat
and || is surjective. For example, the map Spm(B) — Spm(A) defined by a homomorphism
of k-algebras A — B is flat (resp. faithfully flat) if and only if A — B is flat (resp. faithfully
flat).

A.87. Aflat map ¢:Y — X of algebraic schemes is open, and hence universally open.

A.88 (GENERIC FLATNESS). Let ¢:Y — X be a regular map of algebraic schemes. If X

is integral, there exists a dense open subset U of X such that ¢~ (U) L Uis faithfully
flat.

A.89. Let ¢:Y — X be a regular map of algebraic schemes. If p;:Y xy Y — Y is
faithfully flat, then so also is ¢ (DG III, §1, 2.10, 2.11).

qg. Flat descent

A.90. Let ¢:Y — X be aregular map, and let X’ — X be faithfully flat. If ¢": Y xx X' —
X' is affine (resp. finite, flat, smooth), then g is affine (resp. finite, flat, smooth).

A.91. Let f: A — B be faithfully flat. Then the sequence

S eo—eq

0—>A—B — B®yB

is exact, where eog(b) = 1 ® b and e1(b) = b ® 1. On tensoring this sequence with M, we
get an exact sequence
0—-M-—>M®4B— M®c,4B%>

A.92. Let f: A — B be afaithfully flat homomorphism, and let M be an A-module. Write
M’ for the B-module fxM = B ®4 M. The module egxM’' = (B ®4 B) ®p M’ may be
identified with B ® 4 M’ where B ® 4 B acts by (b1 ® b2)(b @ m) = b1b ® bom, and ey, M’
may be identified with M’ ® 4 B where B ®4 B acts by (b1 ® by)(m ® b) = bym ® byb.
There is a canonical isomorphism ¢: ey« M’ — eg, M’ arising from

e1xM' = (e1 f)xM = (e f)+M = eoxM';
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explicitly it is the map

M’®AB — B®AM/
bmb — bRMB' ®m), meM.

Moreover, M can be recovered from the pair (M’, ¢) because
M=imeM |1@m=¢p(m®1)}

according to (A.91).
Conversely, every pair (M’, ¢) satisfying certain conditions does arise in this way from
an A-module. Given ¢: M’ ®4 B — B ®4 M’ define

$1:BR4M' ®4B—>BR4BR4 M,
¢$2:M' ®4BR4B—>BR4 B4 M,
¢3ZM/®AB®AB—>B®AM/®AB

by tensoring ¢ with idp in the first, second, and third positions respectively. Then a pair
(M’,¢) arises from an A-module M as above if and only if ¢ = ¢1¢3. The necessity is
easy to check. For the sufficiency, define

M={imeM |1@m=¢p(mR1)}.

There is a canonical map b @ m + bm: B ® 4 M — M’, and it suffices to show that this is
an isomorphism (and that the map arising from M is ¢). Consider the diagram

a®1
M @B ——=3B4M Q4B

B®1
J¢ J¢1
eo®1
B/sM ——=3 BB M’
e1®1

in which a(m) = 1 ® m and f(m) = ¢(m ® 1). As the diagram commutes with either the
upper or the lower horizontal maps (for the lower maps, this uses the relation ¢, = ¢1¢3),
¢ induces an isomorphism on the kernels. But, by definition of M, the kernel of the pair
(x®1,®1)is M ®4 B, and, according to (A.91), the kernel of the pair (eg ® 1,1 ® 1) is
M’. This essentially completes the proof.

r. Finite maps and quasi-finite maps

A.93. A regular map ¢:Y — X of algebraic schemes over k& is finite if, for every open
affine U C X, ¢~ ! (U) is affine and Oy (¢~ 1 (U)) is a finite Ox (U )-algebra. For example,
the map Spm(B) — Spm(A) defined by a homomorphism of k-algebras A — B is finite if
and only if A — B is finite.

A.94. Aregularmap ¢:Y — X of algebraic schemes over k is quasi-finite if, for all x € X,
the fibre 1 (x) is a finite scheme over k (x) . We let deg, (¢) = dimy (O(p—1(x)((p_1 (x)). A
finite map ¢:Y — X is quasi-finite. For example, if ¢ is the map of affine algebraic schemes
defined by a homomorphism A — B, then deg, (¢) = dimg (B ®4 A/my).
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A.95. Aregular map ¢:Y — X of algebraic schemes with X integral is flat if and only if
deg, (¢) is independent of x € X.

A.96. Let p:Y — X be a finite map of integral schemes. The degree of ¢ is the degree
of k(Y) over k(X), and the separable degree of ¢ is the degree of the greatest separable
subextension of k(Y') over k(X).

(a) Forallx € X,
deg, (¢) < deg(¢p),

and the points x for which equality holds form a dense open subset of X .

(b) Assume that k is algebraically closed. For all x € X,
#]o ™! (x)| < sep deg().
and the points x for which equality holds form a dense open subset of X .
A.97. (Zariski’s main theorem). Every separated map ¢:Y — X factors into the composite
y Sy x
of an open immersion ¢ and a finite map ¢’.
A.98. Let ¢:Y — X be a quasi-finite map of integral algebraic schemes. If ¢ is birational
(i.e., of degree 1) and X is normal, then ¢ is an open immersion.
s. The fibres of regular maps
A.99. Let ¢:Y — X be a dominant map of integral schemes. Let P € ¢(X). Then
dim(¢~1(P)) > dim(Y) — dim(X).

The image of ¢ contains a dense open subset U of X, and U may be chosen so that equality
holds for all P € U. Equality holds for all P if ¢ is flat.

A.100. Let ¢:Y — X be a dominant map of integral schemes. Let S be an irreducible
closed subset of X, and let T be an irreducible component of ¢~ 1(S) such that ¢(7T) is
dense in S. Then

dim(7") > dim(S) +dim(Y') —dim(X).
There exists a dense open subset U of ¥ such that ¢(U) is open, U = ¢~ (p(U)), and
v-2s o(U) is flat. If S meets ¢(U) and T meets U, then

dim(7) = dim(S) 4 dim(Y) — dim(X).

A.101. A surjective morphism of smooth algebraic k-schemes is flat (hence faithfully flat)
if its fibres all have the same dimension.
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t. Etale maps

A.102. Let ¢:Y — X be a map of algebraic schemes over k, and let y be a nonsingular
point of Y such that x < ¢(y) is nonsingular. We say that ¢ is étale at y if (d¢)y:Ty(Y) —
Tx(X) is bijective. When X and Y are nonsingular varieties, we say that ¢ is étale if it is
étale at all points of Y.

A.103. If ¢ is étale at a point, then it is étale in an open neighbourhood of the point.

A.104. Let x be a point on an algebraic variety of dimension d. A local system of
parameters at x is a family { f1,..., fz} of germs of functions at x generating the maximal
ideal my in Oy. Given such a system, there exists a nonsingular open neighbourhood U of
x and representatives (fl,U),...,(fd,U) of fi1,..., f4 such that (ﬂ,...,fd):U — A ig
étale.

A.105. An étale neighbourhood of a point x on a nonsingular variety X is a pair (¢:U —
X,u) with ¢ an étale map from a nonsingular variety U to X and u a point of U such that

o(u) = x.

A.106. (Inverse function theorem). Let ¢: Y — X be a regular map of nonsingular varieties.
If ¢ is étale at a point y of Y, then there exists an open neighbourhood V' of y such that
(V,y) is an étale neighbourhood of x.

u. Smooth maps

A.107. Aregular map ¢:Y — X of algebraic schemes is said to be smooth if it is flat and
the fibres ¢ ~!(x) are smooth for all x € X. Equivalently, a regular map ¢ is smooth if and

only if, locally, it factors into
étale

Y — Ay — X.
A dominant map ¢:Y — X of smooth algebraic varieties is smooth if and only if (d¢)y: Ty (Y) —
Ty(x)(X) is surjective forall y € Y.

A.108. (Rank theorem) Let ¢p: Y — X be a regular map of irreducible algebraic schemes

of dimensions n and m respectively. Let Q be a nonsingular point of Y such that P 4 00
is nonsingular. If (d@)g:To(Y) — Tp(X) is surjective, then there exists a commutative
diagram

elUo

(Ug, Q) > (Up, P)

létale l/étale

(A" 0) (xl,...,xn)r—>(x1,...,xm)> (A™ o)

in which (Ug, Q) and (Up, P) are open neighbourhoods of Q and P and étale neighbour-
hoods of the origin A” and A™.

A.109. A dominant map ¢:Y — X of integral algebraic schemes is separable if k(Y) is a
separably generated field extension of k(X).

A.110. Let ¢:Y — X be a dominant map of integral algebraic schemes.



v. Complete algebraic schemes 511

(a) If there exists a nonsingular point Q € Y such that ¢(Q) is nonsingular and (d¢) is
surjective, then ¢ is separable.

(a) If ¢ is separable, then the set of points Q € Y satisfying the condition in (a) is a dense
open subset of W.

A.111. The pull-back of a separable map of irreducible algebraic varieties is separable.

A.112. Let Z; and Z; be closed subschemes of an algebraic scheme X. Then Z; N Z, =

Z1 xx Z> is a closed algebraic subscheme of X. If X, Z1, and Z, are algebraic varieties,
then Z| N Z, is an algebraic variety if Tp(Z1) and Tp(Z;) cross transversally (in 7p (X))
for all P in an open subset of X.

v. Complete algebraic schemes

A.113. An algebraic scheme X is said to be complete if it is separated and if, for all
algebraic schemes T, the projection map g: X x T — T is closed. (It suffices to check this
with T = A"))
A.114. (a) Closed subschemes of complete schemes are complete.
(b) An algebraic scheme is complete if and only if its irreducible components are complete.
(c) Products of complete schemes are complete.

(d) Let p: X — S be a regular map of algebraic varieties. If X is complete, then ¢(X) is
a complete closed subvariety of S. In particular,

i) if ¢: X — S is dominant and X is complete, then ¢ is surjective and S is
complete;

i1) complete subvarieties of algebraic varieties are closed.

(e) A regular map X — P! from a complete connected algebraic variety X is either
constant or surjective.

(f) The only regular functions on a complete connected algebraic variety are the constant
functions.

(g) The image of a regular map from a complete connected algebraic scheme to an affine
algebraic scheme is a point. The only complete affine algebraic schemes are the finite
schemes.

A.115. Projective algebraic schemes are complete.

A.116. Every quasi-finite map ¥ — X with ¥ complete is finite.

w.  Proper maps

A.117. A regular map ¢: X — S of algebraic schemes is proper if it is separated and
universally closed (i.e., for all regular maps 7" — S, the projection map g: X xg T — T is
closed).

A.118. A finite map is proper.
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A.119. An algebraic scheme X is complete if and only if the map X — Spm(k) is proper.
The base change of a proper map is proper. In particular, if 7: X — S is proper, then 71 (P)
is a complete subscheme of X forall P € S.

A.120. If X — S is proper and S is complete, then X is complete.
A.121. The inverse image of a complete algebraic scheme under a proper map is complete.

A.122. Let ¢: X — S be a proper map. The image ¢Z of any complete algebraic sub-
scheme Z of X is a complete algebraic subscheme of S.

A.123. Let A= EBdZo Ag be a graded ring such that
(a) as an Ap-algebra, A is generated by A;, and
(b) forevery d >0, Ay is finitely generated as an Ag-module.
A map 7:Proj(A) — Spm(Ayp) is defined (to be added).

A.124. The map 7:proj(A) — spm(Ayp) is closed.

x. Algebraic schemes as flat sheaves (will be moved to Chapter V)

y. Restriction of the base field (Weil restriction of scalars)

Let A be a finite k-algebra. A functor F' from A-algebras to sets defines a functor
(F)a/k:Algy — Set, R~ F(A® R).

If F is representable, is (F') 4/ also representable?

A.125. If F:Alg4y — Set is represented by a finitely generated A-algebra, then (F) 4y is
represented by a finitely generated k -algebra.

PROOF. Let
A=ke1®---Dkey, e €A.

Consider first the case that F' = A", so that F(R) = R” for all A-algebras R. For a
k-algebra R,
REAQR~ Re; ®---&® Rey,

and so there is a bijection

(@i)1<i<n > (bij) 1<i<n : R™ — R
1</=d

which sends (a;) to the family (b;;) defined by the equations
ai =Y 9 bijej. i=1...n. (195)

The bijection is natural in R, and shows that (F)4/x ~ A" (the isomorphism depends only
on the choice of the basis eq,...,ey).

If F is represented by a finitely generated A-algebra, then F is a closed subfunctor of
A" for some n. Therefore (F) 4, is a closed subfunctor of (A") 4, ~ A9 (1.80), and so
(F)a/k is represented by a quotient of k[T, ..., Tg,] (1.76).
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Alternatively, suppose that F is the subfunctor of A” defined by a polynomial f(X1,..., X»)
in A[X1,..., Xy,]. On substituting

Xi = Y9_  Yije;
into f, we obtain a polynomial g(Y11,Y12,..., Y,q) with the property that
flai,....an) =0 <= g(b11.b12.....bpa) =0

when the as and bs are related by (195). The polynomial g has coefficients in 4, but we can
write it (uniquely) as a sum

g=gie1+-+ggeq. g €k[Y11.Y12,....Ys4l
Clearly,
g(bll,blz,---»bnd)=0 — gi(bll’blz,---,bnd)=Of0ri = 1,...,d,

and so (F') 4, is isomorphic to the subfunctor of A" defined by the polynomials g1,...,g4.
This argument extends in an obvious way to the case that F is the subfunctor of A” defined
by a finite set of polynomials. O

A.126. Let X be an algebraic scheme over A such that every finite subset of | X| is
contained in an open affine subscheme (e.g., X quasi-projective). Then (X)4,j is an
algebraic scheme over k.

PROOF. We use two obvious facts: (a) if U is an open subfunctor of F, then (U)4, is an
open subfunctor of (F),/x; (b) if F is local (see A.29), then (F)4/k is local. Let U be
an open affine subscheme of X. Then (U)4,« is an open subfunctor of (X )4/« and it is
an affine scheme over k by (A.125. It remains to show that a finite number of the functors
(U)ayk cover (X)4/k (A.29).

Letd =[A:k], and let | X |d be the topological product of d copies | X |. By assumption,
the sets U4 with U open affine in | X| cover |X |d. As | X |d is quasi-compact, a finite
collection Uy, ..., U, cover |X|d.

Let U be the union of the subfunctors (U;)4,/x of (X)4/. It is an open subfunctor
of (X)4/k»>and so if U # (X )4/, then U(K) # (X) 4,k (K) for some field K containing
k. A point Q € (X)4/k (K) is an A-morphism Spm(4 ® K) — X. The image of | Q] is
contained in a subset of | X | with at most d elements, and so Q factors through some Uj.
Therefore (X)4/x = J(Ui)a/k- 0






APPENDIX B

Dictionary

We explain the relation between the language used in this work and in some other standard
works.

a. Demazure and Gabriel 1970

They work more generally, so let k be a ring. DG define a scheme X over k to be a functor
that is representable by a scheme over k in the sense of EGA. Thus, attached to every
DG-scheme X there is a locally ringed space | X | = (|X|°,O,x|). They often write X for
| X |, which is sometimes confusing. For example, the statement (DG 1, §1, 5.3, p.24),

If f:X — Y is a monomorphism of schemes, f is injective.

means the following. Here X and Y are functors representable by EGA-schemes and f is a
monomorphism in the category of functors (equivalently, f(R) is injective for all R). By f
being injective, they mean that the morphism | f'|:|X| — |Y | of schemes is injective, i.e.,
that the map | f|°:|X |¢ — |Y|® on the underlying topological spaces is injective. Thus the
statement means:

Let f: X — Y be a morphism of schemes; if f(R) is injective for all (small)
k-algebras R, then | f]¢:|X|¢ — |Y | is injective.

Their notions of an algebraic scheme and an algebraic group over a field k agree with our
notions except that, whereas we regard them as EGA-schemes first and as functors second,
they do the opposite. Unlike us, they don’t ignore the nonclosed points.

One problem they face is that the set-valued functors on the category of k-algebras (k a
ring) is not a category because the morphisms from one object to a second do not generally
form a set. To get around this problem, they fix two universes U and V such that N € U
and U € V. A ring whose underlying set lies in U is called a “model”. Let k be a model.
A k-model is defined to be a k-algebra whose underlying set lies U. The k-models form
a category My, and the functors from My to Set form a category ME;. When k = Z, it is
omitted from the notation.

We avoid assuming the existence of universes by working with functors on Algg, which
is a small category.

b. Borel 1969/1991; Springer 1981/1998

Throughout Springer’s books, k is an algebraically closed field and F is a subfield of k
(Borel denotes the fields by K and k respectively).
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Springer’s notions of an algebraic variety over k and an algebraic group over k essentially
agree with our notions of an algebraic variety over k and a group variety over k. In other
words, an algebraic group over k in Springer’s book is a smooth algebraic group over k in
this work.

When a construction in the category of smooth algebraic group schemes over k takes
one outside the category of smooth objects, Springer replaces the nonsmooth object with its
reduced subobject. For example, for us x — x?:G, — G, is a homomorphism of degree p
with nontrivial kernel o, ; for Springer, it is a homomorphism of degree p with trivial kernel.

For Springer, an F-variety is an algebraic variety X over k together with an “F-
structure”. This is an open affine covering U of X together with, for each U € U, an
F -structure on the k-algebra Oy (U), satisfying certain conditions. The notion of an F-
variety essentially agrees with our notion of a variety over F. However, there are important
differences in terminology. For Springer, a morphism ¢: X — Y of F-varieties is not re-
quired to preserve the F-structures, i.e., it is a morphism of k-varieties. If it is preserves
the F-structures, then it is called an F-morphism and is said to be defined over F. For
Springer, the kernel of an F'-homomorphism ¢: G — H is an algebraic group (i.e., smooth
group subscheme) of G, i.e., it is an algebraic group over k. It may, or may not, admit an
F -structure. (From our perspective, ¢ is a homomorphism of group varieties G and H over
F; Springer’s kernel is Ker(¢y),,; this may, or may not, arise from a subgroup variety of
G — the problem is that Ker(¢).q may fail to be a group variety. Cf. the statement Borel
(1991, p.98) that the kernel of an F-homomorphism of F-groups is defined over F if the
homomorphism is separable).

The terminology of Borel, and much of the literature on linear algebraic groups, agrees
with that of Springer.

As noted earlier, a statement here may be stronger than a statement in Borel 1991
or Springer 1998 even when the two are word for word the same. Worse, a statement
loc. cit. may become false when interpreted in the language of modern (i.e., post 1960)
algebraic geometry. Here are two: the kernel of SL, — PGL,, is trivial in characteristic p;
every nonzero F-torus admits a homorphism to G, (when read in the language of modern
algebraic geometry, this is false unless F is separably closed).

In fact, much of Springer 1998 adapts easily to the scheme-theoretic situation. For
example, given an group variety G over a field k, he typically defines a subgroup H of
G by describing its group of k*-points in G (k') and then proving (in good cases) that H
is defined over k. We define H as an algebraic subgroup of G (over k) by describing its
R-points for all small k-algebras R, and then adapt his arguments to show that H is smooth.
See, for example, the definition of P (1) (p. 364).

c. Waterhouse 1979

Let k be an infinite field. Waterhouse (1979), p.29 defines an affine algebraic group to be an
algebraic group scheme G such that G (k) is dense in G and G (k) is a closed subset of k"
for some n. He defines a matrix group to be an algebraic group scheme G such that G(k) is
dense in G and G (k) is a closed subgroup of SL;, (k) for some n.
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Solutions to the exercises

22-2 We may assume that k is algebraically closed.

(a) Let G be a connected algebraic group scheme, and let N be the kernel of the
adjoint representation of G on Lie(G). According to (15.25) N/Z(G) is unipotent. Hence
N = Ny xZ(G) (17.37). If G is reductive, it follows that N = Z(G).

(b) Let G be a reductive group and let G’ = G/Z(G). There is an exact sequence of Lie
algebras:

0 — Lie(Z(G)) — Lie(G) — Lie(G7).

The subspace Lie(Z(G)) is stable under the adjoint action of G on Lie(G), and G acts
trivially on it. Let N be the kernel of the action of G on Lie(G’). Then N is a normal
subgroup of G, and N/Z(G) maps injectively into the group of automorphisms « of Lie(G)
with the property that (1 —«)(Lie(G)) is contained in Lie(Z(G)). Therefore N/ Z(G) is
unipotent, hence trivial. This implies that the kernel of the adjoint action of G’ on Lie(G’) is
trivial, and so Z(G’) = 1. See also 16.46.

15-1 Because of the uniqueness, we may suppose that k is separably closed. It suffices to
show that G contains a maximal unipotent normal algebraic subgroup (8.35). For this we
use Zorn’s lemma. Let

UpcUycUsC-- (196)

be a chain of unipotent normal algebraic subgroups of G. Let H be the intersection of all
algebraic subgroups of G containing all U;, and let (V,r) be a representation of H. Then
W=, VUi is a nonempty subspace W. Let H' be the algebraic subgroup of H fixing W.
Then H’ contains all U; and so H' = H. Therefore H fixes W, and so it is unipotent. It is
also normal because it is obviously stable under inn(g) for all g € G(k), and we can apply
(1.61). Now H is an upper bound for the chain.

6-4 The simplest proof uses that the flat site has enough “points”. The means that there is
a family of functors sy from sheaves of groups to Grp with the property that a sequence
1 - A— B — C — 1 of sheaves is exact if and only if the sequences 1 — sy (4) —
Sx(B) — sx(C) — 1 are exact for all x. Now (6-4) follows from the usual extended snake
lemma.
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k(X), 237
k-algebra
affine, 499
small, 496
kernel, 28
Krull dimension, 500
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lattice, 434

partial, 434

root, 443

weight, 443
Lemma

Yoneda, 496
Lie subalgebra

separable, 245
linear action, 137, 148
linearly reductive, 241
local system of parameters,
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locally finite endomor-
phism, 169

locally nilpotent, 169

locally unipotent, 169

semisimple, 169
Luna map, 335

map
lives in, 171
proper, 511
regular, 492, 493
matrix group, 61
module
Dieudonné, 222
monomorphism, 83
Mor(X,Y), 32
morphism
of affine algebraic
schemes, 492
of algebraic schemes,
493
Verschiebung, 219
Hns 40

neighbourhood

étale, 510
nilpotent series, 129
nondegenerate, 148
norm

reduced, 478
normalizer, 33
normalizes, 89

object
monogenic, 175
0(G), 42,204
open subset
basic, 492
orbit, 142
order
of a finite algebraic
group, 42

Ox x, 493

part

semisimple, 170

unipotent, 170
perfect pairing, 434
plane

hyperbolic, 454
point

nonsingular, 502

regular, 501

singular, 502
primitive element, 261
product, 44

almost direct, 418

semidirect, 45

semidirect defined by

a map, 46

quadratic space
anisotropic, 452
isotropic, 452
nondegenerate, 452
regular, 452
singular, 452
totally isotropic, 452

quotient map, 82

quotient object, 175

radical, 135

geometric unipotent,

136

unipotent, 136
rank, 357

of a root system, 435
real algebraic envelope, 172
reduced

geometrically, 499
reductive group

split, 385
reflection, 433, 452

with vector «, 433
regular local ring, 242
regular map

affine, 505

dominant, 504

510

faithfully flat, 507

finite, 508

flat, 507

quasi-finite, 508

schematically domi-

nant, 504

separable, 510

separated, 505

smooth, 510

surjective, 493
regular system of parame-
ters, 242
Rep(G), 165
represent, 496
representable, 98, 496
representation
diagonalizable, 229
semisimple, 74
simple, 74
unipotent, 252
rigid, 173
ring
reduced, 495
regular, 500
ringed space, 492
root, 371
highest, 436
indecomposable, 436
special, 436
root datum
semisimple, 393
toral, 393
root system, 434
indecomposable, 435
roots, 386, 390
of a root system, 435
simple, 436

scheme
finite, 42
semisimple abelian cate-
gory, 232
semisimple element, 170
semisimple part, 168
separably generated, 500
series
characteristic, 125
composition, 127
derived, 133
normal, 125
subnormal, 125
central, 125
set
I'-, 469
sheaf, 81
associated, 97
simply connected central
cover, 350
singular locus, 501
solvable series, 129
space
primary, 166
quadratic, 451
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subobject, 175

generated by, 175
subscheme, 495

closed, 494

open, 494
sufficiently divisible, 166
superalgebra, 455
Sym(V), 40

tensor product
super, 455

theorem
reconstruction, 165
T,, 41
topology
Zariski, 491
torsor, 96, 145
torus, 41, 230
quasi-trivial, 487
split, 230
transcendence basis
separating, 500
transcendence degree, 500
transporter, 32
trigonalizable, 167

Uy, 41

unipotent element, 170

unipotent part, 168

universal covering, 350

universal element, 496

universal enveloping alge-
bra, 194

Va, 40

variety
flag, 149
rational, 237
unirational, 237
vector
anisotropic, 451
isotropic, 451
vector group, 41

weight, 335
fundamental, 443
highest, 444

Weyl chamber, 398

Weyl group, 328, 390

Witt vectors, 221

(X), 175
X, 496
X(G), 225
X*(G), 231
X%, 140

Zariski closure, 25
zero functor, 31
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